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Abstract:

In this paper Lie symmetry analysis is used to find the solution to a third order first degree nonlinear ordinary differential
equation (ODE) fourth degree in second derivative that arise in waves of systems like water in shallow oceans. This method
gives exact solutions to problems and does not depend on initial boundary values.
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1. Introduction

A differential equation is an equation in which at least one term contains any differential coefficients such as
dy d°y d’y dy__ d°y
dx ' dx? " dx® ' dx* dx®
whose solution is an equation relating X and Y which contains no differential coefficients. They frequently occur in
scientific and engineering problems. There are two categories of differential equations namely ordinary differential
equations (ODEs) and partial differential equations (PDEs). Any relation between the variables X, ¥ and the derivatives,
dy d?y
dx ' dx? '
is called an ordinary differential equation (ODE). The term ordinary distinguishes it from a partial differential equation
which involves the partial derivatives. We have considered a nonlinear ODE in this work. A differential equation with one

2
d z+ﬂ—6y:0, OI—y:cosx and
dx®  dx dx

independent variable present is called an ODE, for example y”(x)+ y(x) =0,

y"+4y"+2y'-6y=0.

The symmetry group of nonlinear ODEs is a group of transformations of independent and dependent variables
that leave all solutions invariant. This symmetry group generates new solutions to a given nonlinear ODE which can be
used to reduce its highest order to a first order. Norwegian mathematician Sophus Lie introduced the notion of Lie group
to study the solutions of ODEs. In this approach, the symmetries of a nonlinear ODE serve the main purpose of identifying
its equivalence class or classes, for which a canonical form is known (Riley, et. al, 2008). According to Aminer, (2014)
Sophus Lie recognized the transformation properties of a nonlinear ODE under certain groups of continuous
transformations as being fundamental in analyzing its solution (Mehmet, 2004). Therefore, a symmetry group is a group of
transformations that map any solution of the system onto another solution of the same system. The nonlinear ODE:

14 4
y,,,_y,(y_] 0 )
y

is a third order first degree nonlinear ordinary differential equation of fourth degree in the second derivative. Differential
equations may be formed in practice terms from a consideration of the physical problems to which they refer. To solve a
differential equation, we have to find the function for which the equation is true. This nonlinear ODE is commonly used in
many physical applications especially in engineering field and its very complex to be solved analytically. Differential
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equations have limited methods for obtaining exact solutions and they exploit their symmetries which lead to exact
solutions (Dresner, 1999).

2. Literature Review
Opiyo, (2015) used the method of Lie symmetries to solve a third order first degree nonlinear ordinary
differential equation of cubic in the second order derivative and got a solution. The equation was of the form:

14 3
yUV — y( y ] (2)
y

whose solution is:

j u ” “du )

Amlner, (2014) applied Lie symmetry analysis in solving a fourth order nonlinear wave equation, a special type of
nonlinear ODE. The form of the equation was:

(W'(Y(Y’)_l) ] =0 @
and its solution is:

vV :u3+—lezw_1j.(u3 +eZu’—1)(4u—1u”2u/—4 4u”3 -6 u—2ui Zu”)du (5)

Yulia, (2008) solved the equivalence problem of the third order ordinary differential equations which was quadratic in the
second order derivative without a higher degree. For this group of differential equations, the differential invariants of the
group of the point equivalence transformations and the invariant differentiation operators were constructed.

3. Mathematical General Solution
Our objective was to solve the special case of the form (1) using the method of Lie symmetry. By expressing (1) as
transformation equation gives:
n ! -4 14 4
y"=y'(y) (y") =0 (6)
after applying the law of indices and removal of the fraction.
By applying the m" extension of G given as:

O RPN
Gl _g 4+ y g | _©
Z ZH oy

where m is the order, i is the upper limit and j is the lower limit.
Then the third extension of GP¥ is:

0 0 0
G[3] _ CO +¢_+ ¢ - y')— + ¢rr ”CO’ y(O ; + ¢m_3ymwr_3y " yra)m - (7)
S -0y) Yt )=
Now, manipulating G™ on (6) yields:
(a)£+¢i+(¢'—w'y')i,+(¢”—Za)'y”—a)”y') 8” +(¢m_3a)/ym_3w”yn_wmy/) 8”']
ox oy oy oy oy
(v y(y")(y)*)=0 ®)
Hence, expansion of (8) gives:
0 m 1\ —4 0 m g\ —4 ) i L, YL, 0
= o [y =y () ) o [y -y ) )+ @mey) r (0 -2ye-yen)
n ! n - m ’ ’ 4 a " ! 14 -
= O )T+ a7y £ -y ) ) =

From (9) after simplifying and then combining gives:
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o[ Y=Y ) =y (7 () AT ) (90 T ey () () ]+

