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Abstract:

The essence of this work is to transform, derive and implement a fully implicit fourth-order Runge-Kutta method of the third-
stage that is highly efficient with a view of adopting a new approach. This new approach is done by separating the f(y) functional
derivatives and their derived equations from the f(x,y) functional derivatives and their derived equations. Efforts will be made to
vary the parameters with the aim of getting a fully implicit fourth order formula that can improve results when implemented on
ordinary differential equations (ODEs). Efforts will also be made to compare both functional derivatives and their derived
equations to see how related they are.
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1. Introduction
Implicit Runge-Kutta methods are more stable and hence, very effective for solving ordinary differential equations (ODEs).Implicit
Runge-Kutta methods were earlier developed by Kuntzmann (Butcher, 1964,1988) etc. Early work in this area also include that of
(Butcher and Jackiewicz, 1997), (YYakubu, 2010) did a recent work which gave good results. A more recent work is found in (Agam,
Yahaya, 2014). The works of (Agbeboh, Esekhaigbe, 2015), (Agbeboh, 2013) revealed that a Runge-Kutta method can be transformed
to enhance higher accuracy. The transformation done in this work came as a motivation from their work. There are at least four basic
reasons for taking a serious interest in implicit Runge-Kutta methods. The reasons are:
a. Higher orders of accuracy can be obtained than for explicit methods.
b. For linear systems of differential equations, implicit methods can be implemented explicitly.
c. For stiff problems, explicit methods are never satisfactory, whereas, some implicit methods are.
d. The structure of certain high-order explicit methods can be derived directly from some related implicit methods.
Conclusively, the implicit Runge-Kutta formulas are highly more efficient and dependable than the explicit formulas because they
have the potentials to improve weak stability characteristics.

2. Methods of Derivation
i. From the general R — Stage Implicit Runge — Kutta Method, getK,.,r = 1,2,3..... R, Obtain the Taylor series expansion of the

K, r=123....R,

ii. Since k,,k, and k5 are implicit, we cannot proceed by successive substitution
as in the case of explicit.we assume that the solutions for k,, k,, ks may
be expressed in the form: K, = a, + hf, + h?0, + h3¢, + 0(h*),r =1,2,3
iii. Puting the k,, k, and k; from (ii) into k, expanded by Taylor's series above
from (i), equate coefficients in power of h to get ,.,3,,6,,and @,,, r = 1,23 ..... R.
iv. Also, Put the ky, k, and k; from (ii) into @(x,y, h) = Y.3_, ¢k, = ¢k, + ¢k, + c3kzand arrange in power of h.
v. Equate @(x,y, h)from (iv) above and compare with Taylor’s series of the form:
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h h? 5 5
BrCe,yh) = f+ (e 1)+ 57 (fx + 2f oy + fefy + F1 + f2fy) +

h3
Z (fxxx + 3ffxxy + 3f2fxyy + 3fxfxy + Sffyfxy + 3ffxfyy + fxxfy +
Af2fofyy + Lfy 15+ fyyy) -

vi. asaresult, a set of linear/ non-linear equations will be generated.
vii. Separate the f(y) functional derivatives and their equations from the f(x,y) functional derivatives and their equations, which
are the same eventually.
viii. Solve any of the two sets of equation to derive a new fourth-order third-stage fully implicit Runge-Kutta formula.

3. Derivation of the Fourth-Order Third-Stage Fully Implicit R-K Method
From Lambert (1977), the general R — Stage Implicit Runge — Kutta Method is

Vnt1— Yn = ho (xnvynvh)v
R

0@y.R) = ) CK,
r=1

R
Kr=f<x+har,y+h Zbrsks),r=1,2,3.....R

s=1
a, = YR . b, r=123....R, (1)
For a third — stage,R =3, K, becomes:
K, = f(x+ ha,,y + h (b ky + byyk; + by k) (2)

Expanding (2)with Taylor series about the point (x,y), we obtain:

- 1 d d
K = Z; (hay 3+ h (braks + bk + broks) 50)° £(.9)

