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Abstract:
In this paper we find the bounds for the zeros of a polynomial, when the coefficients

of the polynomial or their real and imaginary parts are restricted to certain
conditions.
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1.Introduction And Statement Of Results
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The following elegant result on the distribution of the zeros of polynomials is due to
Enestrom and Kakeya [4]:

1.1.Theorem A

Let Let P(z) = Zaj z' be apolynomial of degree n whose coefficients satisfy
j=0

a,>a,;>..23 23, >0.

Then P(z) has all its zeros in the closed unit disk |z| <1.

In the literature there exist several generalizations and extensions of this result. Recently

Y. Choo [1] proved the following result:

1.2.Theorem B

Let Let P(z) = Zaj z! be apolynomial of degree n with complex coefficients such that
j=0

for some real g,
larga; - p|<a < B, j=012,....n,
and for some k, >1,k, >1,either
kija,| >]a, o] > ... >|as| > [ay
and k,|a, | >|a,s|>.....>[a,| >[a,|, if n is odd
or
ki|a,| >[a, o] > . 28, >3y
and  k,la,,|>[a, 4| >.....2|a,| >|a, if nis even.
Then all the zeros of P(z) lie in the disk

a,,|_ K

Z+ < —
a, | a|

where

K = (k, —D)fa,|+ (k, —D|a, | +|a] +[as|+ (ki]a,| + k,[a,_; [)(cose +sin &)
n-2
+ (Jay| +[ag)(sin & —cos ) + 2sin Y _[a; |.
=2

M. H. Gulzar [3] proved the following results:
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1.3.Theorem C

j=0
, such that for some k; >1,k, 21, 0 <7, <10<7, <1,either
Kia, 20, , 2.2 05 27,04
and kK,o,, >2a,,2....20a, 21,04, ifnis odd
or
Kia, 2o, ,2...2a, 27,0,
and k,a,,>2a,;>...20a, 27,0, ifniseven.

Then for odd n all the zeros of P(z) lie in the disk

where

Kl = kl(an + |an|) + I(2 (an—l + |an—1|) + 2(|a1| + |0£0|) - (|an | + |an—1|) - Tl (061 + |al|)

n-2
—7,(ay + |0£0|) + |ﬂn| + |ﬂn—l| + 22|ﬂ,| ,
=0

and for even n all the zeros of P(z) lie in the disk

an—l
an

<K2

z+-"t< 2
2|

where

K2 = kl(an + |an|) + I(2 (an—l + |an—1|) + 2(|a1| + |0£0|) - (|an| + |an—1|) _TZ (061 + |al|)

n-2
-7, (o + |0£0|) + |ﬂn| + |ﬂn—l| + 22|ﬂj | .
=0

1.4.Theorem D

Let Let P(z) = Zaj z! be apolynomial of degree n with complex coefficients such that
j=0

for some real g,
|argaj —ﬂ|£a <B,j=012,....n,

and for some k, >1, k, 21,0 <7, <10 <7, <1, either
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Kia,| =2, | =2 [ag| 2 7, fay
and k,fa, | >a, 5> ......>[a,| > 7,|a,|, if n is odd
or
Kia,| = (a, | = o 2 |2, 2 7y
and  k,la,,|>[a, 4| >.....2[a,| > 7,a,], if nis even.
Then for odd n all the zeros of P(z) lie in the disk

<

748 <
2|

an

where

K, = (k[a,|+ k;|a, 1 ))(cosa +sina +1) - (a,| +[a,|)

n-2
— (ry)ay| + 7, [ag|)(cosa —sin o +1) + 2((ay| + [, ) + 2sin &y _[a; .
)

and for even n all the zeros of P(z) lie in the disk

<Ke

743 ¢
2|

an

where

K, = (k|a,|+ k,|a, 4)(cosa +sina +1) - (a,| +|a, 4|)
n-2
— (ry]ap| + 7, [ar])(cosar —sin o +1) + 2((ay| + [, ) + 2sin &Y "[a; | .
j=2

The aim of this paper is to generalize the above mentioned results. More precisely, we

prove the following results:
1.5.Theorem 1

j=0
such that for some p; 20,p, 20, 0 <7, <10 <7, <1,either
prta, 20, , 2. 20, 2T,Q,
and p, +o,,2a, 2.2, 27,04, ifnis odd

or
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P, 20, ,2....20, 2T,0,

and p, +a, 20, ;>....20, 27,0, ifniseven.

n

Then for even n all the zeros of P(z) lie in the disk

<

fal

Z+h
a,

where

K, =2(p, + p,) +(ax, + o) + 2(|ao| + |al|) -7 (a, + |0£0|)

n-2
—7,(a; + |0‘1|) + |ﬂn| + |ﬂn—l| + 22|ﬂj | ,
=0

and for odd n all the zeros of P(z) lie in the disk

<Ke

fal

Z+h
a,

where

K, =2(p, + p,) + (e, + ) + 2(|ao| + |al|) —7,(a, + |0£0|)

n-2
-7 (a, + |0‘o|) + |ﬂn| + |ﬂn—l| + 22|ﬂ1| .
=0

1.6.Remark 1
Taking p, =(k, -Da, and p, =(k, -Dea, ;,k, 21,k, >1, Theorem 1 reduces to
Theorem C.

