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Abstract:

A Predator prey model is developed from the population dynamics of security forces versus criminals in a contemporary
community.Using five major crime data covering the period of 2000 to 2010 from Ghana Statistical Service, two models
were developed and a local stability analysis of the model after determination of the equilibrium points was investigated.
With some assumptions, the parameters of the model are estimated and the simulation of the model for various scenarios
using MATLAB is done.It was observed that, by analysing the same point in sequential phases and finding the time in
between them the approximate periods of the phase plane cycle is found to be 12 months. The results obtained suggest that
criminal activities persist if not the introduction of voluntary reinforcement.
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1. Introduction

The word crime, from the root of latin cerno means 'l decide, I give judgement'.

According to Fafa (2010), crime is the act of breaking rule(s) or regulation(s) for which a governing authority (via mechanisms such
as legal system) can ultimately prescribe a conviction.

Crime has also been defined in social or non-legal terms. The social definition of crime is that it is a behaviour or an activity that
offends the social code of a particular community. Mower (1959) has defined it as 'an anti-social act'.

All crimes either major or minor have negative effects both on individuals and societies or the nation at large. These negative effects
range from destruction and lost of property, lost of innocent lives, fear and panic, security threat, budget constraints and many more.
The security forces include the Police service, the Bureau of National Investigations (BNI) and the Armed Forces. The GPS (Ghana
Police Service) under the ministry of interior is responsible for maintaining law and order.

The military continued to participate in law enforcement activities. The Bureau of national investigations handled cases considered
critical to the state security and answered directly to the ministry of national security. The police maintained specialized units in Accra
for homicide, forensics, domestic violence, trafficking in persons, visa fraud, narcotics, and cybercrimes. Jane's, Sentinel Country Risk
Assessment - Ghana, Security and Foreign Forces, updated 7 December 2011, further observed that the, Police-associated departments
of the interior ministry include ... the Criminal Investigations Department (CID); ... Narcotics Control Board (NCB); ... Immigration
Service; and Customs and Excise Service, in addition Jane explained that Ghana's Customs and Excise Service operates as part of the
Police Service, and that border checkpoints are manned by the Immigration Service (under which there is a Border Patrol Unit) and
the Customs and Excise Service. The army also conducts limited border security patrol. Several interventions have been put in place in
preventing crime in the country. Some were time-based or discrete whilst others were continuous or permanent interventions. Some
specific interventions put in place in Ghana in recent times to combat crime includes the following; Police partner transport owners in
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crime combat, Xmas crime combat, Government ordering assemblies to name streets, Ghana and Togo police join forces to combat
crime, police launched ‘operation calm life', crime education and the establishment of community policing service. According to
statistical service, the level of criminal activities in the past 3 years has increased to 75 percent. Although all these attempts are good,
criminal activities are still in the increase, there is therefore the need to come out with a model which will help explain, predict and
further curtail the propagation of criminals by deploying security forces at post accordingly.

2. Methodology

A predator - prey model of population dynamics of security forces versus criminals was formulated as a system of differential
equations and the equilibrium points determined, the stability of the equilibrium points was also determined. Simulation using
MATLAB was done. Graphs were plotted to show the trend of the incidence of security forces versus criminals.

3. Model Derivation

3.1. Model A
We let

H (t) be the number of criminals at time t
P(t) be the number of security forces at time t

N be the population at time t

Then;

H(t)+P(t)=N (1.0)
equation (1.0) represent the security forces and criminals cases at time t

3.1.1. Linear Term
In the absence of security forces, criminals tend to increase exponentially to their current population

dH

E=,uH,lu>0,WhenP=O (12)
In the absence of criminals the security forces population tends to decrease exponentially

dpP

E=—ﬁP,ﬂ>0,whenH=O (13)

3.1.2. Non - Linear Term

Are obtained through the mass action law, that is, as the security forces grows in number the interaction rate between the security
forces and criminals also increases.

P
?i_t = yHP where y >0 (1.4)
Increase in the security forces in a criminal prone community will reduce the activity of the criminals.
dH
— =—aHP (1.5)
dt
Combining the linear and non-linear parts of the model, we have
dH
—=uH —aHP
T
dpP
Ez—ﬁp'i']/l'lp (16)

From our equation (1.0) we have,
H({t)+P()=N
Pt)=N-H
Ht)=N-P
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substituting P(t) and H(t) into equation (1.6)

%W(N—P)—a(N—P)(N—H)
—d(Nd;H) = B(N—H)+y(N-P)(N —H) w.7)

The constants 1, «, f and y are all positive where 1 and y are the growth rate constants and ¢ and S are measures of effect of
their interactions.

