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Abstract:

In this paper we obtain zero-free regions for polynomials with restricted coefficients. These results generalize many already
known results on the subject.
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1.Introduction And Statement Of Results

In the literature there exist a large number of published papers giving the regions containing some or all the zeros of a polynomial.
Recently M. H. Gulzar [2] proved the following results:

1.1.Theorem A

Let P(z) = Zajzj be a polynomial o f degree n such that Re(a;) = c¢;, Im(@;) = §;and
=0
proa, 2o, 2...20 2TQ,

R
for some p,0 <7 <1, then the number of zeros of P(z) in |Z| < I (R>0,K >0), does not exceed

R”+1[|p| +p +|an| +a, —T(|a0| +oy)+ 2|a0| + 22‘,31.‘]
j=0

|
log k o9 ||

for R>1
and

|a0| + R[|p| +p +|an| +a, —T(|a0| +a,) +|a0| + 22‘,31.‘]
j=0

|
log k o9 |

for R <1.

1.2.Theorem B

Let P(z) = z a; z' bea polynomial o f degree n with complex coefficients such that for some real &, 3,
j=0
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and
lp+a,| =2,y >....>]ay > 7[a,| .

R
for some p >0,0 <7 <1 then the number of zeros of P(z) in |Z| < ?(R >0,k > 0), does not exceed

(p +|a,|)(cosa +sin a +1) + 2sin ani‘aj‘ —la,|(cosa —sina —1)
j=1

|
log k %9 |

1.3.Theorem C
Let P(z) = z ajzj be a polynomial of degree n such that Re(a;) =«;, Im(@;) = §;and

j=0
a, 20, 2....20, Ko, 2a, ; >... >0y 270,

R
for k >1,0 < 7 <1,0 < A < n, then the number of zeros of P(z) in |Z| < I(R >0,k >0) does not exceed

R™ oty |+, + (k=D (er, |+ &) + ey | — 2ot + ) + 2D ||
j=0

! log
log k a,|
for R>1
|ao| + Rljer, | + , +(k—1)(|0‘/1|+0‘/1)—T(|0‘o|+0‘o)+|0‘o|+|,30|+22‘,3;‘
and log =
log k a,|
for R<1.

In this paper we prove the following results:

1.4.Theorem 1

Let P(2) = Zajzj be a polynomial o f degree n such that Re(a;) =c¢;, Im(@@;) = B;and

j=0
pro, 2o, 2...20 2TQ,
a a
for some p,0 <7 <1, then P(z) has no zero in |z| <|M—0| for R >1 and no zero in |z| <|M—0| for R <1, where
1 2

M, =R™[a,|+a, +|p|+ p = t(as| + o) + ||+ |Bo| + 22|81
j=0
and |
M, :R[|an|+an +|p|+p—T(|Ol0|+Ol0)+|Olo|+|ﬁ0|+22‘ﬁj‘]-
j=1

Combining Theorem A and Theorem 1, we get the following result:
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1.5.Corollary 1

Let P(z) = Zajzj be a polynomial o f degree n such that Re(a;) = c¢;, Im(@;) = §;and
j=0

proa, 2o, 2...20 2TQ,

a R
for some p,0 <7 <1, then the number of zeros of P(z) in ||\/|_0| < |Z| < ? (R>0,K >1), does not exceed
1

R”+1[|p| +p +|an| +a, —T(|a0| +oy)+ 2|a0| + 22‘,31.‘]
j=0

|
log k %9 ||

for R>1

a R
and the number of zeros of P(z) in ||\/I_0| < |Z| < M (R>0,K >1), does not exceed
2

|a0| + R[|p| +p +|an| +a, —T(|a0| +a,) +|a0| + 22‘,31.‘]
j=0

|
log k o9 |

for R <1.

1.6.Theorem 2

Let P(2) = Zajzj be a polynomial of degree n such that Re(a;) = c;, Im(@;) = §;and
=0

a, 20, 2....20, Ko, 2a, ; >.. >0y 270,

a a
for k 21,0 <7 <1,0 < A < n,then P(z) has no zero in |z| <|M—0| for R >1 and no zero in |z| <|M—0| for R <1, where
3 4

M3 :R[|an|+an +(k_1)(|al|+al)_T(|a0|+a0)+|a0|+|ﬁ0|+22‘ﬁj‘]
j=1
and |
M4 :R[|an|+an +(k_1)(|al|+al)_T(|a0|+a0)+|a0|+|ﬁ0|+22‘ﬁj‘]
j=1

Combining Theorem C and Theorem 2, we get the following result:

1.7.Corollary 2

Let P(2) = Zajzj be a polynomial of degree n such that Re(a;) = c;, Im(@;) = §;and
j=0
a, 20, 2...20, Ko, 2a, ; >.. >0y 270,
[y R
for k >1,0 < 7 <1,0 < A < n, then the number of zeros of P(z) in M_ < |Z| < ?(R >0,k >1) does not exceed
3
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R™ o, |+, + (k=D)(ler, |+ ;) + 2o | = 7(o| + 5) + 2|3
j=0

! log
log k a,|

2|

R
and the number of zeros of P(z) in IR < |Z| < Y (R>0,k >1) does not exceed
4

for R>1

|ao| + Rler,| + &, + (K —1)(|a,l|+al)—r(|a0|+a0)+|a0|+|,60|+22‘,6j‘
-1

|
log k %9 a,|

for R <1.

1.8.Theorem 3

Let P(z) = z a; 2 bea polynomial o f degree n with complex coefficients such that for some real «, 3,

j=0
arga; - g|<a <%, j=012,....n
and
lp+a,| =2,y >....>]ay] > 7[a,| .
for some p > 0,0 <7 <1,then P(z) has no zero in |z| <||\6/l|—0| for R >1 and no zero in |z| <||3|—0| for R <1, where
5 6

Mg =R"™[(|p| + |a,[)(cosa +sin a +1) — 7[a, |(cosa —sina +1)
+|a,| + 2sin ani‘aj‘]
j=1

and
M, =RI(p| +|a,)(cosa +sin a +1) - 7|a,|(cos & —sin a +1)

+[a,| + 2sin ani‘aj‘] .
-1

Combining Theorem B and Theorem 3, we get the following result:

1.9.Corollary 3

Let P(z) = z a; 2 bea polynomial o f degree n with complex coefficients such that for some real &, 3,
j=0

and
lp+a,| =2,y >....>]ay] > 7[a,| .

2|

R
for some p > 0,0 <7 <1 then the number of zeros of P(z) in M_ < |Z| < ? (R>0,k >1), does not exceed
5
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(p +a,)(cosa +sin a +1) + 2sin ani‘aj‘ ~|a,|(cosa —sin & ~1)
-1

|
log k %9 |

2.L.emma
For the proof of Theorem 3, we need the following lemma:

2.1.Lemma

Let P(Z):Zajzj be a polynomial o f degree n with complex coefficients such that for some real «,f3,
j=0

T . .
‘arg a; —,B‘ <a SE,OS J <n,and any t>0, ‘taj‘z‘ajfl‘,OS J <, then,
ta; —a; | < (tla;| - [a; 1) cosa + (fa; | +]a; 4 sin e s
Lemma 3 is due to Govil and Rahman [2].
3.Proofs Of Theorems
3.1.Proof Of Theorem 1: Consider The Polynomial
F(2) =(1-2)P(2)
=(l-2)(a,z" +a,,2"" +..t a2 +3,)
=-a,2" +(a, —a,,)2" +.....+ (8, —q,)Z +q,
=-a,2"™ +a,-p"+(pt+a, —a, ;)" +.t(a, —a,)2’
n .
+[(0, —7ary) + (zaty —0tg) 2+ (B, — B2
i=0
=a, + G(z), where
G(z)=-a,2" —pt"+(p+a, —a,,)2" + .t (o, — ;) 2°
n .
+[(0, —7ary) + (zaty —0tg) 2+ (B, — B2
i=0
For |Z| = R, we have by using the hypothesis,
|G(Z)|S|an|R”+1+|p|R” +|p+an —anfl|R” + o +|oz2 —0z1|R2 +|oz1 —Ta0|R
n .
+(L=arg|R+ D (1B,]+ |4 R
j=0

<R™a,|+]o|+ p+a, —ay; tota, —ay vy —ay

TR AR 31}

_ R"+1[|Oln|+an +|p|+p—r(|a0|+a0)+|ao| +|:30|+22‘:Bj‘]
j=0

=M, forR21
and for R <1,
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G(2)| <Rlaty |+ a, +|p| + p—7(lerg| + ) + o] +|ﬁ0|+2_zn;‘,8j‘]
= |\/|2 J
Since G(z) is analytic for |Z| <R , G(0)=0, it follows , by Schwarz Lemma that |G(Z)|S M1|Z| for |Z| <R, R>1 and
G(2)| <M, 2] for |7 <R, R<1.
Therefore, for |Z| <R, R2>1,
IF(2)|=a, + G(2)|

> la,|-[o@)
> [a,| - M, 7
>0
if |Z|<||3|_0|’
1
and for |Z|S R, R<1, |F(Z)|>0 if |z|<M.
MZ

gl e
is shows that F(z) has no zero in |z| <M— for R >1 and no zero in |z| <M— for R<1.