K f +h [arfx + (brlkl + br2k2 + br2k2 + br3k3)fy] + _h2 [azfxx
2ar(br1k1 + br2k2 + br2k2 + br3k3)fxy + (brlkl + br2k2 + br2k2 + br3k3) fyy]
1
+ h3 [agfxxx +3a (brlkl + br2k2 + br2k2 + br3k3)fxxy +3a (brlkl + br2k2

bk, + br3k3)2fxyy + (brlkl + bk, + bk, + br3k3)3fyyy] +0(h?),r=123 (3)
Since k,, k, and k5 are implicit,we cannot proceed by successive substitution
as in the case of explicit.we assume that the solutions for k,, k,, ks may

be expressed in the form:

.= a, +hp,. +h%?0,+h3@, + 0(h*),r=123 4)

Puting the k,, k, and k5 into k,,we have:
Kr = f + harfx + hbrl(al + hﬁl + hzgl)fy + hbrz(a’z + hﬁz + hzgz)fy +
h2
hbr3 (a3 + hﬁ3 + h293)fy + Eagfxx + hzarbrl(a1+hﬁ1)fxy +
2

hzarbrz (0-’2 +hﬁ2)fxy + hzarbr3 (a3 +hﬁ3)fxy + %b31(a1 + Zhalﬁl)fyy +
h?br; br, (@, @, +ha, B, +hﬁ1a’2)fyy + h*arb,;(a,az+ha, B; +hﬁ1a’3)fyy +
h_2b22 (a3 +2ha2ﬁ2)fyy + h?brybrs(a,az+ha,fs +hﬁ2a3)fyy
2 3 3 3
o1 b23 (a3 +2ha3ﬁ3)fyy 31 agfxxx + E agbrlalfxxy + E agbrzazfxxy +
3 3
EaEbBanxxy + E arb?la%fxyy + hgarbrlbrzalazfxyy +
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h3
3 2 2 3
h arbrlbrSalanxyy + 21 arbrzazfxyy +h arbrzbrSaZanxyy +
3 3
2 2 3 3 2 2 2 2 2 2
21 arbyzazfryy + 3l (bryai +3b7 bpaia; + 3biibsatas + 3bybra a; +
2 2 3 3 2 2
6b,1 by b3y ayas + by brsayas + bryay + 3bnbsazasz +
2 2 3 3 4
3br2br3a2a3 + br3a3 )fyyy +0 (h ) (5)

Equating (4) with (5) in powers of h,we obtain:
@ =f

By = arfy + (bya; + bpya, + bsaz)f,

0 = (b1 1+ by + bysfa)fy, + %a?fxx + (a,bp1a1 + aybrpa; + arbrsas)fyy
+%(b,§1af + 2byy by 0y + 2bpy byayaz + bi,a3 + 2by,bsayas + b7%3a§)fyy
@, = (by1601 + b0, + b363)f, + (a, by By + @by fy + arby3fs)fey +
(b}1By + byybypay oy + brybra 1@y + byybysay s + brybyafras + by By +
byybrza; B3 + byybysfras + b,§3a’3ﬁ3)fyy + %agfxxx + %a,% (byiay + by, + bzas)

1
2 2 2 2 2 2
faxy Ear(br1a1 + 2bpy byt ay + 2byy brsay a + by az + 2by,bsayas + bizas)

fayy + %(b?laf +3b}brpaia, + 3b}brgafas + 3b, blaiaf +
6br1brpbyst azaz + 3bpibhaiaf + bha3 + 3blbsadas +
3brab%aza5 + bisa3)fy,, + 0 (h*), 1=1,2,3 (6)
Putting ther;, v = 1,2, 3 into a,, B, 0, and @,
o =fa=faz=f (7)

By = aify + (biy + bip + bi3)ff,
B2 = azfy + (b + by + by3)ff,
Bs = asfy + (b3 + by + b33)ff, (8)

