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Abstract: For function f(Z) of the form:

f@Q=z"+ > az" zeU
k=p+1
which are analytic and p-valent in the open unit disk U ={z:lz|< 1}.

integration for functions belonging to these subclasses.
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The authors study certain new suclasses of starlike, convex and spiralike functions using fractional calculus techniques.
Also, they obtained coefficient inequality as well as distortion theorems for the fractional derivative and fractional

1. Introduction and Preliminary Definitions
Let S(p) denote the class of functions of the form

f@=z"+>az" peN,zeU
k=p+1
which are analytic and p-valent in the open unitdisk U ={z:lzI|<1}.
Here, we recall the following classes of analytic functions.
The function f(z) of the form (1) is said to be the class of starlike functions
with respect to the origin if and only if

m{w}>0 zeU
f(2)

Also, function f(z) of the form (1) is said to be the class of convex functions
with respect to the origin if and only if

(2)

3)

4.

zf"(z
9{{1 + %} >0 zeU
<
and for @ real [l 'S Ej , f(z) is said to be the class of sprial-like functions with respect to the origin if and only if
w2 f(z
afor LD e
<
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The three classes defined above are well known and have been studied by several authors and researchers with their results scattered
in many literatures (see[2,3,5] among others) .

Now, in [1], El-Ashwah and Aouf defined certain integral operator J ;n (/1, [) f (2) as follows:

JIADf(2) = (” ”j T jr A F @

< J*J (A, 1)( j x J (A, l)( j f(2). (5
-z —-Z —Z

m—times

(f(z)eS(p);me N;zeU)
Also, it was noted that if f(z)€ S(p), then from (1) and (5), we have that

= J,,(/u)(l

oo l m k
JPADf@=2"+ )] (p+/1]()k+—1)+l] a,z me N,. (6)

From (6) , it is trivial to verify that
2T ADF() =+ I ADF @) -1+ pl- D™ (A1 f(2)
(1>0:1>0,me Ny;pe N and ze U).

With various choices of parameters 71,/ and A several known operators were obtained (see[1]) .
For the sake of our present investigation the following definitions shall be necessary.

Definition 1 [6,7]: The fractional integral of order 0 (0 < J) is defined by

J‘ f(t) — 1 Zp+6+ S F(k+p) a Zk+6
@)y (z-n'"" T(5+2) Sul(k+p=9)

where f(z) is an analytic function in a simply connected region of z-plane containing the origin and the multiplicity of (Z —1) o

D’ f(z)= (7)

is removed by requiring log(z —¢) to be real when (z —1) > 0.

Definition 2 [6,7]: The fractional derivative of order 0 (0 < O < 1) is defined by
1 ij‘ f(t)adtz 1 e Ik+p) e
CI-0) dzy (z-0 T2=8)°  E4Tlk+p-0)

where f(z) is as defined in 1 and the multiplicity of (z —1 )°™! is removed by requiring log(z — ) to be real when (z —1¢) > 0.

D’ f(z)= (8)

Now, Komatu in [4] defined the integral operator of f denoted by Pf by the following:

P”(f(z))=sz'”‘l(1og1jﬂ_lf(t)dt=ZP+ AL Ca )
! F(lu) 0 t k=p+l l//+k k

(w>-1u>0; feS(p).

The above operator in (9) is usually called Komatu operator.

At this juncture, we shall recall that given functions f(z) of the form (1) and g(z)=2z" + Zbkzk in S(p), the Hadamard
k=p+1

product or convolution of f and g denoted by (f * g )(Z) is defined as
N k
(f * g)(Z) =z"+ Zakbkz .
k=p+1

Denoting the convolution of (6) and (9) by Gm “ (/1 ) f(z), we have that
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Gy (A.Df(2)=J,(A,Df(2)* P (f(2)

= l " v +1 “
-0 P ¢ 10
¢ k§+1[p+/1(k—1)+1] (y/+k] %22 (19

(y/>—1;,u>0;meNo;peN;ZZO;/1>0 and zeU).

Remark:
Supposing m =0 and p =1, the operator in (10) immediately yields Komatu operator.

