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Abstract:
Purpose of this paper is to generalise integral formulas and inequalities of H. Hiramatu [1] using metric semi-symmetric

(o)

connection V.
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1. Introduction

Let M be a connected Riemannian manifold of dimension n covered by the system of coordinate neighborhoods {U; x"}

Oh o o o o
gji.Fji,Vj,Kkjih,Kji and K,

Where the indices i,j,k,........... Run over therange {1, 2, 3......... ,n}. Let be the covariant
components of the metric tensor g, the Christoffel symbols formed by g;i , the operator of the covariant differentiation with respect to

qu , the components of curvature tensor and the components of Ricci tensor and the scalar curvature of M respectively. The vector

field V' is called a projective vector field if it satisfies [4]

h h

o o o o

.. w. h k .. h h
LVFJ|=VJV|V +V Kkj|=8jpi+8ipj

(1.2)
for a certain covariant vector field p;, called the associated vector field of V', where L, denotes the operator of Lie derivation with
respect to the vector field V' .When we refer to a projective vector field V", we always mean p; the associated covariant vector field
given in (1.1). In particular, if p; is zero, then a projective vector field is called an affine vector field.

In 1980, H. Hiramatu has obtained a series of integral formulas and integral inequalities in a compact orientable Riemannian manifold
assuming that scalar

Curvature of M as constant. In this paper using projective and the conformal curvature tensor field of type (1,3), we have obtained the

(o)

series of integral formulas and integral inequalities on scalar curvature K of M .we get necessary and sufficient conditions for

Riemannian manifold to be isometric to a sphere of radius
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2. Preliminaries
This section deals with preliminaries which are needed in the rest of the sections.
The following known results are used in this paper.(for details please see [1].)

@1 v Lan=2p)gjn +p; 8] +pp &
° ol ol oh
(2.2) VJ'L\,gih =-2p g -pP gl -P o)
t o
=Giji.

23) Gji =Gjj , Gjigji =0 ’thi

o o

Where Einstein’s deviation tensor G ji of type (0,2) and the tensor iji h are given by (see [2])
(2.4) ijih = - ijih

Where P kiji h are the components of the projective curvature tensor field of type (1,3) given by,

o

5> .h _ o h K h h
P PR L K LN 8 .. _8_ .
25 kji kji —n(n ) (8, 9ji j ki)
o .. n o
(26) Pkjin g =——Gun,
n-1

Where P kjih = ijit Oth -
(27)  Ckjih =—=Cjkih , Ckjih = —Cink;

(28) Ciji' =0, Cjt' =0, ijih gl =0
k _h h

o o

Ah e h sh A ;
29) Ckji- =Kkji +8, Cji —8? Ci +Ck9ji —Cj 9y
Where iji h are the components of conformal curvature tensor field of type (1,3).

2.10) wh :nT_lp JKn

T 1
211) Ly Zkji =——90, Ly Gji———9; L, Gki
(211) Ly Zkii 11 Okv Clim 05y ki)

212) L, Pki"=0
h h

(e}

(e} (e} l (e} (e} (e}
(2.13) ijih = ijih_ﬁ(sﬂ Gji—S? Gki+ Gk Jiji —Gj Jki)
Where iji h is conformal curvature tensor field of type (1,3) for n > 2.

1

hy h
ML, Gji-8"Ly Gy
(n—1)n—2) CkbvCii— oLy Ck)

(2.14) L, ijih =—
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1
———ALGKMgji + Gk Lugji ~ (LyGj")gki ~ 6" Lygki}

o . -1 o .
215 (LyGji)gl = nT(Lv Pkiini)g g

k _h

(o) (o)

(2.16) V Gk =0
We need the following known Lemmas which are used in rest of the sections.

LEMMA A [3]: If complete and simply connected Riemannian manifold M with positive constant scalar curvature K of dimension
n.>1 admits a non affine projective vector field v"and if the vector field wW"is a killing vector field then M is isometric to a sphere of

radius in the Euclidean (n+1) space.

