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1.  Introductıon 

For the Fibonacci sequence 

                  KK ,,,233,144,89,55,34,21,13,8,5,3,2,1,1 nF  

defined by the recurrence relation 

 

                                                ),3(, ≥+= nFFF 2-n1-nn    

with 121 == FF , it is well known (Daniel Bernoulli, 1732) that the n-th term of the Fibonacci sequence )( nF . Some recent 

generalizations have produced a variety of new and extended results (Berzsenyi, 1975; Horadam, 1965; Iyer, 1969;  Walton 1974). 

 

The generalized Fibonacci sequence defined by 

 

                                              ),3(, ≥+= nHHH 2-n1-nn                                                                         (1.1) 

with qpHpH +== 21 ,  where qp,  are arbitrary integers (Horadam, 1961).  That is, the generalized Fibonacci sequence is 

 KK ,)(,,58,35,23,2,, 1++−+++++ nn qFFqpqpqpqpqpqpp .                                                 (1.2) 

 

Using the equations (1.1) and )2.1( , we get  

           ,11 ++ += nnn FpFqH  

                                                 12 )( ++ ++= nnn FqpFpH                                  (1.3) 

 

For the generalized Fibonacci sequence, it was obtained  the following properties:  

      ,)2( 1212
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where  
2

qqppe
2 −−= .  

 

Also, for 0q1,p == , it was obtained  the following well-known results: 

  ,12
22

1 −− =+ nnn FFF (Catalan),                        (1.13) 

                            ,)1(
2

11
n

nnn FFF −=−+− (Simpson or Cassini),                                 (1.14) 

  12
22

1 ++ =+ nnn FFF  (Lucas).                        (1.15) 

 

Furthermore, the n-th  term nC  of the Complex Fibonacci sequence )( nC  defined by 

                                                                    1,
2

1 −=+= + iFiFC nnn  

 

and the generalized complex Fibonacci sequence defined by 

 
                                                                    

1 ,n n nH i H += +C   

  

(Horadam, 1961, 1963). 

Also, for moduli of the complex Fibonacci number ,nC  writing  ,
2

nn cC =  we find  

 

    ,12
2

1
2

++ =+= nnnn FFFc                         (1.16) 

                                          nnnnn FFFcc 2
2

1
2

11 =−=− −+−                                    (1.17) 

 

i.e. terms  KK ,,,,,,, 1224321 +nn FFFFFF  of the classical Fibonacci sequence are expressible as 

KK ,,,,,,, 1121010 nnn ccccccccc −−−− respectively. 

 

2.   Generalızed Dual Fıbonaccı Sequence 

In this section, we will define  the generalized dual Fibonacci sequence denoted by nD .  

The n-th term of a generalized dual Fibonacci number defined by 

  
1n n nH Hε += +D .                          (2.1) 

 

where 0,0
2 ≠ε=ε  and it’s called dual

1
 unit (Ercan & Yüce, 2011). 

Using the equation (1.3) and  (2.1), we write 

 

                 
1( ) ( )n n np q q F q p Fε ε += − + + +D                            (2.2)   

 

Thus, elements of the generalized dual Fibonacci sequence is 

          
n 1( ) : ( ) , ( ) (2 ), , ( ) ( ) ,n np p q p q p q p q q F q p Fε ε ε ε ++ + + + + − + + +K KD                                                    (2.3) 

 

From the  equations (2.1) and (2.2), we get the following properties for  the generalized dual Fibonacci sequence: 
2 2

1 2 1 2 1(2 ) ( 2 ) (1 ) ,n n n np q p q e Fε ε− − −+ = − + + − +D D D                                   (2.4) 

   2 2
1 2 1 2 1(2 ) ( 2 ) (1 ) ,n n n np q p q e Fε ε+ + ++ = − + + − +D D D                        (2.5) 

  2 2
1 1 2 2(2 ) ( 2 ) (1 ) ,n n n np q p q e Fε ε+ −− = − + + − +D D D                                   (2.6) 

     2
1 1 ( 1) (1 ) ,n

n n n e ε− + − = − +D D D                           (2.7) 

     1 1 1( 1) (1 ) ,n s
n n r n s n r s s r se F Fε+

+ + − + + + + +− = − +D D D D                        (2.8) 

                                                      2 2
1 1 1 ( 1) (1 ) ,n r

n r n r n re Fε−
+ − + + +− = − +D D D                                                 (2.9) 
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                   [ ]2 2
1 2 1(1 ) ( ) ,n n ne F p p qε ε+ ++ + = + +D D                        (2.10) 

                                                       
1 1 1 1(2 ) ( 2 ) (1 ) ,n m n m n m n mp q p q e Fε ε+ + + + + ++ = − + + − +D D D D D                                  (2.11) 

