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1. Introduction 
Implicit Runge-Kutta methods are more stable and hence, very effective for solving ordinary differential equations (ODEs).Implicit 
Runge-Kutta methods were earlier developed by Kuntzmann (Butcher, 1964,1988) etc. Early work in this area also include that of 
(Butcher and Jackiewicz, 1997), (Yakubu, 2010) did a recent work which gave good results. A more recent work is found in (Agam, 
Yahaya, 2014). The works of (Agbeboh, Esekhaigbe, 2015), (Agbeboh, 2013) revealed that a Runge-Kutta method can be transformed 
to enhance higher accuracy. The transformation done in this work came as a motivation from their work. There are at least four basic 
reasons for taking a serious interest in implicit Runge-Kutta methods. The reasons are: 

a. Higher orders of accuracy can be obtained than for explicit methods. 
b. For linear systems of differential equations, implicit methods can be implemented explicitly. 
c. For stiff problems, explicit methods are never satisfactory, whereas, some implicit methods are. 
d. The structure of certain high-order explicit methods can be derived directly from some related implicit methods. 

Conclusively, the implicit Runge-Kutta formulas are highly more efficient and dependable than the explicit formulas because they 
have the potentials to improve weak stability characteristics. 
 

 
2. Methods of Derivation 

i. From the general R – Stage Implicit Runge – Kutta Method, getܭ௥ , ݎ = 1,2,3 … . .ܴ, Obtain the Taylor series expansion of the 

௥ܭ , ݎ = 1,2,3 … . .ܴ, 

ii.  ܵ݅݊ܿ݁ ݇ଵ,݇ଶ ܽ݊݀ ݇ଷ ܽ݊݋݅ݐݑݐ݅ݐݏܾݑݏ ݁ݒ݅ݏݏ݁ܿܿݑݏ ݕܾ ݀݁݁ܿ݋ݎ݌ ݐ݋݊݊ܽܿ ݁ݓ,ݐ݈݅ܿ݅݌݉݅ ݁ݎ 
  ݕܽ݉ ଵ,݇ଶ,݇ଷ݇ ݎ݋݂ ݏ݊݋݅ݐݑ݈݋ݏ ℎ݁ݐ ݐℎܽݐ ݁݉ݑݏݏܽ ݁ݓ.ݐ݈݅ܿ݅݌ݔ݁ ݂݋ ݁ݏܽܿ ℎ݁ݐ ݊݅ ݏܽ
௥ܭ :݉ݎ݋݂ ℎ݁ݐ ݊݅ ݀݁ݏݏ݁ݎ݌ݔ݁ ܾ݁ = ௥ߙ  + ℎߚ௥ + ℎଶߠ௥ + ℎଷ∅௥ +  ܱ(ℎସ), ݎ = 1,2,3 

iii. ܲݐ ݃݊݅ݐݑℎ݁ ݇ଵ,  ݇ଶ ܽ݊݀ ݇ଷ ݂݋ݐ݊݅ (݅݅) ݉݋ݎ ݇௥ ݁ݎ݋݈ݕܽܶ ݕܾ ݀݁݀݊ܽ݌ݔ   ݁ݒ݋ܾܽ ݏ݁݅ݎ݁ݏ ݏ′
௥ߚ,௥ߙ equate coefficients in power of h to get ,(݅) ݉݋ݎ݂ ݎ ,௥ and ∅௥ߠ, = 1,2,3 … . .ܴ. 

iv. Also, ܲݐ ݐݑℎ݁ ݇ଵ,  ݇ଶ ܽ݊݀ ݇ଷ  ݂ݔ)∅ ݋ݐ݊݅ (݅݅) ݉݋ݎ, (ℎ,ݕ =  ∑ ܿ௥݇௥ଷ
௥ୀଵ =  ܿଵ݇ଵ + ܿଶ݇ଶ + ܿଷ݇ଷand arrange in power of h. 

v. Equate ∅(ݕ,ݔ, ℎ)݂݉݋ݎ (iv) above and compare with Taylor’s series of the form: 

    ISSN 2278 – 0211 (Online) 

Dr. Goddy Ujagbe Agbeboh 
Associate Professor, Department of Mathematics, Ambrose Alli University, Ekpoma, Edo-State, Nigeria 

Christopher Aigbedion Esekhaigbe 
Lecturer, Department of Statistics, Auchi Polytechnic, Auchi, Edo-State, Nigeria 

 
Abstract: 
The essence of this work is to transform, derive and implement a fully implicit fourth-order Runge-Kutta method of the third-
stage that is highly efficient with a view of adopting a new approach. This new approach is done by separating the f(y) functional 
derivatives and their derived equations from the f(x,y) functional derivatives and their derived equations. Efforts will be made to 
vary the parameters with the aim of getting a fully implicit fourth order formula that can improve results when implemented on 
ordinary differential equations (ODEs). Efforts will also be made to compare both functional derivatives and their derived 
equations to see how related they are.  
 
Keywords: Implicit, f(x,y) functional derivatives, Runge-Kutta Methods, Linear and non- linear equations, Taylor series, 
Parameters, Initial-value Problems,f(y) functional derivatives, efficient, transformation. 
 



www.ijird.com                                           January, 2016                                             Vol 5 Issue 1 
  

INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH & DEVELOPMENT Page 172 

,ݕ,ݔ)்∅ ℎ) = ݂ +
ℎ
2!
൫ ௫݂ + ݂ ௬݂൯+

ℎଶ

3!
൫ ௫݂௫ + 2݂ ௫݂௬ + ௫݂ ௬݂ + ݂ ௬݂

ଶ + ݂ଶ ௬݂௬൯ + 

ℎଷ

4! ( ௫݂௫௫ + 3݂ ௫݂௫௬ + 3݂ଶ ௫݂௬௬ + 3 ௫݂ ௫݂௬ + 5݂ ௬݂ ௫݂௬ + 3݂ ௫݂ ௬݂௬ + ௫݂௫ ௬݂ + 

4݂ଶ ௬݂ ௬݂௬ + ௫݂ ௬݂
ଶ + ݂ ௬݂

ଷ + ݂ଷ ௬݂௬௬) . 
vi.  as a result, a set of linear/ non-linear equations will be generated. 

vii. Separate the f(y) functional derivatives and their equations from the f(x,y) functional derivatives and their equations, which 
are the same eventually. 

viii. Solve any of the two sets of equation to derive a new fourth-order third-stage fully implicit Runge-Kutta formula.  

3. Derivation of the Fourth-Order Third-Stage Fully Implicit R-K Method 
From Lambert (1977), the general R – Stage Implicit Runge – Kutta Method is  

௡ାଵݕ − ௡ݕ  = ℎ ∅ (ݔ௡  ,(௡,ℎݕ,

,ݔ)∅ (ℎ,ݕ =  ෍ܥ௥ܭ௥

ோ

௥ୀଵ

 

௥ܭ = ݂ ൭ݔ + ℎܽ௥ , ݕ + ℎ ෍ܾ௥௦

ோ

௦ୀଵ

݇௦൱ , ݎ = 1,2,3 … . .ܴ, 

ܽ௥ =  ∑ ܾ௥௦ ,ோ
௦ୀଵ ݎ  = 1,2,3 … . .ܴ,                                                                                                     (1) 

݀ݎℎ݅ݐ ܽ ݎ݋ܨ − ܴ,݁݃ܽݐݏ =  :ݏ݁݉݋ܾܿ݁ ௥ܭ      ,3
௥ܭ = ݔ)݂ +  ℎܽ௥ ݕ, + ℎ (ܾ௥ଵ݇ଵ + ܾ௥ଶ݇ଶ + ܾ௥ଶ݇ଶ)                                                                       (2) 
 
,ݔ) ݐ݊݅݋݌ ℎ݁ݐ ݐݑ݋ܾܽ ݏ݁݅ݎ݁ݏ ݎ݋݈ݕܽܶ ℎݐ݅ݓ(2) ݃݊݅݀݊ܽ݌ݔܧ  :݊݅ܽݐܾ݋ ݁ݓ,(ݕ

௥ܭ = ෍
1
!݌ (ℎܽ௥

߲
ݔ߲ + ℎ (ܾ௥ଵ݇ଵ + ܾ௥ଶ݇ଶ + ܾ௥ଶ݇ଶ) 

∞

௣ୀ଴

߲
௉(ݕ߲  (ݕ,ݔ)݂ 

௥ܭ = ݂ + ℎ ൣܽ௥ ௫݂ +  (ܾ௥ଵ݇ଵ + ܾ௥ଶ݇ଶ + ܾ௥ଶ݇ଶ + ܾ௥ଷ݇ଷ) ௬݂൧+  
1
2! ℎ

ଶ[ܽ௥ଶ ௫݂௫ + 

2ܽ௥(ܾ௥ଵ݇ଵ + ܾ௥ଶ݇ଶ + ܾ௥ଶ݇ଶ + ܾ௥ଷ݇ଷ) ௫݂௬ + (ܾ௥ଵ݇ଵ + ܾ௥ଶ݇ଶ + ܾ௥ଶ݇ଶ + ܾ௥ଷ݇ଷ)ଶ ௬݂௬] 

+
1
3! ℎ

ଷ[ܽ௥ଷ ௫݂௫௫ + 3ܽ௥(ܾ௥ଵ݇ଵ + ܾ௥ଶ݇ଶ + ܾ௥ଶ݇ଶ + ܾ௥ଷ݇ଷ) ௫݂௫௬ + 3ܽ௥(ܾ௥ଵ݇ଵ + ܾ௥ଶ݇ଶ + 

ܾ௥ଶ݇ଶ + ܾ௥ଷ݇ଷ)ଶ ௫݂௬௬ +  (ܾ௥ଵ݇ଵ + ܾ௥ଶ݇ଶ + ܾ௥ଶ݇ଶ + ܾ௥ଷ݇ଷ)ଷ ௬݂௬௬] + 0(ℎଶ), ݎ = 1,2,3      (3) 
 
ܵ݅݊ܿ݁ ݇ଵ,݇ଶ ܽ݊݀ ݇ଷ ܽ݊݋݅ݐݑݐ݅ݐݏܾݑݏ ݁ݒ݅ݏݏ݁ܿܿݑݏ ݕܾ ݀݁݁ܿ݋ݎ݌ ݐ݋݊݊ܽܿ ݁ݓ,ݐ݈݅ܿ݅݌݉݅ ݁ݎ 
  ݕܽ݉ ଵ,݇ଶ,݇ଷ݇ ݎ݋݂ ݏ݊݋݅ݐݑ݈݋ݏ ℎ݁ݐ ݐℎܽݐ ݁݉ݑݏݏܽ ݁ݓ.ݐ݈݅ܿ݅݌ݔ݁ ݂݋ ݁ݏܽܿ ℎ݁ݐ ݊݅ ݏܽ

  :݉ݎ݋݂ ℎ݁ݐ ݊݅ ݀݁ݏݏ݁ݎ݌ݔ݁ ܾ݁
 
௥ܭ = ௥ߙ  + ℎߚ௥ + ℎଶߠ௥ + ℎଷ∅௥ +  ܱ(ℎସ), ݎ = 1,2,3        (4) 
 

,ℎ݁ ݇ଵݐ ݃݊݅ݐݑܲ  ݇ଶ ܽ݊݀ ݇ଷ ݅݊݋ݐ ݇௥  :݁ݒℎܽ ݁ݓ,
௥ܭ = ݂ + ℎܽ௥ ௫݂ + ℎܾݎଵ(ߙଵ + ℎߚଵ + ℎଶߠଵ) ௬݂ +  ℎܾ௥ଶ(ߙଶ + ℎߚଶ + ℎଶߠଶ) ௬݂ + 