LEMMA B [3]: For Projective vector field V' on a compact orientable Riemannian manifold M of dimension n>1, we have

2
°oot _n-1 SN T
2.17) ’\j/l [Vth dV_—4(n+l) ’\j/l LV|:A{(LVG i)g }

2(n+1)K ° i
=TT Ly, Gii)gl' dv
+ n(n—1) (Ly Giji)g

LEMMA C [3]: For Projective vector field v on a compact orientable Riemannian manifold M of manifold n>1, we have

(2.18)

LEMMA D [3]: For Projective vector field v" on a compact orientable Riemannian manifold M of dimension n>1, we have

Gjip wdv - ——=[L,|Ad(LyGiji)g"
|\£ 2(n+1),\{I
2(n+1)|2

O" ji
01 | ngn o (LvG gl av

o o oJ . oI .
:;j Viwi+Viwj| [V w'+Vv w!]dv
2(n -1) o
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LEMMA E [3]: For Projective vector field V' on a compact orientable Riemannian manifold M without of dimension n>1, we have

M

3

M
dv

n+ 2
:2(n—1)~[

(VjWi-i-Vin
M

M

I

jgkj[LkaGji]WidV +LJ[W,V]K dv +
n

jl—v A{(LvGoji)gji}"‘M

n(n —-1)

o J o

V wl+v

n -4

(Ly Giji)g

i
WJ] dv

L,L,dVv
1|\~£VW

where[ , ]is the lie bracket.

3. Lemmas

In this section we prove series of Lemmas on the scalar curvature K of M which are needed to establish main theorems in the section

4.

LEMMA 3.1: For a projective vector field v" on a compact orientable Riemannian manifold M of dimension n>1, we have

k h

M

2(n +1)I2 ° kh _ ji
— (L, Z dv
F o (v Zkin e ]

o

-1 °
:ml\.[l [VJ‘Wi-i-VinJ

o

o

\Y% wi+V wj

(30 [(v Ly Zii)glwydv —ﬁALV{A{(LVEkiJh )gkhg”}

av

Proof. From (2.11), it can be proved that

Oh l (e} l (o]
o h oo h .
LV ij| —n 18kLVGJ' N 181 LVGk|

Consider,

k

(3.2)

o 1 o o o o
VkLViji:m 50 (V LVGji)—S?(V L, Gki)

k

k
1

n-1

k

= —=—80(V LyGiji)-81(V L,Guk)

From (3.2) and after lengthy simplification, we get
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Koo h 2 , 1 o i
(33)|(V Ly Zkji)glwy, = E(Vtwt) - (V Ly Gjiw!

Integrating (3.3) over M, we get

ok oh .. o
69 |[(V Ly Zigi)glwy av = [(vew!)2av
M (n _1)|v|

j
1 o o .
- (V LVGji)W'dV
(n-1) J
M
1 OJ o
_(n—l)-[(v Ly Giji)w'av
M

Now using (2.17) of Lemma B[3] and (2.18) of Lemma C[1] in (3.4) and after simplification we get (3.1). This completes the proof of

Lemma.

LEMMA 3.2: For a projective vector field v" on a compact orientable Riemannian manifold M of dimension n>1, we have

k

(n+1)

2(n+1)|2 ° kh _ji
————— (L Zkji
oD (Lv Zkjih )97 g

o o .. 1 o e
(3.6) [(V Ly Zijih )g ' w"dv - ILV{A{(LVzkjm )gk“g"}
M M

M

o o Oj . Oi -
:(_21) j (iji+VinJ [V w'+V WJJdV
n_

Proof. Consider,

ok o ok °
(V Ly Zkjin ) ={V L( ijitgth)}

Ok o o
={V [(Ly Zki")gm + Zkji "(Lyg )]}

k K t ot

Now |(V_ Ly Zkjin)g"'w" =|{V [L, Zkjilgm + Zii (Lygm )I3g ! w"

ok ot .. Ot °k
=(V Ly Zki)g"wi +Gk(V Lygpn)w"}
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Ot o .
Where |G k = Z|<jitgJI

From (2.1) and after lengthy simplification, we get

ok o .. Ok Oh - o . .
@37) [(V Ly Zkin)g"wh =||(V Ly Zkji)g"wp +3Gjip'w'

Integrating (3.11) over M, we get

ok o . Ok Oh .- o . .
(3.8) I(V Ly, ijih)gl'wth:j(V Ly Zkji)g''wy dV +3IGjipIWIdV
M M M

Using (2.19) of Lemma D [3] and (3.1) of Lemma 3.2 in (3.8) we get (3.6). This completes the proof of Lemma.