                                                             1
1 1 1( 1) ( 1) ,n n

m n m n m n n me e Fε +
+ + − − −− = − + −D D D D D                                       (2.12) 

                           [ ] [ ]2 2 2 2
1 2 3 1 22 2n n n n n n n+ + + + +

 + = +
 

D D D D D D D ,                                                               (2.13) 
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r
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+ −
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D D

D
 ,                       (2.14) 

      1( 1) ( ) ,n
n n n nq p L L Lucas numberε+

− −= − + +D D                       (2.15) 

where  .
2

qqppe
2 −−=  

 

Special Case- 1: From the generalized dual Fibonacci sequence ( )nD  for 0,1 == qp  in the equation (2.2), we obtain dual 

Fibonacci sequence )( nD as follows:                              

KK ,,,53,32,21,1:)( 1+ε+ε+ε+ε+ε+ nnn FFD   

where given by Güven and Nurkan (2014). 

 

Theorem 1.   Let nH and   nD  are the generalized Fibonacci number and  generalized dual Fibonacci number, respectively, then 
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where  ..618033.12)51( =+=α  is the golden ratio. 

Proof .  We have for the Fibonacci number nF , 

 

                                                                  α=+

∞→ n

n

n F

F 1
lim  

where  ..618033.12)51( =+=α  is the golden ratio. 

Then for the generalized Fibonacci number nH , we obtain 
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where  12 ++ += nnn FFF . 

 

Special Case- 2:   From 0,1 == qp  in the equations (2.16) and (2.17), we obtain  

 

                                                                   α== +

∞→

+

∞→ n

n

nn

n

n F

F

H

H 11
limlim  

 

which given by (Koshy, 2001) and 

 

                                                                   1 1
lim lim 0n n

n nn n

D

D
α α+ +

→∞ →∞
= = + =

D

D
. 

  

Theorem 2. The Binet formula
2
  for  the generalized dual Fibonacci sequence is as follows; 

 

                                                                      1
( ) .

n n
n α α β β

α β
= −

−
D                                                                                       (2.18) 

 

Proof .  If we use definition of the generalized dual Fibonacci sequence and substitute first equation in footnote,  then we get 
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−

−
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−
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                           (2.19) 

where  )()( pqqqp ε+α+ε+−=α   and  )()( pqqqp ε+β+ε+−=β . 

 

3.  Generalızed Dual Fıbonaccı Vectors  

A generalized dual Fibonacci vector is defined by 

 

                                                              n 1 2( , , )n n n+ +=
uur
D D D D  

 

Also, from equations (2.1) and (1.1), (1.3) it can be expressed as 

 

   n 1

1( ) ( )

n n

n n

H H

p q q F q p F

ε

ε ε

+

+

= +

= − + + +

uur r r

r r
D

                         (3.1) 

 

where  ),,( 21 ++= nnnn HHHH  and  ),,( 21 ++= nnnn FFFF  are the generalized Fibonacci vector and the Fibonacci vector, 

respectively. 

 

The product of  n

uur
D  and  R∈λ  is given by 

 

       1n n nH Hλ λ ε λ += +
uur r r
D  

 

and 

 

n

uur
D  and m

uuur
D  are equal if and only if 
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             mn HH =  

           11 ++ = mn HH   

                                                                  22 ++ = mn HH . 

 

Some examples of the generalized dual Fibonacci vectors can be given easily as; 

 

  [ ]
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Theorem 3.   Let  n

ur
D  and  m

ur
D  be two generalized dual Fibonacci vectors. The dot product of these two generalized dual Fibonacci 

vectors is given by   

 

[ ]

[ ]

2
3 4 1 1

2 2 3 3 2
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            (3.2) 

 

Proof.  The dot product of n 1 2( , , )n n n+ +=
uur
D D D D  and m 1 2( , , )m m m+ +=

uuur
D D D D  defined by 

 

1 1 2 2

1 1

,

, ( , , )

n m n m n m n m

n m n m n mH H H H H Hε

+ + + +

+ +

= + +

= + +

ur ur
D D D D D D D D

 

 

where ),,( 21 ++= nnnn HHHH  is the generalized Fibonacci vector. Also, the equations (1.1), (1.2) and (1.3), we obtain 

 

[ ]

[ ]

[ ]115
2

23322

3
2

2

++++

++++++

++

++

++−+

+−=

mnmn

mnmnmn

mnmnmn

FFFq

FFFFF)qp(q

)FFF()qp(H,H

                  (3.3) 

               

[ ]

[ ]

[ ]216
2

23423

14
2

1

2

++++

++++++

++++

++

++−+

+−=

mnmn

mnmnmn

mnmnmn

FFFq

FFFFF)qp(q

)FFF()qp(H,H

            (3.4) 

and 
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Then from equation (3.3), (3.4) and (3.5), we have the equation (3.2). 
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Special Case- 2:   For the dot product of generalized dual Fibonacci vectors n

uur
D  and n 1+

uuuuur
D , we get 
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Then for the norm of the generalized dual Fibonacci vector
3
, we have, using identities of the Fibonacci numbers 