ℎܾ௥ଷ(ߙଷ + ℎߚଷ + ℎଶߠଷ) ௬݂ +
ℎଶ

2! ܽ௥
ଶ
௫݂௫ + ℎଶܾܽݎ௥ଵ(ߙଵ+ℎߚଵ) ௫݂௬ + 

ℎଶܾܽݎ௥ଶ(ߙଶ+ℎߚଶ) ௫݂௬ + ℎଶܾܽݎ௥ଷ(ߙଷ+ℎߚଷ) ௫݂௬ +  
ℎଶ

2! ܾ௥ଵ
ଶ ଵߙ) + 2ℎߙଵߚଵ) ௬݂௬ + 

ℎଶܾݎଵܾݎଶ(ߙଵߙଶ+ℎߙଵߚଶ+ℎߚଵߙଶ) ௬݂௬ + ℎଶܾܽݎ௥ଷ(ߙଵߙଷ+ℎߙଵߚଷ+ℎߚଵߙଷ) ௬݂௬ + 
ℎଶ

2! ܾ௥ଶ
ଶ (ଶߚଶߙଶଶ+2ℎߙ) ௬݂௬ + ℎଶܾݎଶܾݎଷ(ߙଶߙଷ+ℎߙଶߚଷ+ℎߚଶߙଷ) ௬݂௬ + 

ℎଶ

2! ܾ௥ଷ
ଶ (ଷߚଷߙଷଶ+2ℎߙ) ௬݂௬ + 

ℎଷ

3! ܽ௥
ଷ
௫݂௫௫ +

ℎଷ

2! ܽ௥
ଶܾ௥ଵߙଵ ௫݂௫௬ +

ℎଷ

2! ܽ௥
ଶܾ௥ଶߙଶ ௫݂௫௬ + 

ℎଷ

2! ܽ௥
ଶܾ௥ଷߙଷ ௫݂௫௬ +

ℎଷ

2! ௥ଵܾݎܽ
ଶ ଵଶߙ ௫݂௬௬ + ℎଷܾܽݎ௥ଵܾ௥ଶߙଵߙଶ ௫݂௬௬ + 
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ℎଷܾܽݎ௥ଵܾ௥ଷߙଵߙଷ ௫݂௬௬ + ௛
య

ଶ!
௥ଶଶܾݎܽ ଶଶߙ ௫݂௬௬ + ℎଷܾܽݎ௥ଶܾ௥ଷߙଶߙଷ ௫݂௬௬ + 
ℎଷ

2! ௥ଷܾݎܽ
ଶ ଷଶߙ ௫݂௬௬  +

ℎଷ

3! (ܾ௥ଵଷ ଵଷߙ + 3ܾ௥ଵଶ ܾ௥ଶߙଵଶߙଶ +  3ܾ௥ଵଶ ܾ௥ଷߙଵଶߙଷ +  3ܾ௥ଵܾ௥ଶଶ ଶ ଶߙଵߙ + 

6ܾ௥ଵܾ௥ଶܾ௥ଷߙଵߙଶߙଷ +  3ܾ௥ଵܾ௥ଷଶ ଷ ଶߙଵߙ + ܾ௥ଶଷ ଶ ଷߙ + 3ܾ௥ଶଶ ܾ௥ଷߙଶ ଶߙଷ + 
3ܾ௥ଶܾ௥ଷଶ ଷ ଶߙଶߙ + ܾ௥ଷଷ (ଷ ଷߙ ௬݂௬௬ + ܱ (ℎସ)         (5) 
 

 :݊݅ܽݐܾ݋ ݁ݓ,ℎ ݂݋ ݏݎ݁ݓ݋݌ ݊݅ ℎ (5)ݐ݅ݓ (4) ݃݊݅ݐܽݑݍܧ
௥ߙ = ݂ 

௥ߚ = ௥ߙ  ௫݂ + (ܾ௥ଵߙଵ +  ܾ௥ଶߙଶ + ܾ௥ଷߙଷ) ௬݂ 

௥ߠ = (ܾ௥ଵߚଵ + ܾ௥ଶߚଶ + ܾ௥ଷߚଷ) ௬݂ +
1
2! ܽ௥

ଶ
௫݂௫ +  (ܽ௥ܾ௥ଵߙଵ + ܽ௥ܾ௥ଶߙଶ + ܽ௥ܾ௥ଷߙଷ) ௫݂௬ 

+
1
2 (ܾ௥ଵଶ ଵଶߙ +  2ܾ௥ଵܾ௥ଶߙଵߙଶ + 2ܾ௥ଵܾ௥ଷߙଵߙଷ +  ܾ௥ଶଶ ଶଶߙ + 2ܾ௥ଶܾ௥ଷߙଶߙଷ + ܾ௥ଷଶ (ଷଶߙ ௬݂௬ 

∅௥ = (ܾ௥ଵߠଵ +  ܾ௥ଶߠଶ + ܾ௥ଷߠଷ) ௬݂ +  (ܽ௥ܾ௥ଵߚଵ +  ܽ௥ܾ௥ଶߚଶ + ܽ௥ܾ௥ଷߚଷ) ௫݂௬ + 
(ܾ௥ଵଶ ଵߚ + ܾ௥ଵܾ௥ଶߙଵߚଶ + ܾ௥ଵܾ௥ଶߚଵߙଶ + ܾ௥ଵܾ௥ଷߙଵߚଷ + ܾ௥ଵܾ௥ଷߚଵߙଷ +  ܾ௥ଶଶ ଶߚଶߙ + 

ܾ௥ଶܾ௥ଷߙଶߚଷ + ܾ௥ଶܾ௥ଷߚଶߙଷ + ܾ௥ଷଶ (ଷߚଷߙ ௬݂௬ +
1
6ܽ௥

ଷ
௫݂௫௫ +

1
2ܽ௥

ଶ(ܾ௥ଵߙଵ + ܾ௥ଶߙଶ + ܾ௥ଷߙଷ) 

௫݂௫௬ +  
1
2ܽ௥(ܾ௥ଵଶ ܽଵଶ + 2ܾ௥ଵܾ௥ଶߙଵߙଶ + 2ܾ௥ଵܾ௥ଷߙଵߙଷ + ܾ௥ଶଶ ଶଶߙ + 2ܾ௥ଶܾ௥ଷߙଶߙଷ + ܾ௥ଷଶ ܽଷଶ) 

௫݂௬௬ +  
1
6 (ܾ௥ଵଷ ܽଵଷ + 3ܾ௥ଵଶ ܾ௥ଶܽଵଶߙଶ + 3ܾ௥ଵଶ ܾ௥ଷߙଵଶߙଷ + 3ܾ௥ଵܾ௥ଶଶ ଶଶߙଵߙ +  

6ܾ௥ଵܾ௥ଶܾ௥ଷߙଵߙଶߙଷ + 3ܾ௥ଵܾ௥ଷଶ ଷଶߙଵߙ +  ܾ௥ଶଷ ଶଷߙ + 3ܾ௥ଶଶ ܾ௥ଷߙଶଶߙଷ + 
3ܾ௥ଶܾ௥ଶଷ ଷଶߙଶߙ + ܾ௥ଷଷ (ଷଷߙ ௬݂௬௬ +  ܱ (ℎସ),   ݎ = 1, 2, 3                                                                    (6) 

௝ݎ ℎ݁ݐ ݃݊݅ݐݐݑܲ , ݎ = 1, 2, ௥ߙ ݋ݐ݊݅ 3 ௥ߚ, ,  ௥ ܽ݊݀ ∅௥ߠ
ଵߙ = ଶߙ,݂ = ଷߙ,݂ = ݂           (7) 
 

ଵߚ = ଵߙ  ௫݂ +  (ܾଵଵ +  ܾଵଶ + ܾଵଷ)݂ ௬݂ 
ଶߚ = ଶߙ  ௫݂ +  (ܾଶଵ + ܾଶଶ +  ܾଶଷ)݂ ௬݂ 

ଷߚ = ଷߙ  ௫݂ +  (ܾଷଵ +  ܾଷଶ +  ܾଷଷ)݂ ௬݂         (8) 
 

ଵߠ =  
1
2ܽଵ

ଶ
௫݂௫ +  (ܾଵଵܽଵ + ܾଶଵܽଵ + ܾଷଵܽଵ) ௫݂ ௬݂ + (ܾଵଵଶ + ܾଵଵ ଵܾଶ + ܾଵଵ ଵܾଷ + ܾଵଶܾଶଵ + 

ܾଵଶܾଶଷ + ܾଵଷܾଷଵ + ܾଵଷܾଷଶ + ܾଵଷܾଷଷ)݂ ௬݂
ଶ + (ܽଵܾଵଵ + ܽଵܾଵଶ + ܽଵܾଵଷ)݂ ௫݂௬ 

+
1
2 (ܾଵଵଶ + 2ܾଵଵ ଵܾଶ + 2ܾଵଵ ଵܾଷ + ܾଵଶଶ + 2ܾଵଶ ଵܾଷ + ܾଵଷଶ )݂ଶ ௬݂௬ 

ଶߠ =  
1
2ܽଶ

ଶ
௫݂௫ +  (ܾଶଵܽଵ + ܾଶଶܽଶ + ܾଶଷܽଷ) ௫݂ ௬݂ + (ܾଵଵܾଶଵ + ܾଵଶܾଶଵ + ܾଵଷܾଶଵ + 

ܾଶଵܾଶଶ + ܾଶଶଶ + ܾଶଶܾଶଷ + ܾଶଷܾଷଵ + ܾଶଷܾଷଶ + ܾଶଷܾଷଷ)݂ ௬݂
ଶ + (ܽଶܾଶଵ + ܽଶܾଶଶ + 

ܽଶܾଶଷ)݂ ௫݂௬ +
1
2 (ܾଶଵଶ + 2ܾଶଵܾଶଶ + 2ܾଶଵܾଶଷ + ܾଶଶଶ + 2ܾଶଶܾଶଷ + ܾଶଷଶ )݂ଶ ௬݂௬ 

ଷߠ =  
1
2ܽଷ

ଶ
௫݂௫ +  (ܾଷଵܽଵ + ܾଷଶܽଶ + ܾଷଷܽଷ) ௫݂ ௬݂ + (ܾଷଵ ଵܾଵ + ܾଷଵ ଵܾଶ + ܾଷଵ ଵܾଷ + 

ܾଷଶܾଶଵ + ܾଷଶܾଶଶ + ܾଷଶܾଶଷ + ܾଷଷܾଷଵ + ܾଷଷܾଷଶ + ܾଷଷଶ )݂ ௬݂
ଶ + (ܽଷܾଷଵ + ܽଷܾଷଶ + 

ܽଷܾଷଷ)݂ ௫݂௬ + ଵ
ଶ

(ܾଶଵଶ + 2ܾଷଵܾଷଶ + 2ܾଷଵܾଷଷ + ܾଷଶଶ + 2ܾଷଶܾଷଷ + ܾଷଷଶ )݂ଶ ௬݂௬       (9) 
 

∅ଵ =
1
6ܽଵ

ଷ
௫݂௫௫ +

1
2

(ܽଵଶܾଵଵ + ܽଶଶܾଵଶ + ܽଷଶܾଵଷ) ௫݂௫ ௬݂ + (ܽଵܾଵଵଶ + ܽଶܾଵଵ ଵܾଶ + ܽଷܾଵଵ ଵܾଷ + 

ܽଵܾଵଶܾଶଵ + ܽଶܾଵଶܾଶଶ + ܽଷܾଵଶܾଶଷ + ܽଵܾଵଷܾଷଵ + ܽଶܾଵଷܾଷଶ + ܽଷܾଵଷܾଷଷ) ௫݂ ௬݂
ଶ + 

(ܾଵଵଷ + ܾଵଵଶ ܾଵଶ + ܾଵଵଶ ଵܾଷ + ܾଵଵ ଵܾଶܾଶଵ + ܾଵଵ ଵܾଶܾଶଶ + ܾଵଵ ଵܾଶܾଶଷ + ܾଵଵ ଵܾଷܾଷଵ 
+ܾଵଵ ଵܾଷܾଷଶ + ܾଵଵ ଵܾଷܾଷଷ + ܾଵଵܾଵଶܾଶଵ + ܾଵଶଶ ܾଶଵ + ܾଵଶ ଵܾଷܾଶଵ + ܾଵଶ ଵܾଷܾଶଵ + ܾଵଶܾଶଶଶ  