Now, using (10), the author wishes to introduce the new subclass S :;f (l,a,p,6,1)

which satisfy the following condition:

R-p |
12a[R—(p+(1-p)e™ cos¢9)j—R\<1 b

”

o FlGIADT@) +1-p (G (2D f ()

’

B(G,, (4D f(2)+ (l—ﬁ)Z(G,',",’.,i‘ (ADf(2)

(I6|<§;W>—l;,u>0;me Ny; 0 B<L0<a<1;0<y<1 peN;I20; A>0 and zeUJ.

where

2. Main Results

The following theorem is the coefficient inequality for functions in the class S ;",f (L, ,B ,0,1).

Theorem 1: Let f(z)be of the form (1), then f(z) isin the class S :;f (I,a, 3,6, A) if the following condition is satisfied.

o m u
v _ 1— -io (- B)d p+l v+l
kg‘h[ﬁ(k p)—apk—pB)+af(1-y)le’ cos@|—(1- ) l{p+/l(k—1)+lJ [y/+k a, here

<apfl-y)le ™ cosOl+(1-p)P, (12)
@, = (k1)1 cos@l-k(1—a)(k — p—1) Jand @, = ap|p—1+1-p)1e 7 cos b ]

and

f(2)=z2"+ apfd—-y)le ™ cos@l+(1- )P, o

— — _ _ —i6 —(1 — p+l ’ l//+1 !
Bk = p)—apk = B+ B - y) 1™ coso1-(1 ’B)q)l](p+/1(k—1)+lj (@Hk}

13)

(I6|<§;W>—l;,u>0;me Ny; 0 B<L0<a<1;0<sy<1 peN;I20; A>0 and zeUJ.

Proof: From (11), we have that

’ ’”

(B-1-Bp)a(GrtAnf () - BlGrEADF @)+ (- B2 (G A f ()
Ralp-1-p)p-1-pe™ cos®)-(B-1-pp)z (G ADf (D) -
aB(p—(1-p)e cos0) - polGr4 D £ (2)+ [ - Ha -] (G D f(2)

<1.

(14)
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1-p2 (G D f @) +(B-0-Bp)Grranf(2) - pplGrs (Mf(z)j

[1-Ba-D> (G4 ADf(2) +Lalp—-B)p—1-pe ™ cos8)-(B-(1-Bp)z (G4 ADF(2)
~LaBp-a-pe coso)- BolGr s A Df ()

This implies that

< o o p+1 ) o,
_k;[ﬂ(k p) == B)kp —k(k 1))](1)”(,{_1)”] (wa a,z" = p(- Pz

i 20k[p— (1= B)(p— 1= p)e ™ cos O)| - k(B (1= B)p)+ fip — 20 (p — (1— y)e ™ cos §)
+(1-B)QRa-k(k-1)

k=p+1

o) () e

- a.z

p+Ak—-D+1) \y+k
+{2047[1::—0—@(1:)—<1—7)e-"”cos@)]—p(ﬁ—(l—ﬁ)p)+,6’p—Mﬁ(p—a—7>e"'9cost9)},,
+(1-Ba-1)p(p-1)

< S2lBtk - py-aplk - B+ aB- ) e cos 1 +(1— B)lk(1- @)k — p~1)— ck(1— y) | e cos O]

k=p+1

m u
(p+/11()k+—ll)+lj (;/,/:]1(] A _[zap[P_,B(P—(l— e 0056")]"‘2@10(1—,5)((1—7)Ie‘m cosHl—l)]SO.

By maximum modulus principle
f(2)e Sl a, B.6,4).
Conversely, supposing
| R-p |
12a|R—(p+(1-p)e™ cos6)|-R|

’ ”

(B-0-P)p)Gr (AN f @) - BlGrrADf @)+ (- B2 (G (ADf(2)
Lalp—-B)p-1-pe™ cosO)-(B-1-Bp)z (G4 (A1 £ (2) ~RaB(p—1-p)e™ cos6)~ ]

”

(G F@)+0-BRa-DR G A f(2)

= o o P+l "My,
k;[ﬂk p)~(1=B)kp~k(k 1>)](p+ﬂ(k_1)+l] (ij a2
20p(p-B)+208(1- (1= p)e ™ cos )~ (1- B)2ap(p - (1= )e ™ cos8)+ p* —(2a—1)p(p-1)