1
0, = Ea%fxx + (by1ay + byra; + b31a1)fxfy + (bf; + by1byy + byybyz + byybyy +

bi;by3 + by3bsq + byzbs, + b13b33)ffy2 + (a;byq + a;byp + a1b13)ffxy
1
+§(b%1 + 2by1byy + 2by1 by + bi, + 2by,by5 + b%3)f2fyy

1
0, = Ea%fxx + (by1ay + byya, + b23a3)fxfy + (b11bz1 + biybyy + bysbyy +

by1byy + b3, + byybys + byzbsy + bysbs, + bz3b33)ffy2 + (azbyq + azby; +
1
a2b23)ffxy + > (b31 + 2by1byy + 2by1 by + b3, + 2byybys + b%3)f2fyy

1
0; = Eagfxx + (b31a, + byya, + b33a3)fxfy + (b31b1q + b31byy + b3y bys +

baabay + bspbyy + basboz + byzbsy + basbsy + b3)ffif + (asbsy + ashs, +

a3b33)ffxy +%(b%1 “+ 2b31 b3, + 2bgbyz + b3, + 2b3ybas + b§3)f2fyy C))

1 1
@, = gaifxxx + E(a%bn +a3by, + a§b13)fxxfy + (a,b?y + aybyq by, + azbyibys +
A1b1ybyq + Aybyboy + azbipbas + agbyizbsy + aybyzbs, + a3b13b33)fxfy2 +
(bi; + bf1byy + bf1byz + by1biybyy + bygbiybyy + byybiybys + byybisbsy
+by1b13b3y + by1bisbys + byybiybyy + bybyy + biybisbyy + biybizhyy + byyb3,
+bi;byyboz + biybysbsy + bigbysbsy + biybyzbys + byzbgibyy + byzbsi by, + bizhsy
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2 3
+b13b3;by1 + by3bsybyy + bisbsybys + bigbssbyy + bizbssbs, + b13b33)ffy +
2
a;1biy + aby1byy + aybyibiz + aybypbyy + aybipbayy + aybipbas + azbyisbsg
2
+asbi3bs; + azbizbss + agbiy + ajbygbyy +aybiibis + agbipbyy + agbip by, +

1
a1byyby3 + arby3bsy + aibyshbs, + a1b13b33)ffyfxy + 2 (b31 + 2bf; by, +

2b%1by3 + by bf, + 2by1bizbyy + by by + bipb3y + 2b1,by1 by + 2b1,by1by3
+by,b3; + 2b1;byyby5 + biybss + bizhy + 2by3bsybsy + 2by3b31bss + bysb3,
+2by3b3, b33 + bi3b3; + 2b3; + 2bf1 by + 2b71by3 + 2by1biybyy + 2by1byy by,
+2b11b1,by3 + 2b%1 b1y + 2by1bF, + 2by1 byybyg + 2b11by3byy + 2by1byzbs, +
2by1by3byz + 2bf1byg + 2by1byyby3 + 2by1bfs + 2bF,byy + 2bF, by, + 2bF,by5 +
2by3by13b3y + 2by3b13b3; + 2b1;b13bs3 + 2b13b13by1 + 2Dy3b13byy + 2b15by3by5
+2bf3b3q + 2bi3bs, + 2b%3b33)f2fyfyy + (afby; + ajazby, + a1a3b13)fxfxy +

(a;bf; + ayby1by5 + ayby1byy + azbyybys + agbyybyz + a,bf, + azhy bz +
1 1
aybyiyby3 + a3b%3)ffxfyy + Ea% (by1 + byp + b13)ffxxy + §a1(b%1 +

1
2by1byy + 2by bz + bi, + 2byy bz + b%3)f2fxyy + g(bfl + 3bf by, +
3bf1by3 + 3by1bf, + 6by1biybys + 3by1bf; + biy + 3biybys + 3bypbis + bis)f Py,

