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Abstract:

In this paper, we establish some results which are convergence in probability and convergence in distribution for fuzzy
random variables. By treating a fuzzy subset as a tower of subsets we introduce the convergence concepts of fuzzy sets. The
inner connection of convergence in probability and in distribution for fuzzy random variables is investigated in this paper.
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1. Introduction

Convergence concepts are the foundations of mathematical analysis while the convergence of fuzzy sets is the foundation of fuzzy
analysis. Since the introduction of fuzzy sets by Zadeh researchers have been concerned with the calculus of fuzzy functions and
generalization of the convergence concepts.

Bounded and convergent sequence of fuzzy numbers were first introduced by Matloka [1]. He also showed that every convergent
sequence is bounded. Nurag and Savas [2] introduced and discussed the concept of statistically convergent and statistically canchy
sequence of fuzzy numbers. The works of Artshera [3], Mosco [4], Salinetti and Wets [5, 6] and Wiseman [7] trace development
of theory and applications of set convergence.

2. Preliminaries
In this section, we describe some basic concepts of fuzzy numbers. Let R denote the real line. A fuzzy number is a fuzzy setii:
R - [0, 1] with the following properties;

1) @ isnormal, i.e., there exists x € R such that @i(x) = 1.

2) 1iiis upper semicontinous.

3) suppii =cl{xeR: #i(x) > 0} is compact.
rights reserved.

4) i isaconvex fuzzy set, i.e., i(Ax + (1 — 1)y) = min(a(x)) () for x,ye R and 1 € [0, 1].

Let F(R) be the family of all fuzzy numbers. For a fuzzy set i, if we define

{xtix)=a}, O0< a <1,
L, =
Supp tia =0
Then it follows that @ is a fuzzy number if and only if L1@i # ¢ and L, @ is a closed bounded interval for each a € [0, 1].
From this characterization of fuzzy numbers, a fuzzy number @ is completely determined by the end points of the

intervals L, @i = [uy,uf].

e Theorem 2.1.ForiieF(R), denote u™(a) = uzandu*(a) = ulby considering as functions ofa € [0, 1]. Then

1) u (a)is a bounded increasing function on [0, 1].

2) ut*(a)is a bounded decreasing function on [0, 1].

3) u (@) < ut).

4) u (a)andu*(a) are left continuous on (0, 1] and right continuous at 0.

5) Ifv~(a)andv*(a)satisfy above (1)-(4), then there exists a uniqued € F(R)such thatL,7 = [v™(a), vt (a)].
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The above theorem implies that we can identify a fuzzy number Ziwith the parametrized representation {(u; , uf)|0 < a < 1}.
Suppose now that i, e F(R)are fuzzy numbers represented by {(u;,uf)|0 < a < 1}and {(v;,v})|0 < a < 1}, respectively,
if we define.

(@ + 9)(z) = sup min(ii(x), #(y)).
x+y=2

D) = {a (/51) A0,

0, A=0,

Where 0 = Igoyis the indicator function of {0}, then
i+ 7={(uy + vy, v + v)|0 < a <1},
2 = {{(Au;,,lu;)lo <a<1}120
{(uf, )0 < @ <114>0

Now, we define two metrics d, d” on F(R) by
d@v) = sup dy(L,1, L,7)(2.1)

0=x<1

1
d*(iiv) = f dyy (Lo, L, D) da, (2.2)
0

Where dyis the Hausdorff metric defined as
dy(L,ii, L, D) = max(lug vyl luf — vZl).
Also, the norm |||l of fuzzy number @ will be defined as
lall = d (,0) = max(lug |, [ug ).
Then it is well-know that (F(R), d*) is separable but (F(R), d) is non-separable.

3. Fuzzy Random Variables
Throughout this paper, (12, 4, P) denotes a complete probability space. If ¥: 2 — F(R) is a fuzzy number valued function and
Bis a subset of R, thenX~*(B) denotes the fuzzy subset of 2 defined by

X1 (B)(w) = sup X(w)(x)

X €B
for every w e 2. The function X : 2 — F(R)is called a fuzzy random variable if for every closed subset B of R, the fuzzy set

X~1(B)is measurable when consider as a function from £ to [0, 1]. If we denote X(w) = {X; (w), X7 (w)|0 < a < 1} then it is
well-know that X is a fuzzy random variable if and only if for each a € [0,1], X; and X; are random variable in the usual sense
(for details, see Ref.[11]). Hence, if o(X) is the smallest o-field which makes X is consistent with o({X;, X;10 < & < 1}).This
enables us to define the concept of independence for fuzzy random variables as in the case of classical random variables.

