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Abstract:
The purpose of this paper is to obtain a common fixed theorem in Banach space using a contractive type condition Work on
common fixed point have done by many authors such as Iseki K., Kannan R. , Rus I.A., Sehgal S.L , Yen C.L, Singh S.L,
Fisher B. , Rhoades B.E. and Sessa S., Ray, B.K. and Chatterjee H. ,Sharma P.L. and Rajput ,S.S, Sharma P.L. and Bajaj
N.;, etc. have also established interesting results on common fixed point. We prove let(X,d) be a Banach space. Let P, S
and T are three self mapping as P, Sand T : X — X satisfy in the conditions
[lx=sPx|| llx=TPyl| o=y II[ 1+y/Tle=yIlllx=TPyl + Yllx=yllly-TPyIl ] '
S TP <0 o spatiriiesll P Ty =P I Te—TP1T lby—sPxlll -~y

—spx||[ 14/ T*=TPyI] +ly—SPxT]
4y L=spalll T TPy T Ty—5Pl

[ 1+/|[x=SPx[|+][y-TPyI| ]

forallx,yinX and o, f, yare reals and o+f+y < 1. Futher assume that either SP=PS or TP = PT.Then S,T and P have a
common unique fixed point in X.

1. Introduction
Work on common fixed point have done Many authors by Iseki [1] Kannan [2] Rus [3] Sehgal [4] Iseki [5]Yen [6] Sing [7] Fisher [8]

Rhoades and Sessa [9] Rayand Chatterjee [10] Sharma and Rajput [11]Sharma and Bajaj [12] etc. Have also established interesting
results on common fixed point.

2. Our Main Result

— Theorem: -(X, d) be a Banach space.Let P,S and T are three self-mapping asP, S and T: X — X satisfy in the following
conditions:

Il SPx-TPyll < o — L= SPXlllEx=TPy
T {Ix=TPyl| +|Ix=SPx]||+||x-yl|
B [1x=yl|[ 1+/1Ix=ylllIx=TPy[| + JlIx=ylllly-TPyl|]

[1+]Ix=yl[+ |[x=SPx || [Ix=TPyl| |ly—SPx|||ly—TPyl|]

|Ix=SPx||[ 1+4/|[x=TPy[[ +[|ly—SPx]]|
+y (e esPe oy e (1)
for all x, yin X and o,p, v are realsand o+B+y < 1. Further assume that either SP=PS orTP = PT. ThenS, TandP have a common unique
fixed point in X.

— Proof: -Let xq€X  such thatx,,,,-SPx,, and X,, = TPx,,_;now using inequality then we have
”SPin_ TPin_lllz ”X2n+1 - X2n||
[Ix2n=SPxan|| |1X2n—TP Xzn—1 ||
[ X2n=TPxn—1 ||+ [|X2n—SPXzn||+|[Xzn—X2n-1ll

||X2n_X2n—1||[ 1+\/||X2n_X2n—1||||X2n_TPX2n—1|| + \/||X2n—X2n—1|| ||X2n—1_TPX2n—1||]

[ 1+|Ix2n—X2n-1ll+ [IX2n—=SPXznl||| X2n—TPX2n-1 || [IX2n-1—SPX2nl| || X2n-1—TPX2n-1 ||]

lxzn=SPxanll [ 1+ Il xan=TPxany | + lixzn-1-SPxnll

+y
[+ 1Pan=SPxznll + Il on-1~TPxzn—s

< |[Ix2n—%zn+1l| ||X2n—Xzn ||

[l X2n—X2n ||+ [IX2n—X2n+1!+|[X2n—X2n-1ll
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|[x2n—%2n-1ll

1+\/||X2n_X2n—1||||X2n_X2n|| + \/“XZn_XZn—l“ ||X2n—1_X2n||]

[1+[Ix2n—Xz2n-1ll+ [IX2n—Xzn+1llll X2n—Xzn || [IX2n-1—Xz2n+1ll || X2n-1-X2n |1

|| Xzn+1—X2n ||[1+\/|| Xon—Xzn || + ||X2n—1—X2n+1||J

+y
R ——

< B lIXzn — Xzn-1ll+ v 1IXzn+1 — Xanll

p
2041 - XoqlI< ﬁ”xm — Xan-1ll

Xons1 - XoallS  hl[Xpn — Xpn_4]]
whereO<h=(p+ y) <1
Continuing in this way, we have lxs,,; . XolI<  h2™|xy — x4 ]|

Similarly,we can show that
Xone1 - XonaollS AP H[xo — x4 |
It can we easily seen that {x,} is a Cauchy sequence in X and X is the Banach Space. So there exists zE€ X such

that x, —z as n—oo then from (1) we have
ISPz -X2n|| = ISPz -TPin,lnf o

|lz=SPz|| ||z— Xan ||

[l Z=Xan ||+ [|12=SPz||+||z=X2n-1]]

ezl 1+ la=xan-alllz=enll + [lle=szn-al Izn-s-xznl

+p

[ 1+]|z=xzn-1|l+ [1z=SPz||||| z=Xzn || [IX2n-1—SPZ|| || X2n-1—X2n ||]

llz=SPzll [ 1+ [llz=xzn 1 + lixzn-1~SPzll

+y
BN ——

Letting n—oo we get that
\ ISPz -zlI<y||z — SPz]|
It follows that SPz=zasy < 1.

Similarly, by condersing || X,,+1 — TPz||we have

SPz=TPz=z 2)
Let SP=PS then

IP2-ZlI=IPSPZ-TPZli= IISPP2-TPzll< o ——Wrz=SPPallilPz-TPzl
||Pz—TPz|| +||z—SPPz||+||Pz—2z]|
+B ||Pz—z||[ 1+,/|Pz—2|[[Pz—TPz|| + /[|Pz—z|||z—TPz|||
[1+]|Pz—z||+ ||Pz—SPPz|| ||Pz—TPz|| ||z—SPPz||||z—TPz||]
||IPz—SPPz||[ 1+,/|[Pz—TPz|| +|[z—SPPz][|]
[ 1+4/[[Pz—SPPz||+[|z—TPz|[]
||PZ—PZ||||PZ—Z||
[IPz—z|| +||z—Pz||+||Pz—z||
[IPz=z||[ 1+/[Pz—2[[[Pz—z[| + \/[[Pz—zl|[|z—zl|]’
[1+|[Pz—z||+ ||Pz—Pz|| ||Pz—z|| ||z—Pz||||z-z]]
[IPz—Pz||[ 1+./[IPz—z|[ +|[z—Pz][|
[ 1+/1[Pz—Pz||+|z—zl]
<BlIPz —z||
Since PB< 1 it follows that Pz=z. Now from (2) Pz=z=Tz.

+P

Similarly using conditions if PT=TP we obtainPz=z=Sz=Tz. The uniqueness of common fixed point can we proved easily by (1.)
Thus the theorem is proved.
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