+ܾଵଶܾଶଶܾଶଷ + ܾଵଶܾଶଷܾଷଵ + ܾଵଶܾଶଷܾଷଶ + ܾଵଶܾଶଷܾଷଷ + ܾଵଷܾଷଵ ଵܾଵ + ܾଵଷܾଷଵ ଵܾଶ + ܾଵଷଶ ܾଷଵ 
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+ܾଵଷܾଷଶܾଶଵ + ܾଵଷܾଷଶܾଶଶ + ܾଵଷܾଷଶܾଶଷ + ܾଵଷܾଷଷܾଷଵ + ܾଵଷܾଷଷܾଷଶ + ܾଵଷܾଷଷଶ )݂ ௬݂
ଷ + 

ܽଵܾଵଵଶ + ܽଵܾଵଵ ଵܾଶ + ܽଵܾଵଵ ଵܾଷ + ܽଶܾଵଶܾଶଵ + ܽଶܾଵଶܾଶଶ + ܽଶܾଵଶܾଶଷ + ܽଷܾଵଷܾଷଵ 
+ܽଷܾଵଷܾଷଶ + ܽଷܾଵଷܾଷଷ + ܽଵܾଵଵଶ + ܽଵܾଵଵ ଵܾଶ + ܽଵܾଵଵ ଵܾଷ + ܽଵܾଵଶܾଶଵ + ܽଵܾଵଶܾଶଶ + 

ܽଵܾଵଶܾଶଷ + ܽଵܾଵଷܾଷଵ + ܽଵܾଵଷܾଷଶ + ܽଵܾଵଷܾଷଷ)݂ ௬݂ ௫݂௬ +
1
2 (ܾଵଵଷ + 2ܾଵଵଶ ଵܾଶ + 

2ܾଵଵଶ ଵܾଷ + ܾଵଵ ଵܾଶ
ଶ + 2ܾଵଵ ଵܾଷ ଵܾଶ + ܾଵଵ ଵܾଷ

ଶ + ܾଵଶܾଶଵଶ + 2ܾଵଶܾଶଵܾଶଶ + 2ܾଵଶܾଶଵܾଶଷ 
+ܾଵଶܾଶଶଶ + 2ܾଵଶܾଶଶܾଶଷ + ܾଵଶܾଶଷଶ + ܾଵଷܾଷଵଶ + 2ܾଵଷܾଷଵܾଷଶ + 2ܾଵଷܾଷଵܾଷଷ + ܾଵଷܾଷଶଶ  
+2ܾଵଷܾଷଶܾଷଷ + ܾଵଷܾଷଷଶ + 2ܾଵଵଷ + 2ܾଵଵଶ ܾଵଶ + 2ܾଵଵଶ ܾଵଷ + 2ܾଵଵ ଵܾଶܾଶଵ + 2ܾଵଵ ଵܾଶܾଶଶ 
+2ܾଵଵ ଵܾଶܾଶଷ + 2ܾଵଵଶ ଵܾଶ + 2ܾଵଵ ଵܾଶ

ଶ + 2ܾଵଵ ଵܾଶܾଵଷ + 2ܾଵଵ ଵܾଷܾଷଵ + 2ܾଵଵܾଵଷܾଷଶ + 
2ܾଵଵܾଵଷܾଷଷ + 2ܾଵଵଶ ଵܾଷ + 2ܾଵଵܾଵଶ ଵܾଷ + 2ܾଵଵ ଵܾଷ

ଶ + 2ܾଵଶଶ ܾଶଵ + 2ܾଵଶଶ ܾଶଶ + 2ܾଵଶଶ ܾଶଷ + 
2ܾଵଶܾଵଷܾଷଵ + 2ܾଵଶ ଵܾଷܾଷଶ + 2ܾଵଶ ଵܾଷܾଷଷ + 2ܾଵଶ ଵܾଷܾଶଵ + 2ܾଵଶܾଵଷܾଶଶ + 2ܾଵଶ ଵܾଷܾଶଷ 
+2ܾଵଷଶ ܾଷଵ + 2ܾଵଷଶ ܾଷଶ + 2ܾଵଷଶ ܾଷଷ)݂ଶ ௬݂ ௬݂௬ + (ܽଵଶܾଵଵ + ܽଵܽଶܾଵଶ + ܽଵܽଷܾଵଷ) ௫݂ ௫݂௬ + 

(ܽଵܾଵଵଶ + ܽଶܾଵଵ ଵܾଶ + ܽଵܾଵଵ ଵܾଶ + ܽଷܾଵଵ ଵܾଷ + ܽଵܾଵଵ ଵܾଷ + ܽଶܾଵଶଶ + ܽଷܾଵଶ ଵܾଷ + 

ܽଶܾଵଶ ଵܾଷ + ܽଷܾଵଷଶ )݂ ௫݂ ௬݂௬ +
1
2ܽଵ

ଶ(ܾଵଵ + ܾଵଶ + ܾଵଷ)݂ ௫݂௫௬ +
1
2ܽଵ(ܾଵଵଶ + 

2ܾଵଵ ଵܾଶ + 2ܾଵଵ ଵܾଷ + ܾଵଶଶ + 2ܾଵଶ ଵܾଷ + ܾଵଷଶ )݂ଶ ௫݂௬௬ +
1
6 (ܾଵଵଷ + 3ܾଵଵଶ ଵܾଶ + 

3ܾଵଵଶ ଵܾଷ + 3ܾଵଵ ଵܾଶ
ଶ + 6ܾଵଵܾଵଶ ଵܾଷ + 3ܾଵଵ ଵܾଷ

ଶ + ܾଵଶଷ + 3ܾଵଶଶ ଵܾଷ + 3ܾଵଶ ଵܾଷ
ଶ + ܾଵଷଷ )݂ଷ ௬݂௬௬ 

 

∅ଶ =
1
6ܽଶ

ଷ
௫݂௫௫ +

1
2

(ܽଵଶܾଶଵ + ܽଶଶܾଶଶ + ܽଷଶܾଶଷ) ௫݂௫ ௬݂ + (ܽଵܾଵଵ ଵܾଶ + ܽଶܾଶଵ ଵܾଶ + ܽଷܾଶଵ ଵܾଷ + 

ܽଵܾଶଵܾଶଶ + ܽଶܾଶଶଶ + ܽଷܾଶଶܾଶଷ + ܽଵܾଶଷܾଷଵ + ܽଶܾଶଷܾଷଶ + ܽଷܾଶଷܾଷଷ) ௫݂ ௬݂
ଶ + (ܾଶଵ ଵܾଵ

ଶ + 
ܾଶଵ ଵܾଵܾଵଶ + ܾଶଵܾଵଵ ଵܾଷ + ܾଶଵଶ ଵܾଶ + ܾଶଵ ଵܾଶܾଶଶ + ܾଶଵܾଵଶܾଶଷ + ܾଶଵ ଵܾଷܾଷଵ + ܾଶଵ ଵܾଷܾଷଶ 

+ܾଶଵ ଵܾଷܾଷଷ + ܾଶଶ ଵܾଵܾଶଵ + ܾଶଶ ଵܾଶܾଶଵ + ܾଶଶܾଵଷܾଶଵ + ܾଶଶଶ ܾଶଵ + ܾଶଶଷ + ܾଶଶଶ ܾଶଷ + 
ܾଶଶܾଶଷܾଷଵ + ܾଶଶܾଶଷܾଷଶ + ܾଶଶܾଶଷܾଷଷ + ܾଶଷܾଷଵ ଵܾଵ + ܾଶଷܾଷଵ ଵܾଶ + ܾଶଷܾଷଵܾଵଷ + 
ܾଶଷܾଷଶܾଶଵ + ܾଶଷܾଷଶܾଶଶ + ܾଶଷଶ ܾଷଶ + ܾଶଷܾଷଷܾଷଵ + ܾଶଷܾଷଷܾଷଶ + ܾଶଷܾଷଷଶ )݂ ௬݂

ଷ + 
(ܽଵܾଵଵܾଶଵ + ܽଵܾଶଵ ଵܾଶ + ܽଵܾଶଵ ଵܾଷ + ܽଶܾଶଶܾଶଵ + ܽଶܾଶଶଶ + ܽଶܾଶଶܾଶଷ + ܽଷܾଶଷܾଷଵ + 

ܽଷܾଶଷܾଷଶ + ܽଷܾଶଷܾଷଷ + ܽଶܾଶଵ ଵܾଵ + ܽଶܾଶଵ ଵܾଶ + ܽଶܾଶଵܾଵଷ + ܽଶܾଶଶܾଶଵ + 

ܽଶܾଶଶଶ + ܽଶܾଶଶܾଶଷ + ܽଶܾଶଷܾଷଵ + ܽଶܾଶଷܾଷଶ + ܽଶܾଶଷܾଷଷ)݂ ௬݂ ௫݂௬ +
1
2 (ܾଶଵ ଵܾଵ

ଶ + 

2ܾଶଵ ଵܾଵ ଵܾଶ + 2ܾଶଵ ଵܾଵ ଵܾଷ + ܾଶଵ ଵܾଶ
ଶ + 2ܾଶଵ ଵܾଶ ଵܾଷ + ܾଶଵ ଵܾଷ

ଶ + ܾଶଶܾଶଵଶ + 2ܾଶଶଶ ܾଶଵ + 
2ܾଶଶܾଶଵܾଶଷ + ܾଶଶଷ + 2ܾଶଶଶ ܾଶଷ + ܾଶଶܾଶଷଶ + ܾଶଷܾଷଵଶ + 2ܾଶଷܾଷଵܾଷଶ + 2ܾଶଷܾଷଵܾଷଷ + ܾଶଷܾଷଶଶ  

+2ܾଶଷܾଷଶܾଷଷ + ܾଶଷܾଷଷଶ + 2ܾଶଵଶ ܾଵଵ + 2ܾଶଵଶ ܾଵଶ + 2ܾଶଵଶ ܾଵଷ + 2ܾଶଵଶ ܾଶଶ + 2ܾଶଵଶ ܾଶଶ 
+2ܾଶଵܾଶଶܾଶଷ + 2ܾଶଵܾଶଶ ଵܾଵ + 2ܾଶଵܾଶଶ ଵܾଶ + 2ܾଶଵܾଶଶ ଵܾଷ + 2ܾଶଵܾଶଷܾଷଵ + 2ܾଶଵܾଶଷܾଷଶ 

+2ܾଶଵܾଶଷܾଷଷ + 2ܾଶଵܾଶଷ ଵܾଵ + 2ܾଶଵܾଶଷܾଵଶ + 2ܾଶଵܾଶଷ ଵܾଷ + 2ܾଶଶଶ ܾଶଵ + 2ܾଶଶଷ + 
2ܾଶଶଶ ܾଶଷ + 2ܾଶଶܾଶଷܾଷଵ + 2ܾଶଶܾଶଷܾଷଶ + 2ܾଶଶܾଶଷܾଷଷ + 2ܾଶଶܾଶଷܾଶଵ + 2ܾଶଶଶ ܾଶଷ 

