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Abstract:
This paper concerns with the study of constructing different families of non-zero integer Diophantine Quadruples using the
n n
. -0
elements of the sequences {j, =2" +(-1)":n>1}, {G,, = }/—5 n=1},
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1. Introduction
A Set of positive integers (@,,a,,as,......8,,) is said to have the property D(n), N € Z — {0}, if a;a; +n is a perfect square

forall 1<i < j <m and such a set is called a Diophantine -m-tuple with property D(n). Many mathematicians considered the

problem of the existence of Diophantine quadruples with the property D(n) for any arbitrary integer n[1] and also for any linear
polynomial in n. Further, various authors considered the connections of the problems of Diophantus, Davenport and Fibonacci
numbers in[2-26].

In this paper, we construct Strong Diophantine Quadruples [27] with property D(1) starting with the Diophantine-2-tuple with
property D(1) by wusing the elements the Jacobsthal-Lucas number and three other integer sequences

{G, n283{H, :n>1},and{S,, :n>1}

defined by

G;=1Gy,=4and G, =4G, 4 -G, for n>1;
Hy=H,=0and H,,, =4H,; —H, —=2(-1)" for n>1;
S1 =4S, =14 and S;,,, =4S,,1 =S, for n>1;
respectively.
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2. Strong Diophantine Quadruple-I

Here we are aiming at constructing the Strong diophantine quadruple from Diophantine-2-tuple {M 8Jon } with property
D(1) i
Let a = M and b= 8j2n be two integers such that ab+1 is a perfect square

Let ‘c’ be anyion-zero integer such that

(8]20)(0) +1=* @
—(jz”z_l) (©)+1=y° @
Eliminating ‘c’ from (1) and (2), we obtain

Uan =0 (52) g, () - (2= gy, ®
Using the linear transformations

B =X+8j2n)T @)

y =X+ (jz”—z_l)T (5)
in (3), it leads to the pell equation

X? = (02”—2_1))(8j2n)T2+1 6)

Let Ty =1and Xg = (2jo, —1) be the initial solution of (6). Thus (4) yields Sy = (10j,, —1)

And using (1), we get C = ? (Jon) _g

Hence (a,b,c)=( % 8lons ? (Jon) —g) is the Strong diophantine triple with property D(1).
By using Euler’s solution, the Strong diophantine quadruple (a,b,c,d) is given by

jon—=1) .. 25,. 5 . . . . .
0= g0, 22 1) 20210 ~DI2(2lon 17 + Ry ~DA7 iz =) + 8z (o0 ~D1}

Some numerical examples are presented below
Strong diophantine quadruple with property D(1)

(a,b,c,d)
(2,40,60,19404)
(8,136,210,914628)
(32,520,810,53916324)
(128,2056,3210,3379087908)
(512,8200,12810,2.15126059*10"11)
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3. Strong Diophantine Quadruple-I11
Strong diophantine quadruple extended from Diophantine-2-tuple {2G 5, G} with property D(1)

Let a=2G,,, and b =G be two integers such that ab+1 is a perfect square
Let ‘c’ be any non-zero integer such that

(Gn)(©)+1=B° 7)
(2Gy.p)(©) +1=y° ®)
Eliminating “‘c’ from (7) and (8), we obtain

(2G5.1)(B*) = (Gp)(r?) = (2G 1 ~Gp) ©)
Using the linear transformations

B=X+(G,)T (10)
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y=X+2G,. )T (11)
in (9), it leads to the pell equation
X2 =(2G,G,,q)T? +1 12)

Let To=1and X =(Gp,1—G,) bethe initial solution of (12). Thus (10) yields Sy = (3G,,,1 —G,)
And using (7), we get ¢ = 4(G,,,1) -G,

Hence (a,b,c)=( 2G,,,1,G,,, 4(G,,1) —G,,) is the Strong diophantine triple with property D(1).
By using Euler’s solution, the Strong diophantine quadruple (a,b,c,d) is given by

2
{ZGn+1’ Gn , 4(Gn+l) - Gn ), 4(Gn+l) - Gn ) [3(Gn+1 ) - GnGn+l)]}

Some numerical examples are presented below
Strong diophantine quadruple with property D(1)

(a,b,c,d)
(8,1,15,528)
(30,4,56,27060)
(112,15,209,1405152)
(418,56,780,73035468)
(1560,209,2911,3796419120)

OB W NS

4. Strong Diophantine Quadruple-111:

G
Construction of Strong diophantine quadruple from Diophantine-2-tuple {2Gn+2,7”} with property D(1)

Let a=2Gp,, and b= % be two integers such that ab+1 is a perfect square

Let ‘c’ be any non-zero integer such that

G
(51 +1=5° (13)
(2Gp,2)(©) +1=7° 14
Eliminating ‘c’ from (13) and (14), we obtain