 

12
2

1
2

++ =+ nnn FFF  

12
2

1
2

1 +−+ =− nnn
FFF  

111 ++++ =+ mnmnmn FFFFF  

 

(see, (Vajda, 1989)), we have 
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Special Case- 3:   For 0,1 == qp ,  in the equations (3.2), (3.6) and (3.8), we have 

 

 )FFFFF()FFF(D,D mnmnmnmnmnmn 1143 2 ++++++ ++++= ε  

  )FFFF()FFF(D,D nnnnnnnnn 2
2

1521421 2 ++++++ ++++= ε  

and 
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which given by (Güven & Nurkan, 2014).  

 

Theorem 4.  Let  n

ur
D  and  m

ur
D  be two generalized dual Fibonacci vectors. The cross product of n

ur
D  and  m

ur
D  is given by 

 
2 2( 1) (1 ) ( )(( )m

n m n mF p pq q i j kε−× = − + − − − − +
ur ur
D D .                       (3.9) 

Proof.  The cross product of 1n n nH Hε += +
ur r r
D  and  1m m mH Hε += +

ur r r
D   defined by 

            1 1( ) ( )n m n m n m n mH H H H H Hε + +× = × + × + ×
ur ur uur uur uur uur uur uur
D D . 

             

where  nH  is the generalized Fibonacci vector and mn HH ×  is the cross product for the generalized Fibonacci vectors nH  and 

mH . 

 

Now,  we calculate the cross products mn HH × ,  1+× mn HH  and mn HH ×+1  : 

Using the property nm
n

nmnm FFFFF −++ −=− )1(11  , we get 

 

  ))((()1( 22
qqppkjiFHH mn

m
mn −−+−−−=× −

rr
           (3.10) 

  ))(()1( 22
1

1
1 qqppkjiFHH mn

m
mn −−+−−−=× −−

+
+

rr
          (3.11) 

and 

  ))(()1( 22
1 qqppkjiFHH mn

m
mn −−+−−−=× +−

rr
           (3.12) 

 

Then from the equations (3.10), (3.11) and (3.12), we obtain the equation (3.9).  

 

Special Case- 4:   For 0,1 == qp ,  in the equations (3.9), we have 

 

        )()1()1( kjiFDD mn
m

mn +−−ε+−=× −  

 

which given by (Güven & Nurkan, 2014). 

Theorem 5.  Let  n

ur
D , m

ur
D  and  k

ur
D  be the generalized dual Fibonacci vectors. The mixed product of these three vectors  is 

 

                                                  , 0n m k× =
ur ur ur
D D D                                                                                                                           (3.13) 

 

Proof.  Using the properties 

                                    1 1( ) ( )n m n m n m n mH H H H H Hε + +× = × + × + ×
ur ur uur uur uur uur uur uur
D D  

and 

 1k n k kH Hε− += +
ur r r
D  

 

we can write, 

1

1 1 1

, , [ ,

, , ]

n m k n m k n m k

n m k n m k

H H H H H H

H H H H H H

ε +

+ + +

× = × + ×

+ × + ×

ur ur ur
D D D

 

Then from equations (3.10), (3.11) and (3.12), we obtain 

 ,HHHH,)kji( kkkk 021 =+−−=+−− ++  

 .HHHH,)kji( kkkk 03211 =+−−=+−− ++++  

Thus, we have the equation (3.13).   
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4. Notes 

1 
The dual numbers extended  to the real numbers has the form 

∗+= aad ε  where ,a a
∗ ∈ R . The set 

{ }2, , 0, 0d a a a aε ε ε∗ ∗= = + ∈ = ≠D R   is called dual number system (Ercan & Yüce, 2011). 

The set { }3 3
,d a a where a a Rε ∗ ∗= = + ∈

uur uurur r r
D  is a module on the ring D  which is called D - Module and the elements of 

3D  are called dual vectors (Ercan & Yüce, 2011).  

 
2
   Binet formula is the explicit formula to obtain the n-th Fibonacci and Lucas numbers. It is well known that for Fibonacci and Lucas 

numbers, Binet formulas are 

βα

βα

−

−
=

nn

nF  

and 

nn
nL βα +=  

respectively, where  151 −==−=+ βαβαβα ,, and (1 5) 2, (1 5) 2α β= + = −  (Kalman & Mena, 2003; Rosen 

1999). 

 
3
   Norm of dual number as follows: 

  ∗∗∗ +=+=+= aaA,
a

aaaaA εεε
2

1
 (Ercan & Yüce, 2011). 
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