3.2. Model B
Model B we consider here is a slight modification of model A, where we introduce two more parameters (i)The recruitment rate of
volunteer guards and (ii) The rate at which the volunteer guards come into contact with the criminals.

dditz uH —aHP —zu, H (3.1
Z—T=—/3P+7/HP +7u, H (3.2)

4. Analysis of the Model

Parameter Parameter values
0.4
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0.001
0.001

1x107*
0.03
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o

Table 1: Parameters and their definitions

Taking the first linear term equation (1.2)

dH _

dt
Equation (1.2) models the criminals that are not affected by the security forces, hence growing exponentially according to a rule of the
form

H (t) = Ce*
Where C is a positive constant representing the criminals populationwhen t =0, H =C

For the second linear term, equation (1.3)

dP
= _ P
dt p

Equation (1.3) represents a declining population of security forces in the community exponentially due to the absence of criminals
given by

P(t) = De™”
where D is a positive constant representing initial security forces population.
However for interaction populations where encounters are unavoidable we assume that the number of encounters between security
forces and criminals is proportional both to the population of P security forces and the population of H criminals in the community.
The growth rate of criminals decreases by a factor proportional to the number of encounters between security forces and the criminals
that is by a factor HP.
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We revise our first model to include this extra term

dH
—=uH —aHP 3.3
q  Hhe (3.3)

for some positive constant o

From equation (3.8) we let @ = K where K >0, we now have

dH . P
Sl H=puHO1-— 3.4
m pH ( K) (3.4)

which is a non-linear term.
Similarly for a population of security forces in a criminal free environment we have from equation (1.3)

= _ P
dt p

where S is a positive constant. This represents exponential decay. However if there is a population H criminals for the security forces

dpP _ _ _ o dpP
to overpower, we expect the growth rate E of the security forces to increase and a simple assumption is that the growth rate — of

security forces increases by a factor proportional to the number of encounters between the criminals and the security forces. Our
revised model for the security forces is given by

%—Tz P=—pP+HP (3.5)

for some positive constant ¥ .

Again it is convenient to let ¥ = ﬁ where Q > 0, thus,

—=P=-fP(1-—) (3.6)

which is also a non - linear term
We now have our two equations as

dH ; P
—  =H=uH(O-— 3.7
m HH(A=0) (3.7)
0| S H
—=P=—-03P(1—-— 3.8
m BP( Q) (3.8)
Which is in the form of Lotka - Volterra equations where P >0 and H >0
. _ H_  u
Rearranging equation (3.7), we have ﬁ =u _E P

H
The graph of the proportionate growth rate ﬁ of criminals as a function of the population P of security forces is given by
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Figure 1: Proportionate growth rate of criminals as a function of the population of security forces

H
The proportionate growth rate ﬁ of the criminals decreases as the population P of security forces increases, becomes zero when

P = K. The population H of criminals will increase if the population P of the security forces is less than K but will decline if
P>K
Similarly, from equation (3.10) we rearrange to have

P H
= _ﬂ + ﬂ_
P Q
P _ _ _ o _
and the graph E of the security forces as a function of the population H of criminals is given by figure below
P
I
0 Q H
-B

Figure 2: Proportionate growth rate of the security forces as a function of the population of criminals

P
The proportionate growth rate E of security forces increases linearly as the population H of criminal's increases. The security forces
population will decrease if the population of the criminals is less than Q, but will increase if H is greater than Q

4.1. The Equilibrium Point
We equate equation 1.6 to zero to have,
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P
H(1-—)=0 4.1
HH( K) (4.1)
H
-pP(1-—)=0 (4.2)
Q
Hence (0,0) and (Q, K) are the two equilibrium points.

4.1.1. Stability of Equilibrium Points
We find the Jacobian matrix on equation 1.6 to have

P H
MDA
J(H,P) = BP H (4.3)
= -pl-)
Q Q
At the critical point (0,0)
A= pand 4, =-p
2, =0.4 and A, =-0.9.
The equilibrium point is a saddle point, therefore unstable, that is if a perturbation results in a catastrophe change with the population

of security forces or criminals collapsing to zero or increasing without limit, we say that the equilibrium point is unstable
For the second critical point (Q, K)

R+up=0, = A=+ijup
A, = +i4/0.36
A, =+0.6i,

hence the steady state is purely a centre and therefore stable. From the analysis of this we arrive at a number of results.
The criminals (prey) depends on parameter associated with the security forces (predators) P = K . A similar result holds for steady
state levels of security forces (predators) H = Q, it is the particular coupling of the variables that leads to this effect. To paraphrase,

the presence of security forces (predator) P # 0, means that the available criminals (prey) has to just suffice to make growth rate due

H
to predation, ’B— equal security forces (predator) rate 8 for a steady predator population to persists.

similarly, when criminals (prey) are present (H # 0) security forces (predators) can only keep them under control when prey growth

rate u and predation rate % are equal.