+2ܾଶଶܾଶଷଶ + 2ܾଶଷଶ ܾଷଵ + 2ܾଶଷଶ ܾଷଶ + 2ܾଶଷଶ ܾଷଷ)݂ଶ ௬݂ ௬݂௬ + (ܽଵܽଶܾଶଵ + ܽଶଶܾଶଶ + ܽଶܽଷܾଶଷ) 

௫݂ ௫݂௬ + (ܽଵܾଶଵଶ + ܽଶܾଶଵܾଶଶ + ܽଵܾଶଵܾଶଶ + ܽଷܾଶଵܾଶଷ + ܽଵܾଶଵܾଶଷ + ܽଶܾଶଶଶ  

+ܽଷܾଶଶܾଶଷ + ܽଶܾଶଶܾଶଷ + ܽଷܾଶଷଶ )݂ ௫݂ ௬݂௬ +
1
2ܽଶ

ଶ(ܾଶଵ + ܾଶଶ + ܾଶଷ)݂ ௫݂௫௬ +
1
2ܽଶ(ܾଶଵଶ + 

2ܾଶଵܾଶଶ + 2ܾଶଵܾଶଷ + ܾଶଶଶ + 2ܾଶଶܾଶଷ + ܾଶଷଶ )݂ଶ ௫݂௬௬ +
1
6 (ܾଶଵଷ + 3ܾଶଵଶ ܾଶଶ + 

3ܾଶଵଶ ܾଶଷ + 3ܾଶଵܾଶଶଶ + 6ܾଶଵܾଶଶܾଶଷ + 3ܾଶଵܾଶଷଶ + ܾଶଶଷ + 3ܾଶଶଶ ܾଶଷ + 3ܾଶଶܾଶଷଶ + ܾଶଷଷ )݂ଷ ௬݂௬௬ 
 

∅ଷ =
1
6ܽଷ

ଷ
௫݂௫௫ +

1
2

(ܽଵଶܾଷଵ + ܽଶଶܾଷଶ + ܽଷଶܾଷଷ) ௫݂௫ ௬݂ + (ܽଵܾଷଵܾଵଵ + ܽଶܾଷଵ ଵܾଶ + 

ܽଷܾଷଵܾଵଷ + ܽଵܾଷଶܾଶଵ + ܽଶܾଷଶܾଶଶ + ܽଷܾଷଶܾଶଷ + ܽଵܾଷଵܾଷଵ + ܽଶܾଷଷܾଷଶ + ܽଷܾଷଷଶ ) ௫݂ ௬݂
ଶ + 

(ܾଷଵ ଵܾଵ
ଶ + ܾଷଵ ଵܾଵ ଵܾଶ + ܾଷଵ ଵܾଵ ଵܾଷ + ܾଷଵ ଵܾଶܾଶଵ + ܾଷଵܾଵଶܾଶଶ + ܾଷଵ ଵܾଶܾଶଷ + ܾଷଵଶ ଵܾଷ 

+ܾଷଵ ଵܾଷܾଷଶ + ܾଷଵ ଵܾଷܾଷଷ + ܾଷଶ ଵܾଵܾଶଵ + ܾଷଶ ଵܾଶܾଶଵ + ܾଷଶܾଵଷܾଶଵ + ܾଷଶ ଵܾଷܾଶଶ + 
ܾଷଶܾଶଶଶ + ܾଷଶܾଶଶܾଶଷ + ܾଷଶܾଶଷܾଷଵ + ܾଷଶଶ ܾଶଷ + ܾଷଶܾଶଷܾଷଷ + ܾଷଷܾଷଵ ଵܾଵ + ܾଷଷܾଷଵ ଵܾଶ 
+ܾଷଷܾଷଵܾଶଵ + ܾଷଷܾଷଶܾଶଶ + ܾଷଷܾଷଶܾଶଷ + ܾଷଷଶ ܾଷଵ + ܾଷଷଶ ܾଷଶ + ܾଷଷଷ )݂ ௬݂

ଷ + (ܽଵܾଷଵ ଵܾଵ 
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+ܽଵܾଷଵܾଵଶ + ܽଵܾଷଵܾଵଷ + ܽଶܾଷଶܾଶଵ + ܽଶܾଷଶܾଶଶ + ܽଶܾଷଶܾଶଷ + ܽଷܾଷଷܾଷଵ + 
ܽଷܾଷଷܾଷଶ + ܽଷܾଷଷଶ + ܽଷܾଷଵ ଵܾଵ + ܽଷܾଷଵ ଵܾଶ + ܽଷܾଷଵ ଵܾଷ + ܽଷܾଷଶܾଶଵ + ܽଷܾଷଶܾଶଶ + 

ܽଷܾଷଶܾଶଷ + ܽଷܾଷଷܾଷଵ + ܽଷܾଷଷܾଷଶ + ܽଷܾଷଷଶ )݂ ௬݂ ௫݂௬ +
1
2 (ܾଷଵ ଵܾଵ

ଶ + 2ܾଷଵ ଵܾଵ ଵܾଶ + 

2ܾଷଵ ଵܾଵ ଵܾଷ + ܾଷଵܾଶଵଶ + 2ܾଷଵ ଵܾଶܾଵଷ + ܾଷଵܾଵଷଶ + ܾଷଶܾଶଵଶ + 2ܾଷଶܾଶଵܾଶଶ + 2ܾଷଶܾଶଵܾଶଷ + 
ܾଷଶܾଶଶଶ + 2ܾଷଶܾଶଶܾଶଷ + ܾଷଶܾଶଷଶ + ܾଷଷܾଷଵଶ + 2ܾଷଷܾଷଵܾଷଶ + 2ܾଷଷଶ ܾଷଵ + ܾଷଷܾଷଶଶ + 
2ܾଷଷଶ ܾଷଶ + ܾଷଷଷ + 2ܾଷଵଶ ܾଵଵ + 2ܾଷଵଶ ܾଵଶ + 2ܾଷଵଶ ܾଵଷ + 2ܾଷଵܾଷଶܾଶଵ + 2ܾଷଵܾଷଶܾଶଶ + 
2ܾଷଵܾଷଶܾଵଵ + 2ܾଷଵܾଷଶ ଵܾଶ + 2ܾଷଵܾଷଶ ଵܾଷ + 2ܾଷଵଶ ܾଷଷ + 2ܾଷଵܾଷଶܾଷଷ + 2ܾଷଵܾଷଷଶ  

+2ܾଷଵܾଷଷ ଵܾଵ + 2ܾଷଵܾଷଷ ଵܾଶ + 2ܾଷଵܾଷଷܾଵଷ + 2ܾଷଶଶ ܾଶଵ + 2ܾଷଶଶ ܾଶଶ + 2ܾଷଶଶ ܾଶଷ + 2ܾଷଶܾଷଷܾଷଵ 
+2ܾଷଶଶ ܾଷଷ + 2ܾଷଶܾଷଷଶ + 2ܾଷଶܾଷଷܾଶଵ + 2ܾଷଶܾଷଷܾଶଶ + 2ܾଷଶܾଷଷܾଶଷ + 2ܾଷଷଶ ܾଷଵ + 

2ܾଷଷଶ ܾଷଶ + 2ܾଷଷଷ )݂ଶ ௬݂ ௬݂௬ + (ܽଵܽଷܾଷଵ + ܽଶܽଷܾଷଶ + ܽଷଶܾଷଷ) ௫݂ ௫݂௬ + (ܽଵܾଷଵଶ + ܽଶܾଷଵܾଷଶ + 
ܽଵܾଷଵܾଷଶ + ܽଷܾଷଵܾଷଷ + ܽଵܾଷଵܾଷଷ + ܽଷܾଷଶܾଷଷ + ܽଶܾଷଶଶ + ܽଶܾଷଶܾଷଷ + ܽଷܾଷଷଶ )݂ ௫݂ ௬݂௬ 

+
1
2ܽଷ

ଶ(ܾଷଵ + ܾଷଶ + ܾଷଷ)݂ ௫݂௫௬ +
1
2ܽଷ(ܾଷଵଶ + 2ܾଷଵܾଷଶ + 2ܾଷଵܾଷଷ + ܾଷଶଶ + 2ܾଷଶܾଷଷ + ܾଷଷଶ ) 

݂ଶ ௫݂௬௬ +
1
6 (ܾଷଵଷ + 3ܾଷଵଶ ܾଷଶ + 3ܾଷଵଶ ܾଷଷ + 3ܾଷଵܾଷଶଶ + 6ܾଷଵܾଷଶܾଷଷ + 3ܾଷଵܾଷଷଶ + ܾଷଶଷ + 

3ܾଷଶଶ ܾଷଷ + 3ܾଷଶܾଷଷଶ + ܾଷଷଷ )݂ଷ ௬݂௬௬          (10) 
From (4), we know that: 

݇ଵ = ଵߙ + ℎߚଵ + ℎଶߠଵ + ℎଷ∅ଵ 
݇ଶ = ଶߙ + ℎߚଶ + ℎଶߠଶ + ℎଷ∅ଶ 

݇ଷ = ଷߙ + ℎߚଷ + ℎଶߠଷ + ℎଷ∅ଷ          (11)      
,ݕ,ݔ)∅,(1) ݉݋ݎ݂ ݋ݏ݈ܣ ℎ) =  ∑ ܿ௥݇௥ଷ

௥ୀଵ =  ܿଵ݇ଵ + ܿଶ݇ଶ + ܿଷ݇ଷ      (12) 
Putting (11) into (12), we have: 

,ݔ)∅ (ℎ,ݕ = ܿଵ(ߙଵ + ℎߚଵ + ℎଶߠଵ + ℎଷ∅ଵ) + ܿଶ(ߙଶ + ℎߚଶ + ℎଶߠଶ + ℎଷ∅ଶ) + 
ܿଷ(ߙଷ + ℎߚଷ + ℎଶߠଷ + ℎଷ∅ଷ)      (13) 
 
Arranging (13) in power of h, we have: 

,ݔ)∅ (ℎ,ݕ = ܿଵߙଵ + ܿଶߙଶ + ܿଷߙଷ + ℎ(ܿଵߚଵ + ܿଶߚଶ + ܿଷߚଷ) + ℎଶ(ܿଵߠଵ + ܿଶߠଶ + ܿଷߠଷ) 
+ℎଷ(ܿଵ∅ଵ + ܿଶ∅ଶ + ܿଷ∅ଷ) +  ܱ(ℎସ)         (14) 
The necessary Taylor’s series expansion is: 

,ݕ,ݔ)்∅ ℎ) = ݂ +
ℎ
2!
൫ ௫݂ + ݂ ௬݂൯+

ℎଶ

3!
൫ ௫݂௫ + 2݂ ௫݂௬ + ௫݂ ௬݂ + ݂ ௬݂

ଶ + ݂ଶ ௬݂௬൯ + 

ℎଷ

4! ( ௫݂௫௫ + 3݂ ௫݂௫௬ + 3݂ଶ ௫݂௬௬ + 3 ௫݂ ௫݂௬ + 5݂ ௬݂ ௫݂௬ + 3݂ ௫݂ ௬݂௬ + ௫݂௫ ௬݂ + 

4݂ଶ ௬݂ ௬݂௬ + ௫݂ ௬݂
ଶ + ݂ ௬݂

ଷ + ݂ଷ ௬݂௬௬)          (15) 
Putting (7),(8),(9), and (10) into (14) and equating with (15), we have the equations below: 
(ܿଵ + ܿଶ + ܿଷ)݂ = ݂                                                                                                                       (16) 
ℎ(ܿଵܽଵ + ܿଶܽଶ + ܿଷܽଷ) ௫݂ =  ௛

ଶ! ௫݂          (17) 