1
@, = gagfxxx + E(a%bm +a3b,, + a§b23)fxxfy + (a;b11b1; + azbyibyy + azby bys +

ayby1byy + ayb3, + azbyybys + a1by3bsy + aybyzbs, + a3b23b33)fxfy2 + (byq bfy +
by1b11b1y + by1by1big + b31byy + byybipbyy + byibiybyg + byyby3bsy + byybyshs,
+by1b13bs3 + byyby1byy + byybiphyy + byybizhyy + b3ybyy + b3, + b3obys +
byabazbzy + byybyzbsy + byybysbss + byzbsibyy + bysbsybyy + byzbzibyz +
by3b3abay + byzbsybyy + b3sbsy + byzbsgbsy + bysbyshs, + b23b§3)ff313 +
(@1b11byy + aibyibiy + aiby by + aybyybyy + ayb3, + aybybys + azbyshsy +
A3by3bs; + azbyzbss + aybyibyy + aybyi by + aybyybis + aybygbyy +

1
ayb3, + ayby;by3 + aybysbsy + aybysbs, + a2b23b33)ffyfxy + 2 (by1 b7, +

2by1by1byy + 2by1by1byg + byybfy + 2by1biybyg + by bis + byy b3y + 2b3, by +
2byyby1by3 + b3y + 2b5; bz + by b3 + bysb3y + 2by3b31 b3y + 2by3b31baz + by3bi,
+2b,3b3ybs3 + by3b3s + 2b31byy + 2b31byy + 2b31by3 + 2b3 by, + 2b31 by,
+2b;y1Dby3b,3 + 2by1 by byy + 2by 1 bygbyy + 2by1 byybis + 2by1bysbsy + 2by1 bysbs,
+2b,1b3b33 + 2b;1by3byy + 2Dy, by3biy + 2by1by3bys + 2b3, by + 2b3, +
2b3,by3 + 2byyby3b31 + 2by5by3bs, + 2bybyzbss + 2by;bysbyy + 2b5, by
+2b,,b33 + 2b33b31 + 2b33bs, + 2b%3b33)f2fyfyy + (aya,by, + aby, + ayazh,s)

fxfxy + (a1b3; + ayby1byy + aybyybyy + azbyy by + aybyibyz + ay b,
1 1
+azbyyb,s + aybynbys + a3b%3)ffxfyy + Ea%(bm + by, + b23)ffxxy + Eaz(b%l +

1
2by1byy + 2by1byz + b3, + 2by,bys + b%3)f2fxyy + g(b§1 + 3b3, by, +
3b31ba3 + 3by1 b3, + 6by1 byybys + 3by b3s + b3, + 3b3,bys + 3byy b3 + b33)f Py,

1 1
@5 = gagfxxx + E(a%bm +azbs, + a§b33)fxxfy + (a;b31byq + azbz by +

a3bs31b13 + a1bsgybyq + aybsybyy + a3bsy by + aiby by + aybssbs, + a3b§3)fxfyz +
(b31biy + b3iby by + b3ibyybys + byibiybyy + bsybiybyy + bsybyybys + b3 bys
+b31b13bsy + b31Di3bsg + byybi1byy + baybigbyy + byybysbyy + bapbizhy, +
b3;b3, + b3ybyybag + baybysbyy + b3ybys + bypbysbss + bysbgybyy + bysbyiby,
+b33b31byy + by3bsybyy + bygbsobys + bizhsy + bishs, + b§3)ffy3 + (ab31byy
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+a;b31b1; + a1b31 by + aybsybyy + aybsybyy + aybyybyg + agbysbyy +
2
a3bss3bsy + azbis + agbsybyy + azbs by, + agbs by + agbsybyy + azbsyby, +

