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Abstract:
For function f(2) of the form

f(@)=z+a,z" +..

which are analytic and univalent in the open unit disk D. The authors define certain new subclass S;’f’la (A, B,b,ﬂ, 9)0f

analytic functions which satisfy the condition that
Bl anF) + z(l—ﬁ)[(lmu,l)ﬂz)“) +2( A } La
1+— 7 - :
b BU"ADf(2))+ =Bzl ADf(2)%) I+ Bz

where b is any non-zero complex number and < denote the subordination symbol. A and B are arbitrary constants with
—1< B < A<1. Coefficient bounds, growth and distortion theorems for functions belonging to the said subclass
S;’f’la (A, B.,b, ,8, 9) were determined.
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1. Introduction and Preliminary Definitions
Let S(p) denote the class of functions of the form

f(z)=z+2akzk zeU (1)
k=2
which are analytic in the open unitdisk U ={z:lz < 1}.
Supposing we pose an index & on (1) such that

f(2)% = (z+a2z2 +...)a

=)

then f@* =2+ a (@)z*™*" ze D (2)

see [4,5] for detailed expansion.

Using Aouf et al derivative operator [2], we can write for function f(z)“ defined in (2)
that
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I"(ADf(2)* :(H/uf’%) Za+i(1+/1(al++kl_2)+l

me N,,&>0,120,1>20 and zeD.

Akbarally et al [1] among others had earlier considered the class S » (A, B,b, A) . However, for the sake of our present investigation,

j a ()z* (3)

let S ;’f’la (A, B,b, ,B, 9) denote the subclass of S that consists of function f(z) satisfying the condition that

’

| Belman ) +z(1—ﬂ)[(1’"(/1,l)f(z)“) 21" D)) }

I+ : _ I+ Aw)
b Bl A f2)*)+1=- 1" ADf(2)7) 1+ Bw(z)
“
05ﬁ§—1,9<%,me Ny, a>0,A20,1>0 and ze D

Next, the we considered the coefficient bounds for functions belonging to the class S ;’f’la (A, B,b, ,B s 9).

2. Main Result
Theorem 1: Let f be a function of the form (2), then f(2)“ € S7” (A, B,b, 3,0) if and only if

i[(o” k=D[fe” +( - B)a+k -+ M7, |a, (@)
k=2 : _1
|bI(A—B)|f+a(-f)—apf(e” —1)1+ B)] =

where

M =b(A-B)[f+(1-B)a+k-D]-B@+k-D[Be” + (1= B)a+k-1)]

and

Lol 1+ Ma=1)+1
Proof: Let f(z)a es Zi}a (A, B,b, ,B, 9), then by the definition of subordination, we can express (4) as

o _(1+ﬂ(a+k—2)+l} |

’

. Be(I" (A f(2)%) +Z(1—,3)[(1’"(/1,l)f(z)“) +Z(1" A f(2)7) }_ e

’ AU A1 @)+ (1= B (D f ()7 L+ Bu(2)
It implies that

ﬁe"”(l’"u,l)f(z)“)'+z(1—,6’>[(1'"<z,l>f<z>“)’+z(1'"<ﬂ,1>f<z>“)”}
7 -

B AD () )+ A= PI"ADf(2)7)

Be (1" (A0 f(2)*) +z<1—ﬁ>[(1’"<ﬂ,l>f<z>“) + 21D £(2)%) }
=|b(A-B)—-B v —a; |w(z). That is
B AD () )+ =PI A1 f(2)7)
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k=2

[B+a(1- ,B)]+i[ﬁ +(1= ) (a+k-D]T", a ()7
where

w _[1+A@+k—2)+ "
Ko 1+ A a—1)+1 ‘

Thus, since |W(Z)| <1, then

S (@+k-D[Be” +(1-p)a+k-D]T" a (@2 +aBe” -1) ‘
. and Tkma is as
<

b(A—B)[,B+0!(1_IB)]_BaIB(e[0_1)_2 —b(A—B)[ﬁ+(1_ﬁ)(a+k_l)]

k=2

= [B(a+k—l)LBe”’ +(-B)a@+k—-1)

qu'f’aak ()7

earlier defined.