1 2
Since the zeros of P(z) are also the zeros of F(z), the theorem follows.

3.2.Proof Of Theorem 2: Consider The Polynomial
F(2) =(1-2)P(2)

=(l-2)(a,z" +a,,2"" +..t a2 +3,)
=-a,2" +(a, -a,,)2" +....+(a, —q,)z+a

=-a, 2" +a,+(a, —a, )"+t (a,,, —a,)2""

1@~ 7y) + (raty — )2 +13 (B, - B,.)2

=a, + G(z), where

G(2)=-a,2" +(a, — 0, )2" + oot (a0, —a,)2""

n .
+[(a; —tay) + (ray, —a,)]z + iZ(,Bj _:31'71)2J
j=1
For |Z| <R, we have by using the hypothesis
|G(Z)|S|an|R"+1+|ozn —an71|R” F oo +|a“1 —0:,1|R’l+1 +|kal —oz/H|R’l
+(k —l)|oz/1|R’l + |oz/171 —oz/H|R’l’1 ot |a1 —Ta0|R + (l—T)|a0|R

+3 (8] +/8, PR’
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S|an|R”+1+R”[an—aH+ ...... +o,,—a, +ka, —a,,
+(k—l)|a,l|+a,H—a#2+ ...... +0{1—T0l0+(1—l')|0£0|
n-1
SRR
=1
<R™a, |+ a, + (K =D(e, |+ ;) = t(aq|+ ay) +|o| +|Bo]

+§§M$

=
=M, forR>1.

and
G| <Rl | + o, + (k=D | + )~ 7lare| + 1) + o] + o] + 238

=M, for R<1.
Since G(z) is analytic for |Z| <R , G(0)=0, it follows , by Schwarz Lemma that |G(Z)| < M3|Z| for |Z| <R, R>1 and
G(z)| <M, |z] for |7 <R, R<1.
Therefore, for |Z| <R, R2>1,
IF(2)|=a, + G(2)|

> la,|-[o@)
> [a,] - M|z
>0
if |z|<||a—°|,
3
and for |Z|S R, R<1, |F(Z)|>0 if |z|<M.
M,

a a

This shows that F(z) has no zero in |z| < u for R >1 and no zero in |z| < u for R<1.
M, M,

Since the zeros of P(z) are also the zeros of F(z), the theorem follows.

3.3.Proof Of Theorem 3: Consider The Polynomial
F(2) =(1-2)P(2)

=(l-2)(a,z" +a,,2" "+t a2 +4,)
=-a,2" +(a, —a,,)2" +.....+ (8, —q,)Z +q,

+(a, —73,) + (@, - ;)12
=a, + G(z), where
G(z)=-a,2" -pz"+(p+a, —-a,,)z
+[(a, —18,) + (73, —a,)]z.
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For |Z| <R, we have by using the hypothesis and Lemma 3
G(z)| <|a,|R™ +|p|R" +|p + 8, —a,4R" +....+[a, —&|R? +]a, —18,|R
+(1-7)[a|R
<la,[R™ +|p|R" +[(|p +a,| [, cosa + (|p + a,| +|a,|) sin a]R"
+ o+ [(8,] — s cOS + (|8, | +]a, ) sin @]R? + (1-17)|ay|R
+[(a,| —7[a,|) cos e + (|a, | + 7]a,|) sin «]R
<R™[(p| +|a,)(cosa +sin a +1) - 7|a,|(cosa — sin a +1)

+|a,| + 2sin ani‘aj‘]
=

=M, for R>1
and
G(2)| <RI(p|+|a,)(cosa +sin a +1) - 7]a,|(cosa —sin a +1)

+|a,| + 2sin ani‘aj‘]
=M, for JRlél.
Since G(z) is analytic for |Z| <R , G(0)=0, it follows , by Schwarz Lemma that |G(Z)| < M5|Z| for |Z| <R, R>1 and
G(2)| <Mz for |7 <R, R<1.
Therefore, for |Z| <R, R2>1,
IF(2)|=a, + G(2)|

> la,|-[o@)
> [a,] - M,z
>0
if |z|<||3|—°|,
5
and for |Z|S R, R<1, |F(Z)|>0 if |z|<M.
MG

a a

This shows that F(z) has no zero in |z| < u for R >1 and no zero in |z| < u for R<1.
M 5 M 6

Since the zeros of P(z) are also the zeros of F(z), the theorem follows.
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