Vol 3 Issue 1

LEMMA 3.3: For a projective vector field v" on a compact orientable Riemannian manifold M of dimension n>1, we have

(3.9)

k

o o . 3 o B
J(V Ly Puin )g V' wdv -————[Ly| A{(Ly Pyjin )gk gl
M 2(n +1)|v|

2(n +1)K ° kh i
+ ——"—(L,P
n(n—1) (LyPkjiin)g™ g

Proof. Consider,

ok o .. ok ot ..
(V LyPkin)glw ={v L, (Pyji gin)3gitwh

k t t

o

={V [Ly Piji 9t + Pkji (Lygg )3l w"

From (2.1), (2.6), (2.12) and after lengthy simplification, we get

Ok °© i h Sn ° J i
(B10) [(V_ Ly Pijin)g"w? =l =——"Gji p'wW

Integrating (3.10) over M, we get

o k o .. o} . .
(3.11) I(V L, Pkjin)g 'whdv _3n .[Gji p'w'dv
M -1y
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Using (2.19) of Lemma DJ[3] in (3.11) we get (3.9). This completes the proof of Lemma.

LEMMA 3.4: For a projective vector field v" on a compact orientable Riemannian manifold M of dimension n>1, we have
(3.12)

h

Ik D e iy N 1 . kh , ji
Jo"(yviPyi)ghwhav +—2(n+1)ILV{A{(LVPkJm )9 g }
M M

2(n+1)lz - kh  ji

—* (L, P dv
oD (Ly Pkiin )97 g

o o Oj . Oi -
=%j(vjwi+VinJ vV w'+v wl|dv
2(n-1)°

Proof. Consider,

o oh .. Ok Oh .. .- Oh Oh .
g (Ly Vi Piid g wh = (v Ly Pijidgwh —g™ (L4 b ihalwy Pei— g™ (L4 b H Pk g¥'wy,

oh . Ot .
—g™ @ P Prit gl wy + g™ L 4 " ) P g ltwy,

From (1.1)

h h

o

= "9 W (3] pi+ 8 p1)Phii— (B pj+ 3} p1) P

h t

o o

— (3! p;+3! py) Piit+ BF py+30 p)) P

ol .. o oi o o o
=—p W™l Piiim+p wMg® Piim+p w™g™ Pjikm
Om .. © Ok .. ©
+p whgl Pijim-2p w™g Pijim

After lengthy simplification and from (2.6), we get

h J
o o . n o o .
3.13) g™ (L, Vi Pki)g w, =——Gijip w!

Integrating (3.13) over M, we get

h o ol

(3.14) Iglk(LVVIiji)gjithVZ—LIGjip w'dv
M -1y

Using (2.19) of Lemma D [3] in (3.14), we get (3.12).This completes the proof of a Lemma.
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LEMMA 3.5: For a projective vector field v" on a compact orientable Riemannian manifold M of dimension n>2, we have

K h °

° NN n-3 i 2(n+)K 2 i

.15 |\'[|(v Ly Ckji)g thv+(n—2)(n+1)'\-[|LV[A{Lv GJng }+n(n—1) [Lv GJng
_(n2—6n+2)j[w V]|O(dv

nn-H(n-2) 7 '

2 o e} Oj . Oi .
ZROTE) (9w Vi wl v whav

2 (n _1)(n_2)|v|

Proof. From (2.14), we have

h

o

Ly Ckji =

1

(n-1(n-2)

(SELVGji—S?LVGki)