(¢'=ay)[ () (y)" |+ (¢ =2y"0 =y'a") [ -4y (y') (y)" y" | + (§"-3y"@' ~3y"0’ - y'0") =010)
Thus, from (6) we have: y" — y’(y”)4 (y)_4 =0

=y"=y'(y)'(y)" (1)
and Y™ = (y") hence y® = (y(y") (y)* | v = (v (v 4y (v Vv (y) - 4y P () () @2
By substituting gives:

o[ () () +4y(y )y () =40) () (1) () (1) =4y (v (y) "y
AV )7 1+ ) )T Te-[ (Y () (@ -ey) -

(Y () Y (¢ -2y - yer) + (¢ -3y e =3y'e" —y'0") =0 (19)
Further simplification gives:

o(y') ()" +4y (y) (¥) " y" = 4o(y) (y") (v)" ~o(y") ()" -

40y (') (v) " y"+4a(y') (v) (y) " + 40y (y) (v) =4 (y') (¥) "+

o'y (') (¥)" = 40"y (v) (y) " y" + 8y (y') (v) Ty + 40" (Y ) (v (v) Ty +

¢m _ 3a)fym _ Sa)”y” y’a)m — O (14)
Again when simplified, it gives:

agy'(y)*(y") = o'(y) " (y') =487y (y)“(y' ) y" +¢" +

Sw/y/(y)—4(y ) y///+wy (y) (y ) 3a)rym 3C(J"y” +
4w//(y)—4(y/)2 (y//) ym yra)m =0 (15)
By expressing first, second and third derivatives of @ and ¢ interms of partial derivatives given that:
= o(x, y)thend(x) = (%—fjdx + (%Ojdy Lo = Z—f+ y’%o (16)
o o, 0% 0w
14 — 2 ’ ’ N_ 17
T Yoy T 40
a)m _ 63w+3 ' 63(0 +3 " 62(0 + ,,,6_CO+ 3 Nt aZw + 13 aSa) + 12 aSa) (18)
e ox2oy y oxoy y oy Y oy? y oy° y X0y
and also ¢ = ¢(X, y) then d(qb) (Z¢)dx+(£)dy P = 63(5 y’% (19)
0% 0% 2 09 o¢
" — 2 ! ’ H_ 20
¢ 6x2+ y6x6y+yay2+yay (20)
63¢ 3¢ 6K o¢ : 0% °p 20
14 — 3 4 W_ 3 ’ 3 1, N_ ’ _ 21
¢ o yaxay y6x6y+y6y+y6x6y2+ yyay2+y & (21)
When we substitute (16), (17), (19), (20), (21) into (15) we get:
= 4gy'(y)*(y") =9 (y) (v =48y (y) ('Y y" +9"  + 80y (y)*(y")'y" + 0y (y)*(y') -
3a)rym 3C(J”y” + 4w//(y)—4(y/)2 (y//) ym yra)m _ O (22)
A . ' -4 n\4 4. n\5 a¢ 4 (. n\> a(b 3 ,m 62¢
When we expand, ityields: ~ 4gy'(y) “(y")" = (y)*(y"f == = ()" (y'}'y’ 5 Y Wy =z -
_ 62¢ _ 62¢ 4 4 0P 0° ¢
8 2 40 n\3,m -4 3 LY A i SR RV " mZ¥ 4
(y')(y) (y)y—éxgy Py () y v y(y)*(v)'y o et
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!a 14 a m ! 63 ”, !a m a ! — 1/ " a
3y 09 gy 00 (w00 g OO gy O (0D w0 iy yn 2

6x26y OxXoy oy oxoy? y? oy® oy OX
8(y'f (y)*(y") y%w +y )y aa—f: + (V) O aa_?/; - 3y’”2—f - 3y”’y’%w -3y’ zi‘f -
6y £ 2 ~ay(yF S0~V 2 ) Ty S s ) (S 2+
Ay Y (y)*(y"y y”’g;—? +4(y" ) (y)*(v'y y%‘" —y aa_ -3(y'y aiz;)y - 3y’y”% -3(y'f ai:;;z
3y"(y')’ 2;? - (y)' ‘Zyw vy aay =0 23)

"

where (23) forms an identity in X, Y, y’, y", y" . Giventhat ® and ¢ are functionsin Xand Yy alone, by equating the

combinations of coefficients of the powers of y', y", y"” to zero and integrating yields:

o=AYy+A, (24)

where A, and A, are arbitrary functions of X.

$=Ay" +Ay+A, (25)

where A, and A, arearbitrary functions of X.