ℎ[ܿଵ(ܾଵଵ + ܾଵଶ + ܾଵଷ) + ܿଶ(ܾଶଵ + ܾଶଶ + ܾଶଷ) + ܿଷ(ܾଷଵ + ܾଷଶ + ܾଷଷ)]݂ ௬݂ =  ௛
ଶ!
݂ ௬݂    (18) 

௛మ

ଶ
(ܿଵܽଵଶ + ܿଶܽଶଶ + ܿଷܽଷଶ) ௫݂௫ =  ௛

మ

ଷ! ௫݂௫                                                                                          (19) 
  

ℎ[ܿଵ(ܾଵଵܽଵ + ܾଵଶܽଶ + ܾଵଷܽଷ) + ܿଶ(ܾଶଵܽଵ + ܾଶଶܽଶ + ܾଶଷܽଷ) + ܿଷ(ܾଷଵܽଵ + 

ܾଷଶܽଶ + ܾଷଷܽଷ)] ௫݂ ௬݂ =  ௛
మ

ଷ! ௫݂ ௬݂                                                                                                    (20) 
 

ℎଶ[ܿଵ(ܾଵଵଶ + ܾଵଵ ଵܾଶ + ܾଵଵ ଵܾଷ + ܾଵଶܾଶଵ + ܾଵଶܾଶଶ + ܾଵଶܾଶଷ + ܾଵଷܾଷଵ + ܾଵଷܾଷଶ + ܾଵଷܾଷଷ) 
+ܿଶ(ܾଵଵܾଶଵ + ܾଵଶܾଶଵ + ܾଵଷܾଶଵ + ܾଶଵܾଶଶ + ܾଶଶଶ + ܾଶଶܾଶଷ + ܾଶଷܾଷଵ + ܾଶଷܾଷଶ + ܾଶଷܾଷଷ) 
+ܿଷ(ܾଷଵ ଵܾଵ + ܾଷଵ ଵܾଶ + ܾଷଵ ଵܾଷ + ܾଷଶܾଶଵ + ܾଷଶܾଶଶ + ܾଷଶܾଶଷ + ܾଷଷܾଷଵ + ܾଷଷܾଷଶ + ܾଷଷଷ )] 

݂ ௬݂
ଶ =  ௛

మ

ଷ!
݂ ௬݂

ଶ                                                                                                                                   (21) 
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ℎଶ[ܿଵ(ܽଵ ଵܾଵ + ܽଵܾଵଶ + ܽଵܾଵଷ) + ܿଶ(ܽଶܾଶଵ + ܽଶܾଶଶ + ܽଶܾଶଷ) + 

ܿଷ(ܽଷܾଷଵ + ܽଷܾଷଶ + ܽଷܾଷଷ)]݂ ௫݂௬ =  ଶ௛
మ

ଷ!
݂ ௫݂௬                                                                           (22) 

ℎଶ

2 [ܿଵ( ଵܾଵ
ଶ + 2ܾଵଵܾଵଶ + 2ܾଵଵܾଵଷ + ܾଵଶଶ + 2ܾଵଶ ଵܾଷ + ܾଵଷଶ ) + ܿଶ(ܾଶଵଶ + 2ܾଶଵܾଶଶ + 

2ܾଶଵܾଶଷ + ܾଶଶଶ + 2ܾଶଶܾଶଷ + ܾଶଷଶ ) + ܿଷ(ܾଷଵଶ + 2ܾଷଵܾଷଶ + 2ܾଷଵܾଷଷ + ܾଷଶଶ + 2ܾଷଶܾଷଷ + ܾଷଷଶ ) 

]݂ଶ ௬݂௬ =  ௛
మ

ଷ!
݂ଶ ௬݂௬                                                                                                                          (23) 

௛య

଺
(ܿଵܽଵଷ + ܿଶܽଶଷ + ܿଷܽଷଷ) ௫݂௫௫ =  ௛

య

ସ ௫݂௫௫                                                                                      (24) 
 

ℎଷ

2 [ܿଵ(ܽଵଶ ଵܾଵ + ܽଶଶܾଵଶ + ܽଷଶܾଵଷ) + ܿଶ(ܽଵଶܾଶଵ + ܽଶଶܾଶଶ + ܽଷଶܾଶଷ) + ܿଷ(ܽଵଶܾଷଵ + 

ܽଶଶܾଷଶ + ܽଷଶܾଷଷ)] ௫݂௫ ௬݂ =  ௛
య

ସ! ௫݂௫ ௬݂                                                                                                (25) 
ℎଷ[ܿଵ(ܽଵܾଵଵଶ + ܽଶܾଵଵ ଵܾଶ + ܽଷܾଵଵ ଵܾଷ + ܽଵܾଵଶܾଶଵ + ܽଶܾଵଶܾଶଶ + ܽଷܾଵଶܾଶଷ + 
ܽଵܾଵଷܾଷଵ + ܽଶܾଵଷܾଷଶ + ܽଷܾଵଷܾଷଷ) + ܿଶ(ܽଵܾଵଵܾଶଵ + ܽଶܾଶଵ ଵܾଶ + ܽଷܾଶଵܾଵଷ + 

ܽଵܾଶଵܾଶଶ + ܽଶܾଶଶଶ + ܽଷܾଶଶܾଶଷ + ܽଵܾଶଷܾଷଵ + ܽଶܾଶଷܾଷଶ + ܽଷܾଶଷܾଷଷ) + ܿଷ(ܽଵܾଷଵ ଵܾଵ + 
ܽଶܾଷଵܾଵଶ + ܽଷܾଷଵ ଵܾଷ + ܽଵܾଷଶܾଶଵ + ܽଶܾଷଶܾଶଶ + ܽଷܾଷଶܾଶଷ + ܽଵܾଷଷܾଷଵ + ܽଶܾଷଷܾଷଶ + 

ܽଷܾଷଷଶ ) ௫݂ ௬݂
ଶ = ௛య

ସ! ௫݂ ௬݂
ଶ                                                                                                                     (26) 

 
ℎଷ[ܿଵ( ଵܾଵ

ଷ + ܾଵଵଶ ଵܾଶ + ܾଵଵଶ ଵܾଷ + ܾଵଵ ଵܾଶܾଶଵ + ܾଵଵ ଵܾଶܾଶଶ + ܾଵଵܾଵଶܾଶଷ + ܾଵଵ ଵܾଷܾଷଵ 
+ܾଵଵܾଵଷܾଷଶ + ܾଵଵ ଵܾଷܾଷଷ + ܾଵଵ ଵܾଶܾଶଵ + ܾଵଶଶ ܾଶଵ + ܾଵଶ ଵܾଷܾଶଵ + ܾଵଶܾଶଵܾଶଶ + 

ܾଵଶܾଶଶଶ + ܾଵଶܾଶଶܾଶଷ + ܾଵଶܾଶଷܾଷଵ + ܾଵଶܾଶଷܾଷଶ + ܾଵଶܾଶଷܾଷଷ + ܾଵଷܾଷଵ ଵܾଵ + ܾଵଷܾଷଵ ଵܾଶ 
+ܾଵଷଶ ܾଷଵ + ܾଵଷܾଷଶܾଶଵ + ܾଵଷܾଷଶܾଶଶ + ܾଵଷܾଷଶܾଶଷ + ܾଵଷܾଷଷܾଷଵ + ܾଵଷܾଷଷܾଷଶ + ܾଵଷܾଷଷଶ ) 

+ܿଶ(ܾଶଵ ଵܾଵ
ଶ + ܾଶଵ ଵܾଵܾଵଶ + ܾଶଵ ଵܾଵ ଵܾଷ + ܾଶଵଶ ଵܾଶ + ܾଶଵ ଵܾଶܾଶଶ + ܾଶଵܾଵଶܾଶଷ + 

ܾଶଵ ଵܾଷܾଷଵ + ܾଶଵ ଵܾଷܾଷଶ + ܾଶଵܾଵଷܾଷଷ + ܾଶଶ ଵܾଵܾଶଵ + ܾଶଶ ଵܾଶܾଶଵ + ܾଶଶ ଵܾଷܾଶଵ + ܾଶଶଶ ܾଶଵ 
+ܾଶଶଷ + ܾଶଶଶ ܾଶଷ + ܾଶଶܾଶଷܾଷଵ + ܾଶଶܾଶଷܾଷଶ + ܾଶଶܾଶଷܾଷଷ + ܾଶଷܾଷଵ ଵܾଵ + ܾଶଷܾଷଵ ଵܾଶ + 

+ܾଶଷܾଷଵ ଵܾଷ + ܾଶଷܾଷଶܾଶଵ + ܾଶଷܾଷଶܾଶଶ + ܾଶଷଶ ܾଷଶ + ܾଶଷܾଷଷܾଷଵ + ܾଶଷܾଷଷܾଷଶ + ܾଶଷܾଷଷଶ ) 
+ܿଷ(ܾଷଵܾଵଵଶ + ܾଷଵܾଵଵ ଵܾଶ + ܾଷଵ ଵܾଵ ଵܾଷ + ܾଷଵ ଵܾଶܾଶଵ + ܾଷଵ ଵܾଶܾଶଶ + ܾଷଵ ଵܾଶܾଶଷ + 

ܾଷଵଶ ଵܾଷ + ܾଷଵ ଵܾଷܾଷଶ + ܾଷଵ ଵܾଷܾଷଷ + ܾଷଶ ଵܾଵܾଶଵ + ܾଷଶ ଵܾଶܾଶଵ + ܾଷଶܾଵଷܾଶଵ + ܾଷଶܾଶଵܾଶଶ + 
ܾଷଶܾଶଶଶ ܾଷଶܾଶଶܾଶଷ + ܾଷଶܾଶଷܾଷଵ + ܾଷଶଶ ܾଶଷ + ܾଷଶܾଶଷܾଷଷ + ܾଷଷܾଷଵ ଵܾଵ + ܾଷଷܾଷଵ ଵܾଶ + 
ܾଷଷܾଷଵ ଵܾଷ + ܾଷଷܾଷଶܾଶଵ + ܾଷଷܾଷଶܾଶଶ + ܾଷଷܾଷଶܾଶଷ + ܾଷଷଶ ܾଷଵ + ܾଷଷଶ ܾଷଶ + ܾଷଷଷ )]݂ ௬݂

ଷ = 
௛య

ସ!
݂ ௬݂

ଷ                                                                                                                                                 (27) 
 

ℎଷ[ܿଵ(ܽଵ ଵܾଵ
ଶ + ܽଵܾଵଵ ଵܾଶ + ܽଵܾଵଵ ଵܾଷ + ܽଶܾଵଶܾଶଵ + ܽଶܾଵଶܾଶଶ + ܽଶܾଵଶܾଶଷ + 

ܽଷܾଵଷܾଷଵ + ܽଷܾଵଷܾଷଶ + ܽଷܾଵଷܾଷଷ + ܽଵܾଵଵଶ + ܽଵܾଵଵ ଵܾଶ + ܽଵܾଵଵ ଵܾଷ + ܽଵܾଵଶܾଶଵ + 
ܽଵܾଵଶܾଶଶ + ܽଵܾଵଶܾଶଷ + ܽଵܾଵଷܾଷଵ + ܽଵܾଵଷܾଷଶ + ܽଵܾଵଷܾଷଷ) + ܿଶ(ܽଵܾଵଵܾଶଵ + ܽଵܾଶଵ ଵܾଶ 