(3.16)

h h

h

o o o

1
— 51 (Lv GKIgji + Gk (Lygji) —(Ly Gj)8ki ~Cj (LvIki)

h

o

Applying covariant differentiation on both sides of (3.16), we get

Ok Oh _l Ok o Ok o
k h h k
1 o o n_2 o o
) (V LyGk)gji + o (Lvgji)+Gk(V Lygj)
k h k _h h _k

(o) (o) (o) (o) (o)

~(V LyGj)aki (v Gj)(Lyak)-Gj(V Lyak)

Integrating (3.17) over M and using (2.2), (2.4), (2.6), we get
(3.18)

o k Oh ..
[v L Cyjidg'whadv
M

T2 S 2
oo I\j/l(vtw R\

1 T
+mhjﬁ(v Ly Gji)w'dv
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k _h "
1 ek ] L k.
_n_gj(v Gk)(ngji)QJIthV+mngl(va Gjiw'dv
M M
n_l o oj | n_l oj oi
———[Gjip w'dV-——[(V L,Gj)widV
n_2M n—2M

Using (2.17) of Lemma BJ[3], (2.18) of Lemma CJ[3], (2.19) of Lemma D[3] in (3.18) and after lengthy simplification we get (3.15).
This completes the proof of a Lemma.

LEMMA 3.6: For a projective vector field v" on a compact orientable Riemannian manifold M of dimension n>2, we have

h
Ik A\ i B n-3 N
Ja"™ Ly vickigiwhdv (n_z)(nﬂ)ij{A{(LVG,.)g }
M M
2(n +1) K ° i
(3.19) +ﬁ(LV Giji)gldv
B (n2—6n+2)

j[w,v]ﬁdv
n(n-1)(n-2) N

_ 2_ _ o o oj ) oi )
=MI Viwi +Viw;j | |V w'+v w! | dVv
2(n-)(n-2) M

Proof. Substituting (1.1) in following equation,

o} o} h - o} k o} h - o} h -
g (Ly VI Cuidg Wi =(V Ly, G win —g™ (Lot ) Crii gy

o h .. Ot .
~g™ (g " Critol'wp +0™ L 3 Cugi g?'wy,
We get,

o oh .. ok oh .. o o oh
(320) gLy ViCuidgfwy =(V Ly Cukiidglwy —g {(SIth“‘Stk p1) Cji

o o oh o o oh o o ot ..
+(3f pj+8}p))Cki+ (8] pi+ 8 py)Ciit — (3] py+ 87 p|)iji} gl'wy,

After simplification and using (2.7) and (2.8), we get

o oh .. ok oh ..
3.21) |g™(Ly Vi Cki)gl'wp =V Ly Ciii)gl'wy,

INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH & DEVELOPMENT Page 64



www.ijird.com January, 2014 Vol 3 Issue 1

Integrating (3.25) over M, we get

o oh .. ok oh ..
(322) [ g™(LyVickide!whdv=[ (v L,Ciji)g"whav
M M

Using (3.14) of Lemma 3.5 we get (3.19). This completes the proof of Lemma.

4. Theorems
In this section we prove that series of integral inequalities without putting any restriction on the scalar curvature of a Riemannian
manifold M and obtain the necessary and sufficient conditions for M to be isometric to a sphere.

THEOREM 4.1: Suppose that a compact, orientable Riemannian manifold M of dimension n>1 admits a projective vector field v
Then we have,

(4.2)
ok oh - 1 o .
[(v Ly zZgiyghwhdv - ————[L,|A{(Ly Zijin )g"" g
4(n +1)
M M
2(n +1)}2 ° kh . ji
+ ———=— (L Zji dv <0
n(h = D) (Lv Zkjih )9 ¢

Where W h is defined by (2.10). Equality in (4.1) holds if w" is a killing vector field.
Proof. Follows from Lemma A [3] and (3.1) of Lemma 3.1

If in the Theorem 4.1 iji h_ 0 for n>2 then Kis necessarily a constant and consequently we have following corollary from
Theorem 4.1.

COROLLARY 4.1: Suppose that a compact orientable and simply connected Riemannian manifold M of dimension n>2 admits a

h h

non-affine projective vector field V' then iji =0 ifand only if M is isometric to a sphere of

Radius which is the corollary 4.1 due to H. Hiramatu [1] .