3.1. Fuzzy Random Variable and Its Distribution Function and Exception

Given a real number x, we can induce a fuzzy number @ with member ship function &z(r)such that &éz(x) = 1 and &;(r) < 1 for
r # x (i.e., the membership function has a unique global maximum at x). We call i as a fuzzy real number induced by the real
number X.

A set of all fuzzy real numbers induced by the real number system the relation ~ on Fp as =1 ~ ¥~2 if and only if ¥~* and ¥ 2
are induce same real number x. Then ~ is an equivalence relation, which equivalence classes[¥] = {@|d@ ~ X}. The quotient set
Fu/~ is the equivalence classes. Then the cardinality of Fy/~ is equal to the real number system R since the map R — Fy/~
by x + [x] is Necall F/~ as the fuzzy real number system.

Fuzzy real number system (Fr/~)z consists of canonical fuzzy real number we call Fr/~)z as the canonical fuzzy real number
system. be a measurable space and R, B be a Borel measurable space. g (R) (power set of R) be a set-valued function. According
to is called a fuzzy-valued function if {(x,¥):y € f(x)}is M x B. f(x)is called a fuzzy-valued function if f : X — F (the set of
all numbers). If f is a fuzzy-valued function then £, is a set-valued function [0, 1]. fis called (fuzzy-valued) measurable if and
only if £, is (set- urable for all & € [0, 1].

make fuzzy random variables more tractable mathematically, we strong sense of measurability for fuzzy-valued functions. f(x) is
d-fuzzy-valued function if f:X — F, (the set of all closed fuzzy-set) £(x) be a closed-fuzzy-valued function defined on X. From
Wu wing two statements are equivalent.

£Y(x)are (real-valued) measurable for all & € [0, 1].

fuzzy- valued) measurable and one of £ (x) and £V (x) is (real-value) measurable for all a € [0, 1]
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A fuzzy random variable called strongly measurable if one of the above two conditions is easy to see that the strong measurability
implies measurability. u)be a measure space and (R, B) be a Borel measurable space. go(R)be a set-valued function. For K € R,
the inverse image of f

={xeX:f(x) ﬂK * 0}
u) be a complete o-finite measure space. From Hiai and Umehaki ing two statements are equivalent:

Borel set K < R, f~1(K) is measurable (i.e. f~1(K) e M), y € f(x)} is M x B- measurable.

If % is a canonical fuzzy real number then ¥;© = %V, Let X be a fuzzy random variable. Then, from Proposition 3.2, X% and XV
are random variables for all xandx;L = %Y. Let F(x) be a continuous distribution function of a random variable X. Let
¥;Landx! have the same distribution function F(x) for all a € [0,1]. For any fuzzy observation % of fuzzy random variable
Y(Y(w) = f) the a-level set %,isx, = [%%, ~U] We can see that XLandx¥ are the observations of xLandxY, respectively. From
Proposition 2.4 XL(w) = %% and XV (w) = %Y are continuous with respect to a for fixed w. Thus X%, %Y is continuously
shrinking with respect to . Since [XL,xY] is the disjoint union of [X%, &i] and

(XY, %71 (note that X = &{'), for any real number x € [X%, %71, we have x = % or F (%) with x. If we construct an interval

Ag = [min{ainzlp(fg),aLnLF(fE),}:

max{ sup F(%f). Sup F(xﬁ)}].
<B<1

then this interval will contain all of the distributions. (values) assomated with each of x e [%5,xV]. We denote F () the fuzzy
distribution function of fuzzy random variable X. Then we define the membership function of F (%) for any fixed % by

$ray() = sup al,, (r)
O<sas<1

via the form of “Resolution Identity” in Proposition 2.6 (i). and we also say that the fuzzy distribution function £ (%) is induced by
the distribution function F(x). Since F(x) is continuous.from Propositions 2.4 and 2.1. we can rewrite A, as

= [min{ min F(fé),arpﬁiplf’(fé):}r
max{ max F(%f). max F(%§ )}]

In order to discuss the convergence in distribution for fuzzy random variables in Section 4, we need to claim that £ (%) is a closed-
fuzzy-valued function. First of all, we need the following proposition,

We shall discus the strong and weak convergence in distribution for fuzzy random variables in this section. From Proposition 3.2,
we propose the following definition.

e Definition 3.1LetX and {x,} be fuzzy random variables defined on the same probability space (Q, A, P).
i) We say that {X,,} converges in distribution to X level-vise if (%,)%, and (%,)Y converge in distribution to X% and X,

respectively for all a. Let (X) and F (X) be the respective fuzzy distribution functions of X, and X. We say that {X,} converges in
distribution to Xstrongly if

lim,, o B (%) = F(2).

i) We say that {X,,} converges in distribution to X weakly if

lim,, o B, (%) = F(2).