= S [Btk = p)—2apk - By=2081 - )™ cos 8- 1= B)kp— (1~ 2e0)kk —1) 2 (p — (1= )™ cos )

k=p+1
p+l " v+l ”a o
p+Ak-D+1) \w+k) °
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’ ”

o PG D) +a-p2 (G s @)

where 5
BGw (A,Df(2)+ (1—ﬁ)Z(G;",’.,ﬁ’ (/U)f(Z))

Since | R(z) I< z for all z, we have

o m u
> [ﬂ(k—p)—(l—ﬂ)(kp—k(k—n)( P+l j (‘/’“j a,z""

9{ k=p+1 p+ﬂ(k_1)+l l//+k
2ap(p - B) + 208 — 2081 - )™ cos 0 — (1= B)2ap(p - (1= p)le™ cos ]+ plp + (1= 2a)(p - D))

= | Btk = p)—2ap(k - B)—208(1- y)|e ™ cos 6| - [ bl ]m(wﬂjﬂa .
(1—ﬁ)(kp—(1—2a)k(k—1)—2akp+2ak(1—y)\e"’"cose\) p+Ak-D+1) \w+k)

k=p+1

(15)
If we choose the valueof z on the real axis so that G’ (4,0) f (z) is real.

Let z — 17, through real values, then we can express (15) as

- [ Blc=p)-apt - pr+ a1~ ple™ cose] - ( p+l ]"’(WHJ”MH
(l—ﬁ)(ak(l—7)‘6"0cose‘—k(k—p—l)(l—a’)) p+Ak-D+1) \w+k) °

k=p+1

< apf(1-y)e ™ cos6| - ap(l— /3)[1 —p—(-ple™ cos 9\].
Corollary 1: Let f(z)e S;;;,‘ (,a,pB,6, 1), then

i B . ) o i p+l B y+1 -
apB(-p)le™ cosgl-ap(i-B)l-p-(-p)le Cosel{p+/1(k—l)+lj (wkj

<
B = p)—aplh— B+ aB— ) le cos01—(1- B)lak(— 7)1 cosO1—k(k — p—1—a))|
k=2p+1,zeU

Corollary 2: Let f(z)e S;";f (l,a,1,0, 1), then
5 [k-p)—apk =D+ a-p)1e cosd]] P+l N2
Pl ap(1—y)le™ cosO| p+Ak-D+1) \w+k)
The result is sharp for function f(Z) given by

ap(1-7)l e cosb |

o ) ~ o p+I " y+1 g
(k= p)-apk—n+a-pie COS@'(pm(k—l)HJ (l//+kj

<1, k= p+l.

f@)=z"+

Corollary 3: Let f(z)€ S (0,a.1,0.1), then

5 [k-Da-)+at-p1ecosol) w+1 o
Pyt a(l—y)le™ cos| w+k) 7

This result is due to Waggas [7] and it is sharp for function f(Z) given by
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a(l—y)lecos@|

"
[1 +al1-7)1e cos b _I)L/K///:IIJ

22 <1, k>2.

f()=z"+

Theorem 2: Let f(z)be of the form (1).1f f(z)€ S, (I,&, 5,6,4,0), then

D f(2)
apB(1—y)e™ cos |- ap(1- )
T(p+20(S+2) |
1 pts [1 -p—(I- 7)\6"6 cos 6’”
< |Z| 1+ |Z| and
T(5+2)
Bk —p)—oapk - )+ l m Y
=) P+t v+
T(p+3+2)aBd nk cm@‘ (p+ﬂ%—D+l](w+kJ
- ﬂ){ak(l — 7)‘@‘“9 cos 9‘ }
—k(k—p-Dl-a)
(16)
D f(z)
apB(1= e cosé|—ap(1 - B)
T(p+2L(5+2) |
1 prs [1 -p—(I- 7)\6"6 cos 6’”
> |z| 1- |z|
T(5+2)

p(k - p)—op(k— )+ / " 1Y

) Y p+ v+
L(p+3+2){aB(l-p)e ™ cos6) (p+ﬂm—b+l](w+kj
- ﬁ){ak(l — 7)‘@-:‘9 cos 9‘ }

—k(k—p-Dl-a)

17)
The inequalities (16) and (17) are attained for the function f{z) given by (13).