+ܽଵܾଶଵ ଵܾଷ + ܽଶܾଶଶܾଶଵ + ܽଶܾଶଶଶ + ܽଶܾଶଶܾଶଷ + ܽଷܾଶଷܾଷଵ + ܽଷܾଶଷܾଷଶ + ܽଷܾଶଷܾଷଷ 
+ܽଶܾଶଵ ଵܾଵ + ܽଶܾଶଵ ଵܾଶ + ܽଶܾଶଵܾଵଷ + ܽଶܾଶଶܾଶଵ + ܽଶܾଶଶଶ + ܽଶܾଶଶܾଶଷ + ܽଶܾଶଷܾଷଵ + ܽଶܾଶଷܾଷଶ + ܽଶܾଶଷܾଷଷ) + ܿଷ(ܽଵܾଷଵ ଵܾଵ + ܽଵܾଷଵ ଵܾଶ

+ ܽଶܾଷଵ ଵܾଷ + ܽଶܾଷଶܾଶଵ 
+ܽଶܾଷଶܾଶଶ + ܽଶܾଷଶܾଶଷ + ܽଷܾଷଷܾଷଵ + ܽଷܾଷଷܾଷଶ + ܽଷܾଷଷଶ + ܽଷܾଷଵܾଵଵ + ܽଷܾଷଵ ଵܾଶ + 
ܽଷܾଷଵ ଵܾଷ + ܽଷܾଷଶܾଶଵ + ܽଷܾଷଶܾଶଶ + ܽଷܾଷଶܾଶଷ + ܽଷܾଷଷܾଷଵ + ܽଷܾଷଷܾଷଶ + ܽଷܾଷଷଶ )] 

݂ ௬݂ ௫݂௬ = ହ௛య

ସ!
݂ ௬݂ ௫݂௬                                                                                                                       (28) 

 
ℎଷ

2 [ܿଵ(ܾଵଵଷ + 2ܾଵଵଶ ଵܾଶ + 2ܾଵଵଶ ଵܾଷ + ܾଵଵ ଵܾଶ
ଶ + 2ܾଵଵܾଵଷ ଵܾଶ + ܾଵଵ ଵܾଷ

ଶ + ܾଵଶ ଵܾଶ
ଶ + 

2ܾଵଶܾଶଵܾଶଶ + 2ܾଵଶܾଶଵܾଶଷ + ܾଵଶܾଶଶଶ + 2ܾଵଶܾଶଶܾଶଷ + ܾଵଶܾଶଷଶ + ܾଵଷܾଷଵଶ + 2ܾଵଷܾଷଵܾଷଶ + 
2ܾଵଷܾଷଵܾଷଷ + ܾଵଷܾଷଶଶ + 2ܾଵଷܾଷଶܾଷଷ + ܾଵଷܾଷଷଶ + 2ܾଵଵଷ + 2ܾଵଵଶ ଵܾଶ + 2ܾଵଵଶ ଵܾଷ + 

2ܾଵଵܾଵଶܾଶଵ + 2ܾଵଵ ଵܾଶܾଶଶ + 2ܾଵଵ ଵܾଶܾଶଷ + 2ܾଵଵଶ ܾଵଶ + 2ܾଵଵ ଵܾଶ
ଶ + 2ܾଵଵ ଵܾଶܾଵଷ + 

2ܾଵଵ ଵܾଷܾଷଵ + 2ܾଵଵ ଵܾଷܾଷଶ + 2ܾଵଵ ଵܾଷܾଷଷ + 2ܾଵଵଶ ଵܾଷ + 2ܾଵଵ ଵܾଶ ଵܾଷ + 2ܾଵଵ ଵܾଷ
ଶ + 2ܾଵଶଶ ܾଶଵ + 
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2ܾଵଶଶ ܾଶଷ + 2ܾଵଶଶ ܾଶଷ + 2ܾଵଶ ଵܾଷܾଷଵ + 2ܾଵଶ ଵܾଷܾଷଶ + 2ܾଵଶ ଵܾଷܾଷଷ + 2ܾଵଶܾଵଷܾଶଵ 
+2ܾଵଶ ଵܾଷܾଶଶ + 2ܾଵଶ ଵܾଷܾଶଷ + 2ܾଵଷଶ ܾଷଵ + 2ܾଵଷଶ ܾଷଶ + 2ܾଵଷଶ ܾଷଷ) + ܿଶ(ܾଶଵ ଵܾଵ

ଶ + 2ܾଶଵ ଵܾଵܾଵଶ 
+2ܾଶଵ ଵܾଵܾଵଷ + ܾଶଵܾଵଶଶ + 2ܾଶଵܾଵଶ ଵܾଷ + ܾଶଵ ଵܾଷ

ଶ + ܾଶଶܾଶଵଶ + 2ܾଶଶଶ ܾଶଵ + 2ܾଶଶܾଶଵܾଶଷ 
+ܾଶଶଷ + 2ܾଶଶଶ ܾଶଷ + ܾଶଶܾଶଷଶ + ܾଶଷܾଷଵଶ + 2ܾଶଷܾଷଵܾଷଶ + 2ܾଶଷܾଷଵܾଷଷ + ܾଶଷܾଷଶଶ + 

2ܾଶଷܾଷଶܾଷଷ + ܾଶଷܾଷଷଶ + 2ܾଶଵଶ ଵܾଵ + 2ܾଶଶଶ ଵܾଶ + 2ܾଶଵଶ ଵܾଷ + 2ܾଶଵଶ ܾଶଶ + 2ܾଶଵܾଶଶଶ + 
2ܾଶଵܾଶଶܾଶଷ + 2ܾଶଵܾଶଶܾଵଵ + 2ܾଶଵܾଶଶ ଵܾଶ + 2ܾଶଵܾଶଶ ଵܾଷ + 2ܾଶଵܾଶଷܾଷଵ + 
2ܾଶଵܾଶଷܾଷଶ + 2ܾଶଵܾଶଷܾଷଷ + 2ܾଶଵܾଶଷ ଵܾଵ + 2ܾଶଵܾଶଷ ଵܾଶ + 2ܾଶଵܾଶଷܾଵଷ + 

2ܾଶଶଶ ܾଶଵ + 2ܾଶଶଷ + 2ܾଶଶଶ ܾଶଷ + 2ܾଶଶܾଶଷܾଷଵ + 2ܾଶଶܾଶଷܾଷଶ + 2ܾଶଶܾଶଷܾଷଷ + 
2ܾଶଶܾଶଷܾଶଵ + 2ܾଶଶଶ ܾଶଷ + 2ܾଶଶܾଶଷଶ + 2ܾଶଷଶ ܾଷଵ + 2ܾଶଷଶ ܾଷଶ + 2ܾଶଷଶ ܾଷଷ) + 

ܿଷ(ܾଷଵ ଵܾଵ
ଶ + 2ܾଷଵ ଵܾଵ ଵܾଶ + 2ܾଷଵ ଵܾଵ ଵܾଷ + ܾଷଵܾଶଵଶ + 2ܾଷଵ ଵܾଶ ଵܾଷ + ܾଷଵ ଵܾଷ

ଶ + 
ܾଷଶܾଶଵଶ + 2ܾଷଶܾଶଵܾଶଶ + 2ܾଷଶܾଶଵܾଶଷ + ܾଶଵܾଶଶଶ + 2ܾଷଶܾଶଶܾଶଷ + ܾଷଶܾଶଷଶ + 
ܾଷଷܾଷଵଶ + 2ܾଷଷܾଷଵܾଷଶ + 2ܾଷଷଶ ܾଷଵ + ܾଷଷܾଷଶଶ + 2ܾଷଷଶ ܾଷଶ + ܾଷଷଷ + 2ܾଷଵଶ ଵܾଵ + 

2ܾଷଵଶ ଵܾଶ + 2ܾଷଵଶ ଵܾଷ + 2ܾଷଵܾଷଶܾଶଵ + 2ܾଷଵܾଷଶܾଶଶ + 2ܾଷଵܾଷଶܾଶଷ + 2ܾଷଵܾଷଶ ଵܾଵ + 
2ܾଷଵܾଷଶ ଵܾଶ + 2ܾଷଵܾଷଶ ଵܾଷ + 2ܾଷଵଶ ܾଷଷ + 2ܾଷଵܾଷଷܾଷଶ + 2ܾଷଵܾଷଷଶ + 2ܾଷଵܾଷଷ ଵܾଵ + 

2ܾଷଵܾଷଷ ଵܾଶ + 2ܾଷଵܾଷଶ ଵܾଷ + 2ܾଷଶଶ ܾଶଵ + 2ܾଷଶଶ ܾଶଶ + 2ܾଷଶଶ ܾଶଶ + 2ܾଷଶܾଷଷܾଷଵ + 
2ܾଷଶଶ ܾଷଷ + 2ܾଷଶܾଷଷଶ + 2ܾଷଶܾଷଷଶ + 2ܾଷଶܾଷଷܾଶଵ + 2ܾଷଶܾଷଷܾଶଶ + 2ܾଷଶܾଷଷܾଶଷ + 

2ܾଷଷଶ ܾଷଵ + 2ܾଷଷଶ ܾଷଶ + 2ܾଷଷଷ )݂ଶ ௬݂ ௬݂௬ = ସ௛య

ସ!
݂ଶ ௬݂ ௬݂௬                                                                  (29) 

 
ℎଷ[ܿଵ(ܽଵଶ ଵܾଵ + ܽଵܽଶܾଵଶ + ܽଵܽଷܾଵଷ) + ܿଶ(ܽଵܽଶܾଶଵ + ܽଶଶܾଶଶ + ܽଶܽଷܾଶଷ) + 

ܿଷ(ܽଵܽଷܾଷଵ + ܽଶܽଷܾଷଶ + ܽଷଶܾଷଷ)] ௫݂ ௫݂௬ = ଷ௛య

ସ! ௫݂ ௫݂௬                                                                  (30) 
ℎଷ[ܿଵ(ܽଵ ଵܾଵ

ଶ + ܽଶܾଵଵ ଵܾଶ + ܽଵܾଵଵ ଵܾଶ + ܽଷܾଵଵ ଵܾଷ + ܽଵܾଵଵ ଵܾଷ + ܽଶܾଵଶଶ + 
ܽଷܾଵଶ ଵܾଷ + +ܽଶܾଵଶ ଵܾଷ + ܽଷܾଵଷଶ ) + ܿଶ(ܽଵܾଶଵଶ + ܽଶܾଶଵܾଶଶ + ܽଵܾଶଵܾଶଶ + 

ܽଷܾଶଵܾଶଷ + ܽଵܾଶଵܾଶଷ + ܽଶܾଶଶଶ + ܽଷܾଶଶܾଶଷ + +ܽଶܾଶଶܾଶଷ + ܽଷܾଶଷଶ ) + ܿଷ(ܽଵܾଷଵଶ + 
ܽଶܾଷଵܾଷଶ + ܽଵܾଷଵܾଷଶ + ܽଷܾଷଵܾଷଷ + ܽଵܾଷଵܾଷଷ + ܽଶܾଷଶଶ + +ܽଷܾଷଶܾଷଷ + +ܽଶܾଷଶܾଷଷ 

+ܽଷܾଷଷଶ )݂ ௫݂ ௬݂௬ = ଷ௛య

ସ!
݂ ௫݂ ௬݂௬                                                                                                        (31) 

 
ℎଷ

2
[ܿଵܽଵଶ(ܾଵଵ + ܾଵଶ + ܾଵଷ) + ܿଶܽଶଶ(ܾଶଵ + ܾଶଶ + ܾଶଷ) + ܿଷܽଷଶ(ܾଷଵ + ܾଷଶ + ܾଷଷ)] 

݂ ௫݂௫௬ = ଷ௛య

ସ!
݂ ௫݂௫௬                                                                                                                            (32) 

ℎଷ

2
[ܿଵܽଵ(ܾଵଵ + ܾଵଶ + ܾଵଷ)ଶ + ܿଶܽଶ(ܾଶଵ + ܾଶଶ + ܾଶଷ)ଶ + ܿଷܽଷ(ܾଷଵ + ܾଷଶ + ܾଷଷ)ଶ] 