A3bs;by3 + a3bysbsy + azbyzbs, + a3b§3)ffyfxy +%(b31b%1 + 2b31by1 by, +
2b31by1by3 + b31b3y + 2bsy byybys + by by + b3yb3y + 2bsyby1byy + 2bsy by byy +
b3;b3, + 2b3ybypbyg + b3ybis + byshy + 2bszby by, + 2b33bsy + byzh3, +
2b33bg; + b3 + 2b% byy + 2b31byy + 2b31by3 + 2bs b3y by + 2bsy bsy by, +
2b31b3;byy + 2b31b3y by + 2b31byybyg + 2b31 bys + 2bs  bsybgs + 2bg, bl
+2b31b33by1 + 2b31b33byy + 2b31byshyg + 2b3,byy + 2b3,byy + 2b3,by5 + 2bg5bs3bsy
+2b3,b33 + 2b3, b3z + 2b3yb33by1 + 2bsybaghyy + 2bgybsgbys + 2b33bsy +
2b33bs, + 2b§3)f2fyfyy + (a,a3b3; + ayazbs, + a§b33)fxfxy + (a,b3; + aybz, b3, +
@yb31bs; + azbzy bz + aybyibgs + azbsybys + a,bs, + aybsybss + a3b§3)ffxfyy

1 1
+§a§(b31 +bs, + b33)ffxxy + §a3(b§1 + 2b3, b3, + 2b31 bys + b3, + 2b3,bs3 + b33)

1
f*feyy + g (b31 + 3b31bs, + 3b3,bsz + 3313, + 631 bsybss + 3bay bis + bi, +

3b%,bs3 + 3b3bis + b33)f3 £y, (10)
From (4), we know that:

ky = a; + hfy + h?6, + K°0,

k, = a, + hp, + h?6, + h30,
ks = az + hf; + h?6, + h30@, (11)
Also from (1),0(x,y, h) = Y3_, ¢k, = ¢k, + ck, + c3ks (12)
Putting (11) into (12), we have:

B(x,y,h) = c;(ay + hf; + h?0, + h*°0,) + c;(a, + hfS, + h?*6, + h°B,) +

cs(az + hf; + h?6; + h*0;) (13)

Arranging (13) in power of h, we have:

B(x,y,h) = cya; + ca; + czaz + h(c, fy + ¢, + c383) + h*(c, 0, + ¢,0, + c363)
+h3(c,0, + 0, + c303) + O(h*) (14)
The necessary Taylor’s series expansion is:

h h? 5 5
BrCe,yh) = f+ (e 1)+ 57 (fx + 2f oy + fefy + f1 + f2fy) +

h3
Z (fxxx + 3ffxxy + 3f2fxyy + 3fxfxy + Sffyfxy + 3ffxfyy + fxxfy +

A fyfyy + LI+ I+ PP fyyy) (15)
Putting (7),(8),(9), and (10) into (14) and equating with (15), we have the equations below:

G+ +a)f=f (16)
h(cia; + ca, + c3a3)fy = %fx 17)
hley(byy + by + by3) + c5(bay + byy + by3) + c3(bgy + bsy + bas)If f, = %ffy (18)

n2
El

fax (19)

hZ
7(C1a% + ;05 + c305) for =

hlc;(b11a; + bypa; + bi3a3) + cy(byyay + byya, + byzaz) + c3(bsiay +

bsra, + bysa)lfef, = S 1of, (20)

hz [Cl(bfl + b11b12 + b11b13 + b12b21 + b12b22 + b12b23 + b13b31 + b13b32 + b13b33)
+62(b11b21 + b12b21 + b13b21 + b21b22 + b%Z + b22b23 + b23b31 + b23b32 + b23b33)
+63(b31b11 + b31b12 + b31b13 + b32b21 + b32b22 + b32b23 + b33b31 + b33b32 + ng)]

= "rp (21)
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h*[c;(a,byy + asbyy + ayby3) + cy(azhyy + azhy, + aybys) +

2h?
cs(azbsy + azbs, + a3b33)]ffxy = ?ffxy (22)
2
> [c;(bf) + 2by1byy + 2by1by3 + bT, + 2Dy, by3 + bP3) + cy(b31 + 2byy by +

21b23 + b%z + 2b22b23 + b%3) + CS(bC%l + 2b31b32 + 2b31b33 + b%z + 2b32b33 + b§3)
2
12 fyy = 5 ffyy (23)

h3 h3
?(Clai + Cza% + CSag)fxxx = foxx (24)