If the coefficients a; are real i.e. ; =0 forall j, Theorem 1 gives the following result:

1.7.Corollory 1

Let Let P(z) = Zajzj be a polynomial of degree n such that for some p, >0, p, 20,
j=0

0<7, £10<7, <1,either
prta, >a, , 2228, 27,8
and p,+a,,>a,,>....2a, >1,a,, ifnisodd
or
p,ta,za,,=...24a, 27,4,

and p,+a,,>a,,>...28,>7,a, ifniseven.
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Then for even n all the zeros of P(z) lie in the disk

7+ Sﬁ
a, | |al
where
Ki=2(p, + p,) +(a, +2,,) + 2(|ao| + |al|) —7,(8, + |ao|) —7,(a + |al|) , and

for odd n all the zeros of P(z) lie in the disk

<Ke

fal

7+ By
an

where
K, =2(p, +p,) +(a, +a,,) + 2(|ao| + |al|) —7,(a, + |ao|) -7,(a, +|ao|) .

Applying Theorem 1 to the polynomial —iP(z), we get the following result:

1.8.Corollary 2

-0
, such that for some p, >0, p, 20, 0 <7, <10<7, <1,either
P+ B 2P, 22 P21,y
and p, + ., 2B,52....2 B, 27,0, ifnis odd
or
pr+B. 2B 22,210,
and p, + B, 1 2B, 52...2 By 21,0, ifniseven.

Then for even n all the zeros of P(z) lie in the disk

an—l

where

Ky =2(p, + p,) + (B, + o) + 2(|ao| + |al|) —7,(B, + |ﬂo |)
n-2
- TZ (ﬂl + |ﬂl|) + |an| + |an—l| + 22|a1| !
j=0
and for odd n all the zeros of P(z) lie in the disk

an—l

an

<K2

z+-"t< 2
2|
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where

K, =2(p, + p,) + (B, + Boy) + 2(|ao| + |al|) —7,(B, + |ﬂo|)
= B+ 1Bl e e + 23 .
j=0

For different choices of p, >0, p, 20,0<7, <10<7, <1,we get many other interesting

results from Theorem 1.

1.8.Theorem 2

Let Let P(z) = Zajzj be a polynomial of degree n with complex coefficients such
j=0

that for some real S,
larga; - p|<a < B, j=012,....n,
and for some p, 20, p, 20,0<7, <10<7, <leither
oy +a,| =], 5> a2 7 oy
and |p, +a,.4|>[a,;|>....>[a,[>7,]a,|, if nis odd
or
o +a,|2(a, 5] 2 28, 27 Ay
and |p, +a,.4|>[a, 5| >.....>]a| >7,[ay|, if nis even.

Then for odd n all the zeros of P(z) lie in the disk

where

K, =[(p, + p,)(cosa +sina +1) + (a,| +|a, 1)) (cosa +sin a) + 2(ja,| + |a,|)

)
— (z,]ay|+ 7,[a)(cosa - sin & + 1) + 2ssin oan|aj I
=2

and for even n all the zeros of P(z) lie in the disk

where
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K, =[(p, + p,)(cosa +sina +1) + (a,| +|a, ) (cosa +sin a) + 2(ja,| +[a,|)

)
— (z,]a,| + 7, |a,)(cosa - sin & + 1) + 2ssin oan|aj I
=2

1.9.Remark 2

Taking p, =(k, -Dea, and p, =(k, —Da, .k 2Lk, >1, Theorem 2 reduces to
Theorem D.

For different choices of p, >0, p, 20,0<7, <10<7, <1,we get many other interesting

results from Theorem 2.

2. Lemmas

For the proofs of the above theorems, we need the following result:

2.1.Lemmal

Let P(z):Zajzj be a polynomial of degree n with complex coefficients such that
j=0

larga, —ﬂ|£a£%, j=01..n, for some real 8and

|z |aj ], =12,
then for some t>0,
ta; —a; < [t|aj | —|aj_l|]c03a + [t|aj |+ |aj_1”sin a.