Proof: Using theorem 1, we have that
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i B ) ) o o p+l B y+1 -
apB-7)1e ™ cosfl-ap(l— Bl - p—(1-7)le Cosgl{p+/1(k—l)+l) (wkj

k;a" ) |8k — p)—apk — B)+af1—y)1 e cos 81 —(1— B)lak(1—p) 1 e cos 6| —k(k — p—D(1—a))|
k>2p+1,zeU (18)

By definition (7), we have that

_ 1 + - F(k+1) k+8
D =7y
AR k_z,,+11“(1<+1+5)a"Z

and

s = T(k+DI(2+3) °°
rQ+0)z7°D?° =z =z Pk 19
(2+0)z2°D’ f(z)=z +Z Terlss) B4 =1 +Z (k)a, z, (19)

o I'k+DI2+9)
where ®(k) = k_ZpH Fht1:d)

We can observe that @ (k) is an increasing function of k and 0 < P (k)P (p +1) = z [(p+2)(2+9) .
S T(p+0+2)

Now, using (18) and (19), we obtain
F2+8)z° D f(2)<d I’ +@(p+D 121" Y a, <"

k=p+1

[(p+2)I'(d+ 2){0{pﬁ(1 _ 7,)‘6—1'0 cos (9‘ —op(1— ,B)[l -p—(1- 7)‘6—50 cos 0”} |Z|p+1
Bk —p)—ap(k—p)+of(1- 7/)‘6_“9 cos 0‘

m u
r S+ N p+l v+l
(p+o+2) —(l—ﬁ){ak(l 7’)‘6 ecoseq p+/1(k—1)+lj (1//+k

—k(k—p-D(1-a)

which gives (16). Also, we can have that

T2+8)z° D f(2)21 21" +@(p+D 121" Y a, 2[4

C(p + TS+ 2)apBl - ple ™ cos 8| —ap(1— Ali— p— 1~ pfe ™ cos 6] o
Bk - p)—ap(k— B)+aB(1- e cost] '

-6 1 Pl m v ﬂ
C(p+d+2) _(1_ﬁ){ak(l—7)\e 0089\ (p+/1(k—1)+J (VIHJ
—k(k—p-DH(l-a)]

which gives (17).

Theorem 3: Let f(z)be of the form (1).1f f(z)€ S, (I, &, 5,6,4,0), then
D’f (z)‘
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{apﬂ(l —P)e™ cos 6|+ ap(1 - ﬁ)}
I'(p+2)I'(2-0)

_ p—1+(1—7)e_i00050
< ! |Z|p "1+ [ ‘ H |Z| and
r2-9)
Bk —p)—op(k - )+ l m Y
_ an-if p+ v+
T(p-5+2){aB 7)\e 0039‘ (p+/1(k—1)+l] (erj
—(l—ﬁ){ak(l_ 7)‘e"ﬁ cos 9‘ }
—k(k—p-D(1-a)
(20)
DI f(2)
apB(1—y)e™ cos |+ ap(1- )
I(p+2)I'(2-0) .
1 -5 [p—1+(1— 7)\6"9 cos 0”
> |z| 1- |Z|
r2-9)

Bk = p)—ap(k =)+ I Y wel)

) B o p+ Y+

[(p-0+2)08(1 7)\6 COS@‘ (p+/1(k—1)+l] (WHJ
atk(1- p)le ™ cos d }

o]
—k(k—p-D(-a)

2L

Proof: Using definition 2, we have that

1 s & Tk+D) .
D’ _ p=5 4 k=5
@) re-6)° k§+1r(k+1+5)a"z

This implies that,

= Tk+DINQ2-0)
I'2-0)z2°D’f(z)=2z"+
@-9DIf@=2"+ 2 s

a,z, =z" + ZCP(k)akzk,

k=p+1
where P(k)is a decreasing function of k and for k > p+1
= D(p+2)(2-9)

P(k)P(p+1)= ). Cpr2-9)
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—m -u
apﬁ(l_}/)|e—iHCOS0|_ap(l_ﬂ)(l—p—(l—y)|e_igcos0|{ p+l ) (W‘Flj

. 0 p+Ak=1)+I v+k
Since, Zak < "7 ~io ’
ST BUk-p)—aptk— B+ aB—p) e cosO1—(1— Blak(1—p) e cosO1—k(k — p—1)(1— ) )|
k=2p+1,zeU
Then,
L2-8)2°D? f(2)|<l 1" +@(p+ D121 Y a, <[4
k=p+1