4.1.2. Model B

4.1.3. Equilibrium Point
we equate equation (14) and (15) to zero to have;
dH
— = 0
dt
d_P = 0
dt
A= H —aHP-H =0 “3)
dpP I .
s = —pP +yHP +7u,H = 0 (4.4) The equilibrium points are

(0,0) and (:u_Tul , ﬁ:u _ﬁwl
(04 yu—y, +
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4.1.4. Stability of Equilibrium Points
Taking the Jacobian matrix on (4.3) and (4.4) we have,

J(H,P)Z(

u—aP-w,  —oH
;/P+TU1 -p+H

At the first critical point (0,0) we have;

((u—) = A)(~B~2) =0

A= p—w and 4, =0
,=04, 4,=-09

The critical point is a saddle point, therefore unstable.
H —wu,H Bu - Py,

For the second equilibrium point (/'l ,
aH yu—y, + o

), we have

p(yp—yw, + ) — (afu + afru,) -, (yu — yru,a) —apH +raHy,
J(/JH —wH  pu-pu, Y=y + U, aH
oH  yu—yu, + e yBu — yBeu, + U, + Wy —T°Uy + 77U — faH +yuH —yHu,
yu—yr, +lo aH
pH-wuH  Bu-pw, _(a b
J( : )=
aH YU — YU, + U, c d
a-1 b
det|J —Al |=
c d-2
(a-A)(d—-A)-bc=0
ad—al-dA+A°-bc=0
NV —A(a+d)+(ad —bc)=0
Trace = a+d Det= ad —bc
Trace = -3.5x10°°
det=3.0x10""
Since T <0 and D >0 we have a spiral sink, hence asymptotically stable
5. Numerical Analysis
By using the Generalized Euler method (GEM), we obtained the numerical solution of the systems
For the Criminal's we have;
t,=t+h
P(t.
H (1) = H (G MTaH ()(A- T ) @)
H(t.,) = H(t) +h'[uH ) —aH )P() -2, H (t)] (4.6)
fori=0,1,..,z-1
For the Security forces we have;
H(t
P12 = P&+ AP) - ) @)
P(t,..) = P(t;) +h'[=BP(t) +H () P(t) +2u,H (t;)] (4.8)

fori=0,1,..,z-1
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6. Graphs

6.1. Model A

Model solution over time
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Figure 3: trajectories of model a

Phage Potrait of the model
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Figure 4: phase portrait of model a

6.2. Model B

Model solution over time
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Figure 5: trajectories Of model b
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Phase Potrait of the model
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Figure 6: phase portrait of model b

For the model solution over time from model A and model B it was observed that as time progresses in years, security forces
population and criminals population clearly fluctuate at cyclic interval. We notice that as the criminal population peaks, security forces
population begins to rise rapidly, yet as the security forces population begins to rise the criminals population falls rapidly.

The phase portrait graph is to show the cyclic fluctuations of the security forces versus criminals with respect to each other without
showing the change in time.

7. Conclusion

1.
2.

3.

The analysis shows that the two models conform to the predator - prey model.

The numerical results confirmed that the introduction of volunteer guards helps the security forces in apprehending criminals at
a faster rate.

Thirdly the predator - prey cycle chart depicts population (in thousands versus time in years) of both criminals and security
forces. This is quite useful in order to visualize the population fluctuation of criminals and security forces with respect to time.
The average time of the periodic oscillation can be determined graphically in this way and general population variation
characteristics can be determined. Notice that by analysing the same point in sequential phases and finding the time in between
them the periodic oscillation for the criminals and security forces is 12 months.

8. References

1.
2.

3.

o

Azugah, F.K. and Oduro, F.T. (July, 2012). Predatorr Prey Model of HIV propagation in a Heterosexual Community. Ghana
Agyemang, B. (2012). Autoregressive integrated moving average (ARIMA) intervention analysis model for the major crime
in Ghana. Ghana Journal of criminal justice, Volume 45, Issue 3:67-79.

Morris, W., Stephen, S. and Robert, L.D.(1974). Differential Equations, Dynamical System and an Introduction to Chaos,
2nd Edition. SIAM, New York

Charkraborty, A. (2006). Numerical study of Biological problems in a predator - prey system. Melbourne VIC, Australia.
Clinard, M. (1957). Sociology of Deviant Behaviour. Harcourt Brace College Publishers, New York.

Appiahene, G.J.(1998). Violent crime in Ghana: The case of robbery Ghana Journal of Criminal Justice Volume, Volume 26
- Issue 5, Pages 409 - 424.

Levitt, S. (1996). The effect of prison population size on crime rates: Evidence from overcrowding ILitigation., The Quarterly
Journal of Economics, 111:2, 319 - 351

Mohammed, J. (2000). Gender workshop for stakeholders of women in outcast home., SNV/Netherlands Development
Organization and Timar- Tama Rural Women Association, 67:45.

Luckinbill, L. (1973). Coexistence in laboratory populations of paramecium. Eco-logical society of America. 54:1320 - 1327

10. Waltman, P. (1991). A second course in elementary differential equation, second edition ISBN 0-486-434788. Academic

11.

12.
13.

Press Inc. Orland.

Souvik, B., Maia, M., and Xue Zhi, L. (2013) A predator - prey - Disease Model with Immune Response in infected - prey
NSF of China

Siekmann, 1. (2008). Mathematics biosciences and engineering. Research Gate.

Sellin, T. (1970). Race and Crime. New York Institute of Human Relations Press

14. Leah, E. (2005). Mathematics Models in Biology, ISBN - 10: 0898715547. SIAM, University of Britain Columbia.

15.

Karen, K.C. (1956). Education and Prior Career. Stanford, Kentucky.

195 Vol 3 Issue 1 January, 2015