3Aly+2A,-A; =0 (26)
By equating the coefficients of powers of y0 and y1 to zero in (26) and substituting:

A+ Ay) A (y)* =0 @)

By equating the coefficients of powers of y_4 , y‘3 and y‘2 to zero and solving :

A, =B Xx+B, (28)

A, =B;x+B, (29)

A, = B,X* + B,x + B, (30)

A, =B,X+B, (31)

where B,,B,,B;,B,,B.,B;,B,, B, arearbitrary constants. Fromw = Ay + A, andsubstituting A and A, :

o =B,xy + B,y +B,x* + B,x + B, (32)

From ¢ = Aly +AY A then by substituting A , A, and A4:

§=(Bx+B,) y* +(Byx+B,)y +B,x+B, (33)

Now the infinitesimal generator G is of the form: G = a)a—ax + ¢5%

By substituting @ and ¢, this form is then given as:

0 0 0 0
G= (ley+ B,y +B,x* + B,x + BG)& + (Bly2 +B,xy + B,y +B,x+ Bg)g - G= Bl(xy5+ y’ 5] +

0 0 0 0 0 0 0 0
Bz(y&) + B{x2§+ Xy@) + B{ygj + Bs(x&] + BG(&] + B{xaj + B{a—y) (34)

which is eight parameter symmetry. We can generate an eight —one parameter symmetry given by:

0 0 0 0 0 0 0 , 0
G=— G,=— G,=x— G,=y— G, =y— G,=x— G, =xy—+Yy —
1 ox 2 oy 3 x 4 an, 5 y3 6 oy ya y@y
0 0
G, = x> —+Xxy— 35
8 o y@y (35)

Now, the non - zero Lie brackets are given as follows:
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[G11G3]:G1, [G11G6]:G2,[G2’G4]:G1, [G21G5]:G2 [G21G8]:G6’ [G31G4]:_G4,

[G3’G6]:G6' [G41G5]:_G4, [G41G3]:G7, [G51G7]:G7

The process of finding the symmetries of ordinary differential equations is highly systematic.

0 0 ) . .
Thuslet S, = 6_ S; = X— whichare the Lie solvable algebra of the admitted eight —one parameter symmetry (35) .
X X

By solving using prolongation: G =G + ((b”' -3y"0' -3y"0" - y’a)”’)% (36)
Consider the third order prolongation for the differential invariant operator:
G=S= coi + gbi.
OX oy
6 6 2]
S[O]:_ S[l]:_ S[ —
ot oax !

51[3]=1-3+0-i (37)

OX oy
By solving for the characteristic: d_lx d—y
dy = 0 and integrating yields the differential invariant: y =U (39)
where U isaconstant, a function of X.
Again, consider the third order prolongation of the differential invariant operator:

0 0
G=S-0l4+¢2 it s, =x2 ittollowsthat: $,7 = x2 g H=x T _y :
OX OX OX OX oy

0 0 0
83[2] :X__y’ ’—Zy” "

OX oy oy

0 0 0 0
S =x— -y o -2y -3y (40)

OX oy oy oy

! d " d m

By solving for the characteristics : dy = dy -y Y (41)

—y —2y" -3y"

Then by integrating (41) the differential invariants are as follows:

dy dy’
0 L=
1 -y
sy =Inl—=
y
where C, isaconstant.
dy’ dy” 1
() === ==
-y =2yt G
=

(')

where C,and t; are constants.
(iii) d_y’: & w = -

-y -3y , C,
yW

(y)

where C,and t, are constants.

Sty =

(42)

(43)

(44)
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_ dyrr dym 1 (yw)2
(iv) -= — == = - (45)
—2y" 3yt c, 7 (y)
where C,and t, are constants.
By taking (39) and (43) suchthat: y=U and t, = W Let t,=V then (43) becomes :
y!!
sV =—= (46)
(v')
. . . dV Dx (V) dV mM\4 [, 1\-2 -4 Z(y”)(y”)
N d Dtof der ODE (D , 1999) yields: = = -
ow reducing (1) to first order (Dresner ) yields U DX(U) U (y ) (y) (y) (y’)z(y’)z
From (39) and (46) through substitution leads to :
S v U U L) @7
Then (47) is of the form :
dv
—+PUMN=QU 48
U PUN =QU) (48)

implying that we have managed to reduce a third order equation (1) to a simple first order linear equation (47) that is
easily solvable by other known simpler methods.

This can be easily integrated using integrating factors given by : | (U )

Thus | (U ) = g/PU)U

(49)
I(U ): e _ e M (if €=M )= e (sinceC=0,then M =1)
then .. | (U ): el [ (U ')4 where C and M are constants. From the form :
1 4

V = —— '

I@)HU)Q@MU (50)
whose simplification leads to: V (U )4 I(U " )4 (U )2 (U ) “4u (51)
or ) (Y (y )t dy

()“

4. Conclusion

To achieve this, we developed symmetry generators, infinitesimal transformations, extended transformations

(prolongations), differential invariants, invariant transformations, integrating factor and order reduction of the third order
nonlinear ODE. This then enabled us to reduce the wave equation to a simple first order linear ordinary differential
equation.
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