THEOREM 4.2: Suppose that a compact orientable Riemannian manifold M of dimension n>1 admits a projective vector field v,
then we have

(4.2)

k

o o .. 3 o .
V Ly Pyin)gtwldv - — 2 [L,| A{(Ly Pkjin)g g™
JI( v Piin )g'w 2(”+1)n£ v| A1(Ly Pxiin ) "g

2(n+1)K ° kh _ji
———~— (L Pkiji <0
D) (Ly Pkjih )g™' g

Where W h is defined by (2.10). Equality in (4.2) holds if if w" is a Killing vector field

Proof. Follows from Lemma A [3] and (3.110) of Lemma 3.3
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If iji h =0 for n>2, that is M is projectively flat for n>2, then from (2.6), Kis necessarily a constant and consequently we have

following corollary
from Therorem 4.2.

COROLLARY 4.3: Suppose that a compact orientable and simply connected Riemannian manifold M of dimension n>2 admits a

non-affine projective vector field Vh . Then M is projectively flat if and only if M is isometric to a sphere of radius

which is the Corollary 4.2 due to H. Hiramatu[1].

o

Since P kiji h =0 for n=2, we have the following Corollary.

COROLLARY 4.4: Suppose that a compact orientable and simply connected Riemannian manifold M with constant scalar curvature

(o)

K of dimension n=2 admits a non affine projective vector field v" then M is isometric to a sphere of radius

, which is the

Corollary 4.3 page N0.513 due to H. Hiramatu[1].

THEOREM 4.3: Suppose that a compact orientable Riemannian manifold M of dimension n>1 admits a projective vector field v
Then we have

h o e
(4.3) fg"‘(L V) iju)gjwth+ fl- {(Lkajih)gkhg"}

2(n+1)K ° kh  ji
+ ——(L Pji >0
n(n—-1) (LyPkjiih)g™'g

Where W" is defined by (2.10). Equality in (4.3) holds if w" is a killing vector field.

Proof. Follows from Lemma A [3] and (3.18) of Lemma 3.5.

THEOREM 4.4: Suppose that a compact orientable Riemannian manifold M of dimension n>1 admits a projective vector field Vh .

Then we have

(4.4)

o k o h o
[V Ly Cigglwpavy + —L=5 1 fad(L, 6ji)g!

(n-=2)(n+1)
M M
2(n +1) K ° i

+ 2~ (L,Gj)g! <0

n(n - 1) (Lv Giji)g
Where W h is defined by (2.10). Equality in (4.4) holds if w" is a Killing vector field.

Proof. Follows from Lemma A [3] and (3.22) of Lemma 3.6
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COROLLARY 4.5: Suppose that a compact orientable and simply connected Riemannian manifold M with constant scalar curvature

(o)

K of dimension n>3 admits a non affine projective vector field Vh then M is conformally flat and (LVGji)gjizo if and only if M is

isometric to a sphere of radius , , which is the Corollary 4.4 due to H. Hiramatu[1].

(o)

Since C kjih =0 for n=3, we have the following Corollary from Theorem 4.4

COROLLARY 4.6: Suppose that a compact orientable and simply connected

(o)

Riemannian manifold M with constant scalar curvature K of dimension n=3 admits a

(o)

Non-affine projective vector field v". then LG ji)gjizo if and only if M is isometric to a sphere of radius , which is the

Corollary 4.5 page No0.515 due to H. Hiramatu[1].

THEOREM 4.5: Suppose that a compact orientable Riemannian manifold M of dimension n>1 admits a projective vector field v
Then we have

o Oh ..
[a™(viL, Cuidgwhdv
M
~ n-3 SN 2(n+1)K S g i
(4.5) (n—2)(n+1),£|LV {(Lijl)g }+ P— (LyGiji)g
_(n?-6n+2) j[w,v]ﬁdvso
n(n—l)(n—2),vI

Where W h is defined by (2.10). Equality in (4.5) holds if w" is a Killing vector field.
Proof. Follows from Lemma A [3] and (3.19) of Lemma 3.6
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