3
2 2 2 2 2 2 2
> [ci(afbyy + a5by, + a5by3) + c(aibyy + a3by, + a3hys) + c3(afbsy +

3
a3, + a3bs)lfunfy = o frxfy (25)
h*[ci(a1b?y + azby1byy + azbyibiz + a1biybyy + aybiyby, + azhiybys +
a1bi3bzy + aybi3bsy + azbi3bss) + ¢y(a1by1byy + aybyy by + agby byg +
A1by1byy + ayb3, + azbyybys + aibysbyy + aybysbay + azbysbys) + c3(agbz by +
Ayb31b15 + A3bsibys + a1bsybyy + aybsbsy + agbsybys + Ay bszbsy + aybssbs, +

asbENffE = fof; (26)

h3 [Cl(bfl + b%lbIZ + b%1b13 + b11b12b21 + b11b12b22 + b11b12b23 + b11b13b31
+b11b13b32 + b11b13b33 + b11b12b21 + b%ZbZI + b12b13b21 + b12b21b22 +
ble%Z + b12b22b23 + b12b23b31 + b12b23b32 + b12b23b33 + b13b31b11 + b13b31b12
+b%3b31 + b13b32b21 + b13b32b22 + b13b32b23 + b13b33b31 + b13b33b32 + b13b§3)
+62(b21b%1 + b21b11b12 + b21b11b13 + b%lbIZ + b21b12b22 + b21b12b23 +
b21b13b31 + b21b13b32 + b21b13b33 + b22b11b21 + b22b12b21 + b22b13b21 + b%ZbZI
+b§2 + b%2b23 + b22b23b31 + b22b23b32 + b22b23b33 + b23b31b11 + b23b31b12 +
+b23b31b13 + b23b32b21 + b23b32b22 + b%3b32 + b23b33b31 + b23b33b32 + b23b§3)
+63(b31b%1 + b31b11b12 + b31b11b13 + b31b12b21 + b31b12b22 + b31b12b23 +
b§1b13 + b31b13b32 + b31b13b33 + b32b11b21 + b32b12b21 + b32b13b21 + b32b21b22 +
b32b222b32b22b23 + b32b23b31 + b§2b23 + b32b23b33 + b33b31b11 + b33b31b12 +
b33b31b13 + b33b32b21 + b33b32b22 + b33b32b23 + b§3b31 + b§3b32 + bg(ﬁ)]ff}? =

L fs (27)

h*[ci(a1b?y + ayby1biy + a1by1bis + aybiybyy + aybiybyy + aybiobys +
A3bi3b3y + azbi3by, + azbizbys + a;bfy + a;byybyy + ayby by + aibyybyy +
a1biybyy + aybiybys + aybysbsy + aybysbsy + agby3bss) + ¢y(ayby1byy + agbyibyy
+01by1b15 + aybyybyy + ayb3, + aybyyby3 + 3byzbsy + azbysbsy + azbysbsg
+0,b,1 by + Ayby1byy + Ayby 13 + Aybyybyy + ayb3, + Gybyybas + ybysbyy + aybysbyy + aybysbsys) + c3(aybyibyy + agbsi by,
+ ayb31by5 + ayb3;by
+0,b3,b,, + b3y bz + 3byzbyy + azbyzby, + azbis + azbs by + azby by +
A3b31b13 + A3bzybyy + azbsyby, + a3bsybyy + a3bszbsy + azbysbs, + azhis)]

hyfey =2 Ffy foy (28)

