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1. Introduction and Preliminary Definitions 
Let S(p) denote the class of functions of the form 
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Here, we recall the following classes of analytic functions. 

The function )(zf  of the form )1(  is said to be the class of starlike functions 

with respect to the origin if and only if 
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Also, function )(zf  of the form )1(  is said to be the class of convex functions 

with respect to the origin if and only if 
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The three classes defined above are well known and have been studied by several authors and researchers with their results scattered 

in many literatures others) among](see[2,3,5 . 

Now, in ]1[ , El-Ashwah and Aouf defined certain integral operator )(),( zflJ
m

p λ as follows: 
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Also, it was noted that if )()( pSzf ∈ , then from )1( and )5( , we have that 
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From )6( , it is trivial to verify that 
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With various choices of parameters λandlm, several known operators were obtained (see[1]) . 

For the sake of our present investigation the following definitions shall be necessary. 

 

Definition 1 [6,7]: The fractional integral of order )0( δδ < is defined by 
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where  )(zf  is an analytic function in a simply connected region of z-plane containing the origin and the multiplicity of 
1)( −− δtz  

is removed by requiring )log( tz − to be real when .0)( >− tz  

 

Definition 2 [6,7]: The fractional derivative of order )10( <≤ δδ is defined by 
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where  )(zf  is as defined in 1 and the multiplicity of 
1)( −− δtz  is removed by requiring )log( tz − to be real when .0)( >− tz  

Now, Komatu in [4] defined the integral operator of f  denoted by 
µ

λP by the following: 
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The above operator in (9) is usually called Komatu operator. 

At this juncture, we shall recall that given functions )(zf  of the form )1(  and ∑
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Denoting the convolution of (6) and (9) by )(),(,

, zflG
m

p λµ
ψ , we have that 
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Remark: 

Supposing ,10 == pandm  the operator in (10) immediately yields Komatu operator. 

Now, using (10), the author wishes to introduce the new subclass ),,,,(,
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which satisfy the following condition: 
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2. Main Results 

The following theorem is the coefficient inequality for functions in the class ),,,,(,

, λθβαµ
ψ lS

m

p . 
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Proof: From (11), we have that 
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This implies that
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By maximum modulus principle 
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The result is sharp for function )(zf  given by 
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This result is due to Waggas [7] and it is sharp for function )(zf  given by 
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 The inequalities (16) and (17) are attained for the function f(z) given by (13).  

Proof: Using theorem 1, we have that 
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(a.) Supposing we follow definition (1) and theorem 2 with 1=δ , we have that 
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(b.)  By definition 2 and theorem 3 with 1=δ , we have that  )()()(
0

0
zfdttf

dz

d
zfD

z

z == ∫  

Corollary 5: )(zfDz

δ−
 and )(zfDz

δ
 are included in the unit disk with centre at the origin and radii 

[ ]
z

klkp

lp

pkk

ek

e

kppk

p

ep

pep
p

m

i

i

i

i


























































+

+









+−+

+











































−−−−

−
−−

−

+−−−

++Γ













−−−

−−−
+Γ+Γ

+
+Γ

≤

−

−

−

−

µ

θ

θ

θ

θ

ψ

ψ

λ

α

θγα
β

θγαβ

βαβ

δ

θγ

βαθγβα
δ

δ

1

)1(

)1)(1(

cos)1(
)1(

cos)1(

)()(

)2(

cos)1(1

)1(cos)1(
)2()2(

1
)2(

1  

and          

[ ]
z

klkp

lp

pkk

ek

e

kppk

p

ep

pep
p

m

i

i

i

i


























































+

+









+−+

+











































−−−−

−
−−

−

+−−−

+−Γ













−+−

−+−
−Γ+Γ

+
−Γ

−

−

−

−

µ

θ

θ

θ

θ

ψ

ψ

λ

α

θγα
β

θγαβ

βαβ

δ

θγ

βαθγβα
δ

δ

1

)1(

)1)(1(

cos)1(
)1(

cos)1(

)()(

)2(

cos)1(1

)1(cos)1(
)2()2(

1
)2(

1
. 

 

3. References 

i. R.M. El-Ashwah and M.K. Aouf : Some properties of new integral operator. Acta Universitatis Apulensis, no 24(2010), 51-

61. 

ii. J.O. Hamzat and A.M. Gbolagade, Coefficient inequalities for certain new subclass of analytic univalent functions in the unit 

disk, IOSR Journal of Mathematics, Vol.10, Issue 4, Ver.1(Jul-Aug. 2014), 78-87. 

iii. J.O. Hamzat and S.O. Sangoniyi, Certain subclasses of analytic p-valent functions with respect to other points,  IOSR Journal 

of Mathematics, Vol.10, Issue 4, Ver.1(Jul-Aug. 2014), 61-77. 

iv. Y. Komatu: On analytic prolongation of a family of integral operators, Mathematics (cluj), 32(55)(1990), 141-145. 

v. 
A. T. Oladipo and D. Breaz, A brief study of certain class of harmonic functions of Bazilevic type, Hindawi publishing 

cooporation ISRN, Mathematical Analysis 2013, article ID179856, 11pages.
 

vi. H.M. Srivastava and S. Owa: Edotors Current Topics in Analytic Function Theory, World Scientific, sSingapore, 1992. 

vii. G.A. Waggas: Fractional Calculus on a subclass of Spiral-like Functions Defined by Komatu Operator, Inter. Math. Forum, 

3, no 32(2008), 1687-1594. 

 