G G

(260.2)(8%) - (") = (262 -0 (15
Using the linear transformations
p=X+ (DT (16)
Yy =X+(2G,;2)T 7)
in (15), it leads to the pell equation
X2 =(G,Gp,0) T2 +1 (18)
Let Tg =1 and Xy =G4 be the initial solution of (18). Thus (16) yields Sy =G, 1 + %

And using (13), we get C = % +2(G1+Gpi2)

G, G
Hence (a,b,c)=( 2G .2, TH , Tn +2(G, 41 +G42)) is the Strong diophantine triple with property D(1).
By using Euler’s solution, the Strong diophantine quadruple (a,b,c,d) is given by
G, G 2 G
{2(3n+2'7n , Tn + 2(Gn+1 + Gn+2) 1[4(Gn+1) ( (Gn+1 ) + Gn+1(2(3n+2 + Tn) + GnGn+2 ks
It is to be noted that when n is even, we get Strong diophantine quadruples in integers whereas when n is odd, we get Strong
rational diophantine quadruples. A few examples are presented below
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(a,b,c,d)
(30,1/2,77/2,2448)
(418,15/2,1075/2,6742176)
5 (5822,209/2,14973/2,1.821914328*10"10)
Table 1: n odd: Strong Rational diophantine quadruple with property D(1)

W~ |5

(a,b,c,d)
(112,2,143,129540)
(1560,28,2006,350495508)
6 (21728,390,27940,9.470453993*10"11)
Table 2: n even: Strong Integer Diophantine quadruple with property D(1)
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5. Strong Diophantine Quadruple-1V
Extension of diophantine-2-tuple to Strong diophantine quadruple (H,,,2H,,,1) with property D(1)

Let a=H, and b=2H,  be two integers such that ab+1 is a perfect square
Let ‘c’ be any non-zero integer such that

(2H;,1)(©)+1= B 19
(Hn)(©) +1=77 (20)
Eliminating ‘c’ from (19) and (20), we obtain
Hp (8%)~@Hn0)(r%) = (Hy —2H 1) @)
Using the linear transformations
L=X+(2H, ;)T (22)
y=X+H,)T (23)
in (21), it leads to the pell equation
X2 =(2HH,,)T?+1 (24)
_q)n-1 -1
Let To=1and X, = w be the initial solution of (24). Thus (22) yields Sy = M‘F 2H ;1 and

using (19), we get ¢ =2[H, 4 +%(Sn_1 +(-1)"H]+H,

Hence (ab,c)=( H,,2H 1,1, 2[Hpq + % (Spg+ (—l)n_l)] + H,, ) is the Strong diophantine triple with property D(1).
By using Euler’s solution, the Strong diophantine quadruple (a,b,c,d) is given by

1 1
(Hn2Hp 4, 2[Hp +E(Sn—l +(-1)" )]+ H,,

{%(sn_l + (D" DSy + (D" +3(Sp_g + ()" (H, +2H 1) +18H H 1)

Some numerical examples are presented below
Strong Diophantine quadruple with property D(1)

(a,b,c,d)
(0,4,6,20)
(2,12,24,2380)
(6,48,88,101660)
(24,176,330,5576740)
(88,660,1230,285757556)

OO |l WIN|S
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6. Strong Diophantine Quadruple-V

H
We aim at constructing the Strong Diophantine quadruple from Diophantine-2-tuple (%2 ,2H ;) with property D(1)

H
Let a = ”TJ’Z and b= 2H,, be two integers such that ab+1 is a perfect square

Let ‘c’ be any non-zero integer such that

(2H,)(©)+1= B (25)
(FL2)()+1- 7 (26
Eliminating ‘c’ from (25) and (26), we obtain

H H

(B~ (2Hy)(r ) = (52— 2Hy) 27)
Using the linear transformations

L=X+2H,)T (28)
y =X+ (%)T (29)

in (27), it leads to the pell equation
X% =(HyHp, )T +1 (30)
Let To=1and Xqg=Hp4 +(~1)"* be the initial solution of (30). Thus (28) yields 3 = Hyq+ (-pn+t +2H,, and

using (25), we get c=%+Z(Hn+1+(—l)””)+2Hn

H H
Hence (a,b,c)=( ”T” 2H,, ”TJrZ +2(Hpiq + (_1)n+1) + 2H,,) is the Strong diophantine triple with property D(1).
By using Euler’s solution, the Strong diophantine quadruple (a,b,c,d) is given by

(%,mn, %M(HM +(-D" N+ 2H,),

4(Hn+1+(—1)”+1){(Hn+1+(—1)”+1)2+(%)(HM+(—1)”+1)+2Hn(Hn+1+(—1)””)]+Han+z}>

Some numerical examples are presented below
Strong Diophantine quadruple with property D(1)

(a,b,c,d)
(1,0,3,8)
(3,0,5,16)
(12,4,30,5852)
(44,12,102,215740)
(165,48,391,12388088)

O W NS

7. Conclusion
In this paper, we have constructed 5 strong diophantine quadruples with property D(1). To conclude, the one may search for
strong and almost strong diophantine quadruples for special polygonal numbers with suitable property.
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