݂ଶ ௫݂௬௬ =  ଷ௛
య

ସ!
݂ଶ ௫݂௬௬                                                                                                                      (33) 

ℎଷ

6
[ܿଵ(ܾଵଵ + ܾଵଶ + ܾଵଷ)ଷ + ܿଶ(ܾଶଵ + ܾଶଶ + ܾଶଷ)ଷ + ܿଷ(ܾଷଵ + ܾଷଶ + ܾଷଷ)ଷ] 

݂ଷ ௬݂௬௬ =  ௛
య

ସ!
݂ଷ ௬݂௬௬                                                                                                                         (34) 

ଵܽ :݁ݐ݋ܰ = ܾଵଵ + ܾଵଶ + ܾଵଷ,    ܽଶ = ܾଶଵ + ܾଶଶ + ܾଶଷ,     ܽଷ = ܾଷଵ + ܾଷଶ + ܾଷଷ, 
Separating the ݂(ݕ) ݂ݏ݁ݒ݅ݐܽݒ݅ݎ݁݀ ݈ܽ݊݋݅ݐܿ݊ݑ and their individual equations from the ݂(ݕ,ݔ) ݂ݏ݁ݒ݅ݐܽݒ݅ݎ݁݀ ݈ܽ݊݋݅ݐܿ݊ݑ, we have 
tables 1 and 2 below: 
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Equations Derivatives 
ܿଵ + ܿଶ + ܿଷ = 1 ݂ 

ܿଵܽଵ + ܿଶܽଶ + ܿଷܽଷ =
1
2 ݂ ௬݂ 

ܿଵܽଵଶ + ܿଶܽଶଶ + ܿଷܽଷଶ =
1
3 ݂ଶ ௬݂௬ 

ܿଵܽଵଷ + ܿଶܽଶଷ + ܿଷܽଷଷ =
1
4 ݂ଷ ௬݂௬௬  

ܿଵ(ܾଵଵܽଵ + ܾଵଶܽଶ + ܾଵଷܽଷ) + ܿଶ(ܾଶଵܽଵ + ܾଶଶܽଶ + ܾଶଷܽଷ) + ܿଷ(ܾଷଵܽଵ + ܾଷଶܽଶ + ܾଷଷܽଷ) =
1
6 ݂ ௬݂

ଶ 

ܿଵ(ܾଵଵܽଵଶ + ܾଵଶܽଵܽଶ + ܾଵଷܽଵܽଷ) + ܿଶ(ܾଶଵܽଵܽଶ + ܾଶଶܽଶଶ + ܾଶଷܽଶܽଷ) + 

ܿଷ(ܾଷଵܽଵܽଷ + ܾଷଶܽଶܽଷ + ܾଷଷܽଷଶ) =
1
8 

݂ଶ ௬݂ ௬݂௬ 

ܿଵ(ܾଵଵܽଵଶ + ܾଵଶܽଶଶ + ܾଵଷܽଷଶ) + ܿଶ(ܾଶଵܽଵଶ + ܾଶଶܽଶଶ + ܾଶଷܽଷଶ) + ܿଷ(ܾଷଵܽଵଶ + ܾଷଶܽଶଶ + ܾଷଷܽଷଶ) =
1

12 ݂ଶ ௬݂ ௬݂௬ 

ܿଵ[ܽଵ(ܾଵଵଶ + ܾଵଶܾଶଵ + ܾଵଷܾଷଵ) + ܽଶ(ܾଵଵ ଵܾଶ + ܾଵଶܾଶଶ + ܾଵଷܾଷଶ) + ܽଷ(ܾଵଵ ଵܾଷ + ܾଵଶܾଶଷ + ܾଵଷܾଷଷ)]
+ ܿଶ[ܽଵ(ܾଵଵܾଶଵ + ܾଶଵܾଶଶ + ܾଶଷܾଷଵ) + ܽଶ(ܾଵଶܾଶଵ + ܾଶଶଶ + ܾଶଷܾଷଶ)
+ ܽଷ(ܾଶଵ ଵܾଷ + ܾଶଶܾଶଷ + ܾଶଷܾଷଷ)] + ܿଷ[ܽଵ(ܾଵଵܾଷଵ + ܾଶଵܾଷଶ + ܾଷଵܾଷଷ)

+ ܽଶ(ܾଵଶܾଷଵ + ܾଶଶܾଷଶ + ܾଷଶܾଷଷ) + ܽଷ(ܾଵଷܾଷଵ + ܾଶଷܾଷଶ + ܾଷଷଶ )] =  
1

24 

݂ ௬݂
ଷ 

Table 1:ܶℎ݁ ݁ݐ ݉݋ݎ݂ ݏ݊݋݅ݐܽݑݍℎ݁ ݂(ݕ) ݂݁ݎܽ ݕ݈݊݋ ݏ݁ݒ݅ݐܽݒ݅ݎ݁݀ ݈ܽ݊݋݅ݐܿ݊ݑ: 
 

Equations Derivatives 
ܿଵ + ܿଶ + ܿଷ = 1 ݂ 

ܿଵܽଵ + ܿଶܽଶ + ܿଷܽଷ =
1
2 ௫݂ 

ܿଵܽଵଶ + ܿଶܽଶଶ + ܿଷܽଷଶ =
1
3 ௫݂௫ 

ܿଵܽଵଷ + ܿଶܽଶଷ + ܿଷܽଷଷ =
1
3 ݂ ௫݂௬ 

ܿଵܽଵଷ + ܿଶܽଶଷ + ܿଷܽଷଷ =
1
4 ௫݂௫௫ 

ܿଵܽଵଷ + ܿଶܽଶଷ + ܿଷܽଷଷ =  
1
4 ݂ ௫݂௫௬ 

ܿଵܽଵଷ + ܿଶܽଶଷ + ܿଷܽଷଷ =  
1
4 ݂ଶ ௫݂௬௬ 

ܿଵ(ܾଵଵܽଵ + ܾଵଶܽଶ + ܾଵଷܽଷ) + ܿଶ(ܾଶଵܽଵ + ܾଶଶܽଶ + ܾଶଷܽଷ) + ܿଷ(ܾଷଵܽଵ + ܾଷଶܽଶ + ܾଷଷܽଷ) =
1
6       ௫݂ ௬݂ 

ܿଵ(ܾଵଵܽଵଶ + ܾଵଶܽଵܽଶ + ܾଵଷܽଵܽଷ) + ܿଶ(ܾଶଵܽଵܽଶ + ܾଶଶܽଶଶ + ܾଶଷܽଶܽଷ) + ܿଷ(ܾଷଵܽଵܽଷ + ܾଷଶܽଶܽଷ + ܾଷଷܽଷଶ) =
1
8 ݂ ௬݂ ௫݂௬ 

ܿଵ(ܾଵଵܽଵଶ + ܾଵଶܽଵܽଶ + ܾଵଷܽଵܽଷ) + ܿଶ(ܾଶଵܽଵܽଶ + ܾଶଶܽଶଶ + ܾଶଷܽଶܽଷ) + ܿଷ(ܾଷଵܽଵܽଷ + ܾଷଶܽଶܽଷ + ܾଷଷܽଷଶ) =
1
8 ௫݂ ௫݂௬ 

ܿଵ(ܾଵଵܽଵଶ + ܾଵଶܽଵܽଶ + ܾଵଷܽଵܽଷ) + ܿଶ(ܾଶଵܽଵܽଶ + ܾଶଶܽଶଶ + ܾଶଷܽଶܽଷ) + ܿଷ(ܾଷଵܽଵܽଷ + ܾଷଶܽଶܽଷ + ܾଷଷܽଷଶ) =
1
8 ݂ ௫݂ ௬݂௬ 

ܿଵ(ܾଵଵܽଵଶ + ܾଵଶܽଶଶ + ܾଵଷܽଷଶ) + ܿଶ(ܾଶଵܽଵଶ + ܾଶଶܽଶଶ + ܾଶଷܽଷଶ) + ܿଷ(ܾଷଵܽଵଶ + ܾଷଶܽଶଶ + ܾଷଷܽଷଶ) =
1

12 ݂ ௬݂ ௫݂௬ 

ܿଵ(ܾଵଵܽଵଶ + ܾଵଶܽଶଶ + ܾଵଷܽଷଶ) + ܿଶ(ܾଶଵܽଵଶ + ܾଶଶܽଶଶ + ܾଶଷܽଷଶ) + ܿଷ(ܾଷଵܽଵଶ + ܾଷଶܽଶଶ + ܾଷଷܽଷଶ) =
1

12 ௫݂௫ ௬݂ 

ܿଵ[ܽଵ(ܾଵଵଶ + ܾଵଶܾଶଵ + ܾଵଷܾଷଵ) + ܽଶ(ܾଵଵܾଵଶ + ܾଵଶܾଶଶ + ܾଵଷܾଷଶ) + ܽଷ(ܾଵଵ ଵܾଷ + ܾଵଶܾଶଷ + ܾଵଷܾଷଷ)]
+ ܿଶ[ܽଵ(ܾଵଵܾଶଵ + ܾଶଵܾଶଶ + ܾଶଷܾଷଵ) + ܽଶ(ܾଵଶܾଶଵ + ܾଶଶଶ + ܾଶଷܾଷଶ)
+ ܽଷ(ܾଶଵ ଵܾଷ + ܾଶଶܾଶଷ + ܾଶଷܾଷଷ)] + ܿଷ[ܽଵ( ଵܾଵܾଷଵ + ܾଶଵܾଷଶ + ܾଷଵܾଷଷ)

+ ܽଶ(ܾଵଶܾଷଵ + ܾଶଶܾଷଶ + ܾଷଶܾଷଷ) + ܽଷ(ܾଵଷܾଷଵ + ܾଶଷܾଷଶ + ܾଷଷଶ )] =  
1

24 

௫݂ ௬݂
ଶ 

 
Table 2: ܶℎ݁ ݁ݐ ݉݋ݎ݂ ݏ݊݋݅ݐܽݑݍℎ݁ ݂( ݔ,  :݁ݎܽ ݕ݈݊݋ ݏ݁ݒ݅ݐܽݒ݅ݎ݁݀ ݈ܽ݊݋݅ݐܿ݊ݑ݂(ݕ
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  ݀݊ܽ ݁݉ܽݏ ℎ݁ݐ ݁ݎܽ ݏ݊݋݅ݐܽݑݍ݁ ݂݋ ݏݐ݁ݏ ݋ݓݐ ℎ݁ݐ ݐℎܽݐ ݁݁ݏ ݊ܽܿ ݁ݓ,2 ݀݊ܽ 1 ݏ݈ܾ݁ܽݐ ݉݋ݎܨ

 Therefore, we can solve as follows:  from the first equation in .(8)ݐℎ݃݅݁ ݁ݎܽ
table1,  ݐ݁ݏ  ܿଵ =  ଵ

ସ
,    ܿଶ =  ଵ

ଶ
 , ܿଷ

ଵ
ସ

,݀݊݋ܿ݁ݏ ℎ݁ݐ   ,  :݁݉݋ܾܿ݁ ݏ݊݋݅ݐܽݑݍ݁ ℎݐݔ݅ݏ ݀݊ܽ ݀ݎℎ݅ݐ
                                                                  ܽଵ + 2ܽଶ + ܽଷ = 2       (35) 
ܽଵଶ + 2ܽଶଶ + ܽଷଶ =  ସ

ଷ
           (36) 

ܽଵଷ + 2ܽଶଷ + ܽଷଷ =   1                                                               (37) 
Also, setܽଶ = ଵ