From the uniqueness of convergence in distribution for usual random variables and proposition 2.9 (ii), we conclude that the
above three kinds of convergence have the unique limits.

4. Convergence
The following theorem is a fuzzy version of theorem due to slutsky.

e Theorem: 4.1

d P
Let {X,,} and {Y,,} be sequences of fuzzy random variables. Let X, = X and ¥,, - C
(real constant) than

d
i) X,+ Y, = X+ (i.e distribution function of X,, + Y, tends to F(x-c)) at each continuity point in F.
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d
ii) X,Y, - CX(i.e. the distribution function of X, Y, tends to F(x/c) at each continuity part of F).
iii) )Y(—" - % (C # 0, i.e. the distribution function X,,Y,, tends to F(cx) at each point of continuity of F)
n

Proof:

(i) Choose and fix x such that (x — c) is a continuity point of F. Let ¢ > 0 be such thatx —c + e andx —c — € are also
continuity points of x.

Then
F@ =Pl | eder ] aOnes =
ae(0,1) ae(0,1)
=L | ) al@a+ Guda s 4
a€(0,1)
= | alPCande Ome < 41
ae(0,1)
< a[P(xn)af + (Yn)af < x, |(xn)af_ Cl < E]
ae(0,1)
+ | alP1Ga—cl =€
ae(0,1)
< U a[P(xy)e <x—(c— €)]

ae(0,1)

+ | alPiow.- ez €
_ aelin
ImF, ., (x) < hmP((X))q <x—c+ €)

) +ImP(|(yn)o — ¢l < €)
Since y,, = c then last term — 0

and so
mFy 0,00 < | ] alP@)e <x— (- o)
. ae(0,1)
~lmF 4, (x) < F(x—c+e)for>0. 4.1)
Now

U «1P@e+ 0o >4

ae(0,1)
< | @1PCide+ 0n)e > %10 —cl <€
ae(0,1)
+ | e Ption.—clze
ae(0,1)
< | e @ +ere>n
ae(0,1)
+ | e rlide—clz €
ae(0,1)
iy | ) @ P@a sx=c o
ae(0,1)

< L(J) @ P((p)a + On)e < %)

+ | ePaowe-cl 29

ae(0,1)
and so

F(x —c €) < limF, ,, (x)

(42)
since(x — ¢) is a continuity point of F and € > 0 from (1) and (2)

lim Fy 1y, () = F(x = )

[ee)

(i) Let Cx,(C+€)x, (C—€)x be all continuity points of F.
Then
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P(x—n< x) =P -as(m)a%s b4
1 o [Gne x]
a’E(O,l) (Yn)af

[ ( ‘I’l)a’

U a[pGrse = x10mal <€]
ae(0,1) noe

+ | alPi@)a - cl el
ae(0,1)
< | elPe < e+ @x+ PG el 2€]
ae(0,1)

IA

Therefore

P[( ”;“ ] < U a P[(x,), < (C+é€)x]
ae(0,1) nia ae(0,1)
llmP(— < c) < Tm P(x, < (C+€)x)

In

+limP (l(yn)(x - Cl 2E)
= F((C+ €)x) (4.3)
Similarly
Xn
P(x, <(c—€)x) <P (y_ < x)

n

+P(ly, — c| 2€)

Therefore
limP[x, < (c—€)x] = F((c—€)x)
< limp (x—” < x) 4.4
Yn
Equations (3) and (4) imply (ii)
(iii) Let (Z) P be continuity points of F.

Then F, .y (x) = P(xpy, < x)

=p ( | «tandama < x)
ae(0,1)

= | « Peaatm) <

a€e(0,1)

< | @ P@etma=n,
a€g(0,1)

I(yn)af - CI <€

+ a P((xp)q < _L '
c— €
ae(0,1)
X

Iim P(x,y, < x) < Ilm P (x < —E)
+ Iim P(|y,, — c| =€)

=F (=)

P(x,y, <x)+ P(ly, —c|l =€)
X
> P (x, <) (45)
This shows that

Similarly

lim P(x,y, < x) + lim P(|y, — c| >€)
; X
> limP (x, < —2)
This shows thatx

limP(x,y, <x) = F( jc_e)
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e Theorem 4.2
Let (x,)and (v,) be sequence of fuzzy random variables then
P d
i X2 x = x> X

.. . d P
ii. IfXisaconstantas.then x, - c = x, —>c.

iii. Let P,(n) = P(x, =j),P; = P(x = j) where x,, and are integer valued r.r.s. then.

d
Pi(n) — Piforallj > lifandonlyifx, - x.