Letting |Z| — 1~ through real values, we obtain

oo

Z{(aﬂc ~p[pe? + (- Pya+k -+

k=2

b(A-B)f+(1-B)(a+k-1)]
~Bla+k-D|pe? +1-p)a+k-1)
1b1(A-B)B+a(l-B)]-af -1)(B+1)

which is the required result.
— Corollary 1: Let f be a function of the form (2), then f(z) € S}, (A, B,b, 3,0) if and only if

:|kaa|ak (a,)|

<1

i[(a+k ~DIB+(- ) +k—-DI+M||T, |a, (@)
1b1(A-B)[B+ad-p)]

<1

where
M =b(A-B)[B+(1-B)a+k-D]-Bl@+k-D[B+1-B)a+k-1)]
and

w _[1+A@+k=2)+1 "
Koo 1+ A a=1)+1 '

— Corollary 2: Let f be a function of the form (2), then f(z) eS ;’f’la (A, B,b,1,0) if and only if

i [(e+k-1+ |M|]T,;’fa la, ()|

|bI(A-B)

<1

where
M =b(A—B)-B(a+k—1)

and

s _[1+A@tk=2)+1 "
Ko 1+ Ua-1)+1 ‘

Growth and Distortion theorems
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Theorem 2: If f(z)e S;,"(A,B,b,3,0), then

P b I(A-B)[f+ad-B)]-aB -1)(B+1)
[(a+1)L3e +(1—- ﬁ)(a+1)]+\b(A B)[B+(1-B@+D]-Ba+Dh|Be? +1-Ba+1) H
<
()]
<
S 1b1(A-B)[S+a(-p)]-ape’ - (B+1)
r-+r .
(s D[ge +a1- B)a+D]+[p(A-B)[B+1- B)a+D)]-Ba+D|pe” +1- ,6)(0{+1)]HT’”0,
Equality is attained for function f (z)% of the form
[ =
|b1(A=B)[B+a(-p)]|-af(e’ -1)(B+])
[(a+1)L8e + (1= B+ D]+ |pA- BB+~ Ba+D]-Bla+hBe” +1- ,B)(a+1)]HTM '

Proof: From theorem 1, we have that
D la (@)
|b1(A-B)|[B+al-B)]|-aBfe’ —1)(B+1)
_l(a+1)[,Be + (1= B)@+D+[p(A- BB+~ B)a+D]-B@a+D|ge” +(1- ,B)(a+1)]H

&)

Using (2) and (5), we have that
‘f(Z)a‘S |Z|a +Z|ak (a)||z|a+k—l S ra+12|ak (a)| .

k=2 k=2
That is
£
S 1b1(A=B)[B+ a1 - Pl-ape” ~D(B+1 Also.
- (@ +Dlge? +1-pya+Dl+|pA- BB+~ B)a+D]-Ba+D|e” +1-pa+] |, |
@ |l = lay @]l 2 77 = Y o, (@),

k=2 k=2
That is
£
e 1bI(A=B)[B+a(-p)]-af’ -1)(B+1)
) (@ +D[Be + 1~ pra+D|+[pA-B)s+ - B)a+D]-Ba+Dge +1-pa+v] |1, [

Theorem 3: If (7)€ S;’f’la (A,B,b, 3,0), then
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—1
ar®

71
ar®

Equality i

@+ Db 1A= BB +ad-pl-apE” ~D(B+D}
[(a+1)[ﬂe + (1= B)a+ D]+ [p(A- BB+~ Ba+D)]-Bla+D|Be” +(1- ﬁ)(a+1)]HT'j;
<
£
<
@+ Db 1A-B[B+ad-pl-ap’ ~DB+D}
l(a+1)[ﬁe + (1= p@+ D]+ A B)B+(1-pra+D]-Ba+hge’ +1-pa+] Jrs,

is attained for function f(z)“ of the form

f()* =

|bI(A=B)[B+a(-P))-aB’ -1)(B+1)

@+l +a- A+ D]+ pa-BlB+1-pa+nl-Ba+nlge’ +1-pra+v] Iz, [

(6)

Proof: From (5), we can write that

o

Y (@+k—1)a, ()

k=2

(@+DibI(A-B)B+al-B)]-aB’ -1)(B+1)}

*la+lger+a- B a+D]+[p(A- BB+ (- Ba+D]-Ba+D[ge” +1-a+v] Iz

&)

With the aid of (2) and (6), we have that

@)% |<ald” +Z(a+k D]a, (@) < ‘1+r“i(a+k—1)|ak(a)|
o @+ Db 1A= BB +a(- p)l-aBe” - 1B +D}
S or .
l(a+l)[,5e +(1=Aa+D]+ A= BB+~ Ba+D]-Ba+h|Be” +1-pa+D] [Ty,
Similarly,
/()2 a2 Z(a+k Dla, (@) 2 ar® 7 Z(a+k D, ()
o an (@+Dib1aA-B)B+al-pl-ape’ -1)B+D) i
2 or
[(a+1)LBe +(1= A+ D]+ |b(A- BB+~ Ba+D]-Ba+D|Be? +1- fa+D] 7,

this ends the proof.
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