ଶ
,(35) ݉݋ݎ݂ , ܽଵ = 1− ܽଷ,  :݁݉݋ܾܿ݁(37)&(36)

(1 − ܽଷ)ଶ + ܽଷଶ =  ହ
଺

 →  12ܽଷଶ −  12ܽଷ + 1 = 0        (38) 

(1 − ܽଷ)ଷ + ܽଷଷ =  ଷ
ସ

 →  12ܽଷଶ −  12ܽଷ + 1 = 0        (39) 
 

 :݁ݒℎܽ ݁ݓ, (39) ݎ݋(38) ݂݋ ݕ݊ܽ ݃݊݅ݒ݈݋ܵ

ܽଷ =  ଵ
ଶ

+ √଺
଺

ଵ ݎ݋ 
ଶ
− √଺

଺
           (40) 

ଵܽ ݐݑܤ =  1− ܽଷ 

∴  ܽଵ =  ଵ
ଶ
− √଺

଺
 ,ܽଶ =  ଵ

ଶ
, ܽଷ =  ଵ

ଶ
+ √଺

଺
         (41) 

Or 

ܽଵ =  ଵ
ଶ

+ √଺
଺

 , ܽଶ =  ଵ
ଶ

,ܽଷ =  ଵ
ଶ
− √଺

଺
,   ܿଵ =  ଵ

ସ
, ܿଶ =  ଵ

ଶ
, ܿଷ =  ଵ

ସ
,        (42) 

 
Putting (42) into the fourth, fifth, seventh and eighth equations in table1, we have: 

ܾଵଵ = ଵ
଼

,ܾଵଶ = ଺ି√଺
ଶସ

,ܾଵଷ=ଵି√଺
଼

,ܾଶଵ=଺ା√଺
ସ଼

,ܾଶଶ = ଵ
ସ
, 

ܾଶଷ=଺ି√଺
ସ଼

,ܾଷଵ=ଵା√଺
଼

,ܾଷଶ=଺ା√଺
ଶସ

,ܾଷଷ = ଵ
଼
         (43) 

 
ܶℎ݁ 3݀ݎ − ℎݐ4 ݁݃ܽݐݏ − ݁݃݊ݑܴ ݐ݈݅ܿ݅݌݉݅ ݎ݁݀ݎ݋ −  :ݏ݅ ݀݋ℎݐ݁݉ ܽݐݐݑ݇

௡ାଵݕ − ௡ݕ = ℎ(ܿଵ݇ଵ + ܿଶ݇ଶ + ܿଷ݇ଷ) 
݇ଵ = ௡ݔ)݂ + ℎܽଵ, ௡ݕ + ℎ(ܾଵଵ݇ଵ + ܾଵଶ݇ଶ + ܾଵଷ݇ଷ))  
݇ଶ = ௡ݔ)݂ + ℎܽଶ,ݕ௡ + ℎ(ܾଶଵ݇ଵ + ܾଶଶ݇ଶ + ܾଶଷ݇ଷ)) 

݇ଷ = ௡ݔ)݂ + ℎܽଷ,ݕ௡ + ℎ(ܾଷଵ݇ଵ + ܾଷଶ݇ଶ + ܾଷଷ݇ଷ))        (44) 
 
 
Putting (42) and (43) into (44), we have the formula below: 

௡ାଵݕ − ௡ݕ =  
ℎ
4

(݇ଵ + 2݇ଶ + ݇ଷ) 

݇ଵ = ݂ ቌݔ௡ + ℎ ቆ
3−√6

6
ቇ , ௡ݕ + ℎ ቆ

݇ଵ
8 + ቆ

6− √6
24

ቇ݇ଶ + ቆ
1− √6

8
ቇ݇ଷቇቍ 

݇ଶ = ݂൮ݔ௡ +
ℎ
2  , ௡ݕ + ℎቌቆ

6 + √6
48

ቇ݇ଵ +
݇ଶ
4 + ቆ

6−√6
48

ቇ݇ଷቍ൲ 

݇ଷ = ݂ ൭ݔ௡ + ℎ ቀଷା√଺
଺
ቁ ௡ݕ, + ℎቆቀଵା√଺

଼
ቁ݇ଵ + ቀ଺ା√଺

ଶସ
ቁ݇ଶ + ௞య

଼
ቇ൱      (45) 

 
3.1. Properties for stability Analysis for Implicit Runge-Kutta Method 
According to Butcher (1975, 2010), an implicit Runge-Kutta method is A – Stable and  
B -Stable if the following conditions are satisfied by that method: 

(i) B is a non – singular matrix, 
(ii) ܿଵ, ܿଶ, . . .ܿ௦ are non – negative, 
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(iii) ܽଵ,ܽଶ,  .  .  .ܽହ are distinct, 
(iv) 0 ≤ ∑ ܿ௜ܾ௜௝

(ିଵ) ≤ 2௦
௜,௝ୀଵ , 

(v) The order is at least 2s – 2, 

(vi) ∑ ܾ௜௝ ௝ܽ
௠ିଵ௦

௝ୀଵ =
௔ೕ
೘

௠
, ݉ ݎ݋݂ = 1, 2, .  .  . , ݏ − 1, ݅ = 1, 2,.  .  . ,   ,ݏ

(vii) ∑ ܿ௜ ௝ܽ
௟ିଵ௦

௝ୀଵ ܾ௜௝ =
௖ೕቀଵି௔ೕ

೗ቁ

௟
, ݈ ݎ݋݂ = 1,2, .  .  . , ݏ − 1, ݆ = 1, 2, .  .  . ,  ݏ

 
3.2. Test for Stability of Our Method 
The Butcher’s tableau for our method is: 

 
From our third – stage fourth – order method above, s = 3, ݅ = 1,2,3. 

ܽଵ =  ଷି√଺
଺

, ܽଶ =  ଵ
ଶ

,   ܽଷ =    ଷା√଺
଺

  Which are distinct and satisfies condition (iii). 

Also ܿଵ =  ଵ
ସ

, ܿଶ =  ଵ
ଶ

,      ܿଷ =  ଵ
ସ
which are non – negative and satisfies condition (ii). 

From our formula 

 

 

0.125  0.1479379  - 0.1811862 

B = 0.176031   0.25   0.073969 

0.4311862 0.3520621  0.125 

  

1
8 
 

6 + √6
48  

 

1 + √6
8  
 

6 − √6
24  

 

1
4 

6 + √6
24  
 

1 − √6
8  
 

6 − √6
48  
 

1
8 

3 − √6
6  

3 + √6
6  
 

1
8 

6 + √6
48  

 

1 + √6
8  
 

6 − √6
24  

1
4 
 

6 + √6
24  

 

1 − √6
8  
 

6 − √6
48  

1
8 

1
4 

1
2 
 

1
4 

1
2 

B = 
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Det(B) = 0.010416667, this shows that B is a non – singular matrix and satisfies condition (i). 
 

0.499998555  -7.898978661  5.398979126 
B-1 = 0.94949151  8.99999853  -3.949489061 

-4.39897962  1.898977681  0.5000000955 
 

Also, the order is at least 2s – 2 which is of order four, which also satisfies condition (v). 

Hence, from condition (iv), ∑ ܿ௜ܾ௜௝ =௦
௜,௝ୀଵ 1.9999997 which is ≤ 2. 

From condition (vi), m = 1, 2,   ݅ = 1, 2, 3 

ܾଵଵܽଵ଴ + ܾଵଶܽଶ଴ + ܾଵଷܽଷ଴ =  ܽଵ = 0.0917518 

ܾଶଵܽଵ଴ + ܾଶଶܽଶ଴ + ܾଶଷܽଷ଴ =  ܽଶ = 0.5 

ܾଷଵܽଵ଴ + ܾଷଶܽଶ଴ + ܾଷଷܽଷ଴ =  ܽଷ = 0.9082483 

From condition (vii) 

ܿଵܽଵ଴ܾଵଵ + ܿଶܽଶ଴ܾଶଵ + ܿଷܽଷ଴ܾଷଵ = ܿଵ(1 −  ܽଵ) =  0.2270621 

ܿଵܽଵ଴ܾଵଶ + ܿଶܽଶ଴ܾଶଶ + ܿଷܽଷ଴ܾଷଶ = ܿଶ(1−  ܽଶ) = 0.25 

ܿଵܽଵ଴ ଵܾଷ + ܿଶܽଶ଴ܾଶଷ + ܿଷܽଷ଴ܾଷଷ = ܿଷ(1−  ܽଷ) = 0.0229379 

Hence, from the above explanation, it shows that our implicit formula satisfies the seven (7) conditions above, we can say with proof 
that our implicit method is A – stable and B – stable.  
It is also seen that the condition for consistency is also satisfied by our implicit method. Thus, since∑ ܿ௜ =  ଵ

ସ
+ଷ

௜ୀ 
ଵ
ଶ

+ ଵ
ସ

= 1, hence our 
method is consistent. 
 
4. Implementation of the Formula 

The formula is implemented on the initial – value problems below with the aid of MAPLE software: 
(i) ݕᇱ = ݕ − (0)ݕ,ଶݕ = 0.5, y(ݔ௡) = ଵ

ଵା௘షೣ
 , ℎ = 0.1 

(ii) ݕᇱ  =  − y,    y(0) =  1, y(ݔ௡) = ଵ
௘ೣ೙

, ℎ = 0.1 

(iii) ݕᇱ  =  y,    y(0) =  1, y(ݔ௡) = ݁௫௡ ,ℎ = 0.1  
(iv) ݕᇱ  = yଶ,    y(0) =  1, y(ݔ௡) = ଵ

ଵି௫೙
, ℎ = 0.1 
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5. Results  
Below are Tables of Results for the above Initial-Value Problems: 
 

 
PROBLEM 1 

XN             YN                  TSOL              ERROR 

.1D+00  0.524979189421473267360.52497918747893998609  

.2D+00  0.549834001131357546860.54983399731247790855  

.3D+00  0.574442522378964290630.57444251681165898714  

.4D+00  0.598687667246962362760.59868766011245200038  

.5D+00  0.622459339680590320360.62245933528481665970  
 

 
PROBLEM 2 

 XN             YN                       TSOL                ERROR 

.1D+00  0.904837414891824659820.90483741803595957316  

.2D+00  0.818730747388120034660.81873075307798185867  

.3D+00  0.740818212959118056760.74081822068171786607  

.4D+00  0.670320036718709620960.67032004603563930074  

.5D+00  0.606530649174750197560.60653065971263342360  
 
 

PROBLEM 3 
XN             YN                        TSOL                ERROR 

.1D+00  1.105170921915902693401.10517091807564762480  

.2D+00  1.221402766648446288201.22140275816016983390  

.3D+00  1.349858821647497551201.34985880757600310400  

.4D+00  1.491824718376478936401.49182469764127031780  

.5D+00 1.648721299345065128401.64872127070012814680  
 

PROBLEM 4 
XN             YN                        TSOL                ERROR 

.1D+00  1.111111745625066293501.11111111111111111110000  

.2D+00  1.250002057572373865401.25000000000000000000  

.3D+00  1.428576823851850499201.42857142857142857140  

.4D+00  1.666680559781747440901.66666666666666666670  

.5D+00 2.000038479670478529702.00000000000000000000  
 

Table 3 
 

6. Conclusion 
After our implementation, it shows from the tables of numerical results that the methodis highly efficient. It also revealed the fact that 
implicit formulas are always more efficient when properly derived. The f(x,y) functional derivatives and f(y) functional derivatives are 
also seen to have generated the same set of equations. This means that to avoid stress, either the f(y) or f(x,y) functional derivatives 
can be considered separately and still get a highly efficient formula. Since ∑ ܿ௜ଷ

௜ୀଵ = 1 , this shows that this formula is consistent. 
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