Proof:
P d
i First we prove thatx,, - x = x, - x

P
Now x, » x = P(|x, —x| =€) —>0asn —and for all e > 0. Let x € ¢(F) where F is the distribution function of
X and € > 0 be arbitrary.
Then P(xn =< x) = P(UaE(O,l) a (xn)af =< x)

—P( U a(x,)q < x+ E)

ae(0,1)

= U a P(xp)q <x

a€e(0,1)
@ P((ty)q < x+€)
a€e(0,1)

< | «P@esx@a>x+ 0
a€e(0,1)

< |J «P@n> @oaro
a€e(0,1)

< |J «Plea)e- @l =el
a€e(0,1)

— Oasn — oo forall € > 0.
= lmF,(x) — F(x+€) <0
= ImF,(x) < F(x+€)

Again
| er@asx-o- | «Peaesn
a€(0,1) a€(0,1)
< U a P((xp)g =x,(x0)g <x—€
a€e(0,1)
< |J «Ptew. - x126) -0
a€e(0,1)

asn — oo and for all € > 0.
Hence imF, (x) > F(x— €)
Now x € c(F) = €3, F(x+€) = F(x)

Therefore

IimF, (x) < F(x) < limFE,(x)
But limE, (x) < limF,(x)
Hence lim E, (x) = F(x)ifx € c(F)
d

andx,, — x is proved.

il sincex is a internal constant ¢ almost surely we can without loss of generality write x(w) = ¢ for all w's .

_ (Oifx<c
Fx) = {1ifx >c

so cis the internal of discontinuity points of F(x).

P(Uae(o,l)a |(xn)w - (x)afl 2 E)
= U ae(o,l)a P(l(xn)af - (x)afl 2 E)
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a P(|(xp)e — ¢l 2 €)

a€e(0,1)
= U a P((xy)y = c+e)+ U a P((xy)y < c—¢€)
a€g(0,1) a€e(0,1)

=1-— E/(c+€)+ E,(c—€)sincec x € € ¢(F)
= 1+F(C+€e)+ F(C-€)=0
2 F(c+€)=1landF(c—€)=0

P
Therefore x,, — c.

e Theorem 4.3
Letx, x,--- be a sequence of x-dimensional fuzzy random variables and g: R¥ - R™ is a measurable mapping which is

P P
continuous over a Borel set B < RX for which P(x € B) =1 and if x,, - xthen g(x,) - g(x).

— Proof:
Let {g(x,;)} be any subsequence of g(x).
we are only to prove that there is a subsequence g{x,;} of g{x,;}which converges a.s to g(x).

P
sincex,, — x there is a subsequence g{x,;} of g{x,;}such that x,; > x a.s.

Let A= [xrj —>x] N[x € B]
Then P(A) = 1and We A implies that
X, W)->X(W)eB
Since gis continuous on B than
g(x,j) = g(X(w))asj » o foralw €4
g(x,;) > g as

P
g(xn) - g(x)
e Theorem 4.4:
P P
Letx,, —» x and y, — x then
P
i) x,+y,— x+yand
P
i) Xuyn = xy

— Proof:
i) P(x,+y,— (x+y)} =€)

P @@t - G+ ya)|ze>

ae(0,1)

U @ PUGe0me = o+ 30 2 €)

a€e(0,1)
< | «Paee- @Iz €
a€e(0,1)
+ | @ Paow.- 012 €,

a€e(0,1)
= P(x, +y,— (x+y)| =€) - 0.

ii) First assume that x = 0 a.s.
Let € > 0. choose K, such that P(|y| = K,) < n < Osince yis a fuzzy random variable if is finite as

[y, 2€] = [ U 1Ge0ma e |‘

a€e(0,1)

C >
[ U el 2 K,+1
a€e(0,1)

INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH & DEVELOPMENT Page 336



www.ijird.com September, 2015 Vol 4 Issue 10

U U [ynl = Ko4q
ae(0,1)
= lIim P(Ix,y, | =€) < hm P(ly,| = Ky41) o .
>
T Pl = S,
= Im P(|yn| = Ko41)

Now
Pl @owal 2 Kowr )= | ¢GRI 2 Koua]
a€e(0,1) a€(0,1)
< |J e Piow.- vl 211
ae(0,1)
+ Uge(o) @ P(|(Y)a| > Ky)
Therefore

Iim P(|x,y,| =€) — Oasn — oo

andlim > lim

So that lim P(|x,,y,,| =€) » 0asn —
Hence lim,,_,., P(lx,y,,| =€) = 0 for all € > 0.
Therefore

P
XnYn = 0
In general
XnYn= Xy = (=) — ¥) + x(yn —¥) + y(xn — %)
and all the terms converge in probability to zero.
P

SO Xpyn = xy
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