The proof of lemma 1 follows from a lemma due to Govil and Rahman [2].
3. Proofs of Theorems

3.1.Proof Of Theorem 1
Let n be odd. Consider the polynomial
F(z) =(1-2%)P(2)

=-a,2"" -a -1Zn+1 +(a, —a,,)z" +(a, - an_g)z”"l +(a,, - an—4)zn_2

n
+onnt(a, —a,))2" +(a, —a,)2° +(a, —a,)2° +a,z+a,

Z_anzn+2 _an—lzn+1 + (an _an—Z)Zn + (an—l _Otn—é;)zn_1 + (an—Z _Otn—4)zn_2
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Foent (@, —ay)2t + (0 —0y)2° + (0, —y)2° + 0,2 +

L {(ﬁn =B2)2" + (B = B2+ (Bry = Br)2 }
T +(ﬁ4_ﬁ2)z4+(ﬁ3_ﬁl)23+(ﬁ2_ﬁ0)22+ﬁlz+ﬁ0

=-a,z"*-a 2" - p,z2" - p,2"" +(p, +a, —a, ,)z"
1 i)
+ (p2 +an—1 _an_3)zn + (an—Z —an_4)2n + s

+ (o, —a,)2" + (a; —1,0,)2° + (1,0, — ) 2°

+ (o, —1,0,)2% + (1,00 —0y)2° + 0,7 + a1

N {(ﬁn =B 2"+ (Bry = Brs)2" 4 (Bry = )2 }
Foent (B, = B2+ (B, — B2+ (B, — Bo)2% + B,z + B,

For |z|>1, we have, by using the hypothesis,

F@ 2" jayz || P[Pl v n s | ot s
41 2 7

Ay, =0y, " A, —a, O; —1,Q " (1_Tl)|al|
’ ’

2 2

Ay, = 1,0, (1—’[2)|0£0| M |0£0| |ﬁn _ﬁn—l| N

T W R T
By =bBo| 1B |P
e e )

T

n+1
> |Z| ﬂanz + an—l| - {pl TPy P10 —Qnp + Py Ty — Qg

Qo — Oy et @ —y +y — Ty + (LT
+oa, -7,a, +(1—72)|oc0|+|al|+|ao|+|ﬁn|+|ﬁn_2|+ ......

+|B,|+|Bs| +|B.] + o] } ]

= |Z|n+l|]a-nZ + an—l| - {2(/31 +py)ta, Ho 2(|0‘o| + |051|) -7y + |a1|)

=7, (g +eto]) + 20 Bo| + | Bi)) +Zn:‘ﬁi‘ iy

>0 if
7+ Bl K .
a, | |[a

This shows that all the zeros of F(z) of modulus greater than 1 lie in the disk
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Since the zeros of F(z) of modulus less than or equal to 1 already satisfy the above

inequality, it follows that all the zeros of F(z) and hence P(z) lie in the disk
<K
2|

The proof for the case when n is even is similar.

Z+h
a,

3.2.Proof Of Theorem 2
Let n be odd. Consider the polynomial
F(2) =(1-2*)P(2)
=-a,2" -a, 2" +(a,-a,,)2"+(a,,—a, ;)" +(a,_,-a,,)z""?
+ont (@, —ay))2" + (a5 —a,)2° + (8, —a,)2° +a,2+a,
=-a,z"*-a 2" —p;z" —p, 2" +(p, +a, —a,,)2"
+(p,+a,,—a, )" +(a, ,—a, )" "+
+(a, —a,)2" +(a, —7,8,)2° + (r 8, —a,)2°
+(a, —1,8,)2° + (1,8, —8,)2° +a,2+4a,.

For |z|>1, we have, by using Lemma 1,

|F(Z)|Z|Z|n+1 |anZ I an_1| —{mﬁ-mﬁ- |p1 +an _an—1| + |p2 + an—l _an—2|

CRFEM o
|an—2 - an—4| |a4 - 8.2| |3-3 _713-1| (1_Tl)|a1|
+ —+...... + +
2 2" 2 2
el el o
E E i

n+1
> |Z| ﬂanz + an—l| - {pl TPyt |pl +a, - an—2| +|pz ta,, — an—3|

+lan, — 8y |+t A, — |+, — Ty [+ (-7,
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+a, — 7,80+ A1, | +|ay| +]ao| } ]
>|z|" la,z +a,4 |~ {p1 + 2, + (01 + 2, ~[a, ) cOS @

+(p, +a,|+|a, L) sina +(p, +a,,| |2, cosa

+(p, +a,,|+]a,s)sina + (|a,_,| - |a, ) cosa

+ (2| +[a ) sine + ...+ (|8, —|a,]) cosa

+(ja,| +[a,) sina + (ja;| - 7, |a, ) cos & + (|ja;| - 7, ) sin o
+ (1L -1y)[ay| + (@, — 7,/a]) cosa + (@, |+ 7,[a,|) sin
+(1L-17,)[a,] +[a|+[a,| } ]

= |Z|n+l|]anz + an—1| - {pl + p,)(cosa +sina +1)
+(ja,| +[a,.)(cosa +sin @) + 2(a,| +|a,|

n-2
— (zy]a| + 7,]a,)(cosar —sina + 1) + 2sinary_|a;| } ]
i—2
>0 if
Kl
2|

an—l
an

Z+

This shows that all the zeros of F(z) of modulus greater than 1 lie in the disk

Kl
2|

an—l
a

n

Z+

<

Since the zeros of F(z) of modulus less than or equal to 1 already satisfy the above
inequality, it follows that all the zeros of F(z) and hence P(z) lie in the disk

a,| K,

2,

7+t

<

That proves the result in case n is odd. The proof is similar in case of evenn.
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