F(p+2T'(2- 5){977,5(1 - 7)‘€_i6 cos |+ ap(l- ,5)[17 —1+(1- 7)‘6_"’ cos 0”} |z|p+l
Bk —p)—ap(k - )+ apf(1- 7)‘@‘“9 cos 9‘

| ) p+l Y'(w+1Y

[(p—5+2 — e

(p=6+2) - p| &0 Ple " cosé] (p+/1(k—1)+J (WHJ
—k(k—p-D(1-0)|

Thus,

DI f(2)

{apﬂ(l ~ e cos 6|+ ap(1- ﬂ)}
L'(p+2)I'(2-9)

[p -1+(1- 7)‘€_i9 cos 0‘]

|Z| and

Bk —p)—oap(k - )+ l m 1
) e p+ v+
[(p—8+21af1-p)e ™ cosd) (p+/1(k—1)+J (wk]
ak(l—}/)‘e‘”’ cos 0‘ }

—k(k-p-Dd-a)

—(1—,5){

D?f(2)

243 Vol 3 Issue 10 October, 2015



The International Journal Of Science & Technoledge (ISSN 2321 - 919X) www.theijst.com
apB(—p)le™ cos 6|+ ap(1- B)
L(p+2)[(2-9) »
1 s [p-1+a- y)|e™ cos 9\]
> |z| 1- |z| .
(2 -95)
Bk —p)—oaplk - )+ l m N
[(p-8+2)aB(-ple cos @ P v
(P IS 7)‘e cos ‘ (p-l—ﬂ(k—l)-l—lj (z//+k
ak(1—y)le™" cos 8
- p| 07 |
—k(k—p-D(1-a)
Corollary 4: Let f(z)e S;",f (l,a,1,0,4,0), then
apP(1-pe™ cos 6]+ ap(1- )
2
Bl [p-1+a- y)le™ cos 9\]
1- |z| .
2
Bk —p)—oplk - p)+ l m LY
F 2 1 _ -0 9 14 + l// +
(p+2)0p( 7)‘6 °o ‘ [p+l(k—1)+lJ (y/+k
ak(1—y)le™ cos 8
(- [)’){ 7 | }
—k(k—p-Dl-a)
{apﬂ(l - ;/)|e'i9 cos 0| +ap(l- ﬂ)}
2
. Pl —1+A=p)e " cos O
<|[ f @< M PO I Ple” cos ” ER
‘ Proof:
Bk —p)—aplk—f)+ 1 m LY
_ -i6 p+ v+
L(p+2)1afd 7)|e cos€| (p+/1(k_1)+lj (l//+kj
- ﬂ)[ak(l — e cos 6| }
—k(k—p-1D(1-a)

(a.) Supposing we follow definition (1) and theorem 2 with O =1, we have that

V4
1 _ . . )
D f(2)= J-f(t )dt . Thus, the following corollary follows immediately.
0
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(b.)

d Z
By definition 2 and theorem 3 with & = 1, we have that Dgf(z) = d_J‘ f@®dt = f(2)
<%

Corollary 5: D 6f(z) and D f f(z) are included in the unit disk with centre at the origin and radii

F(p+DOGS+2) apf(l- 7)‘e’“" cos 9‘ —ap(- )
’ [1_p_(1—7)‘e"i9 cos 0”

1
< 1
I'o+2) " |Z|
Bk —p)—op(k - )+ l m LV
T(p+3+2)eBd-pl|e™ cos o P+ v+
(p+0+2) a5 }/)‘e €08 ‘ (p+/1(k—1)+lJ (1//+k
i ﬁ)[ak(l — 7)™ cos | ]
—k(k—p-Dl-a)
and
apB(1 = y)|e™ cos 6|+ ap(l - B)
C(p+2)L'(2-9) »
1 [p—1+(1—7)|e” cos 9”
1+ |Z|
rQ2-9)

Bk = p)—aplk-p)+ ; n 1Y
_ _ -i6 p+ l//+
R e B P e [P

ak( - 7)|e’“9 cos 9|
—k(k—p-D(-a)

-1-p)
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