3
?[Cl(bfl + 2b%1b12 + 2b%1b13 + bllb%Z + 2b11b13b12 + bllb%3 + ble%Z +
2b12b21b22 + 2b12b21b23 + ble%Z + 2b12b22b23 + ble%Z% + b13b§1 + 2b13b31b32 +
2b13b31b33 + b13b§2 + 2b13b32b33 + b13b§3 + Zbigl + 2b%1b12 + 2b%1b13 +
2b11b12b21 + 2b11b12b22 + 2b11b12b23 + 2b%1b12 + 2b11b%2 + 2b11b12b13 +
2b11b13b31 + 2b11b13b32 + 2b11b13b33 + 2b%1b13 + 2b11b12b13 + 2b11b%3 + 2b%2b21 +
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2b%2b23 + 2b%2b23 + 2b12b13b31 + 2b12b13b32 + 2b12b13b33 + 2b12b13b21
+2b12b13b22 + 2b12b13b23 + 2b%3b31 + 2b%3b32 + 2b%3b33) + CZ(bZIb%I + 2b21b11b12
+2b21b11b13 + bZIb%Z + 2b21b12b13 + b21b%3 + bZZb%I + 2b%2b21 + 2b22b21b23
+b:232 + 2b%2b23 + b22b%3 + b23b§1 + 2b23b31b32 + 2b23b31b33 + b23b§2 +
2b23b32b33 + b23b§3 + 2b%1b11 + 2b%2b12 + 2b%1b13 + 2b%1b22 + 2b21b%2 +
2b21b22b23 + 2b21b22b11 + 2b21b22b12 + 2b21b22b13 + 2b21b23b31 +
2b21b23b32 + 2b21b23b33 + 2b21b23b11 + 2b21b23b12 + 2b21b23b13 +
2b%2b21 + 2b:232 + 2b%2b23 + 2b22b23b31 + 2b22b23b32 + 2b22b23b33 +
2b22b23b21 + 2b%2b23 + 2b22b%3 + 2b%3b31 + 2b%3b32 + 2b%3b33) +
C3(b31b%1 + 2b31b11b12 + 2b31b11b13 + b31b221 + 2b31b12b13 + b31b%3 +
b32b%1 + 2b32b21b22 + 2b32b21b23 + bZIb%Z + 2b32b22b23 + b32b%3 +
b33b§1 + 2b33b31b32 + 2b§3b31 + b33b§2 + 2b§3b32 + ng + 2b§1b11 +
2b§1b12 + 2b§1b13 + 2b31b32b21 + 2b31b32b22 + 2b31b32b23 + 2b31b32b11 +
2b31b32b12 + 2b31b32b13 + 2b§1b33 + 2b31b33b32 + 2b31b§3 + 2b31b33b11 +
2b31b33b12 + 2b31b32b13 + 2b§2b21 + 2b§2b22 + 2b§2b22 + 2b32b33b31 +
2b§2b33 + 2b32b§3 + 2b32b§3 + 2b32b33b21 + 2b32b33b22 + 2b32b33b23 +

4h3
2b33bsy + 2b33bs; + 2b33) 2 fy fyy = - 2 fyfyy (29)

3 2 2
h3[ci(aibyy + ayayby; + ajazby3) + cy(aya, by + azby, + aaszbys) +

3
cs(ayazbsy + aazbs, + a§b33)]fxfxy = %fxfxy (30)
h*[ci(a,b?y + azby1byy + ayby1byy + agbyibys + aybyg bz + aybf, +
A3biyby3 + +a,b1,b15 + azhis) + cy(ayb3y + aybyibyy + arby by, +
A3by1by3 + A1by1bys + ayb3, + Azbyybyy + +ayby, by + azhis) + c3(aghiy +
Ayb31b3, + a1b31b3y + A3bsibsy + A1b31b3s + ayb3, + +azhyybys + +a,bs;bsg

+a3b3)f fufyy = 2 ffifyy (31)

3
> [c;af(byy + byy + by3) + cpa5(byy + byy + by3) + c3a5(bsy + b3y + b3)]

Fhrey =2 ffrey (32)

3
> [cia;(byy + byy + by3)* + c2a,(byg + byy + by3)? + c3a3(bsy + by + b33)?]

2 _ 3n®
f fxyy - Tf fxyy (33)
3
3 [ci(B1y + by + by3)® + ¢y (byy + byy + by3)® + c3(byy + bsy + b33)°]

3
F¥fryy = 5 Fryy (34)
Note:ay =byq + biy + b3, Ay = byy +byy +by3, a3 = byy + b3y + by,
Separating the f(y) functional derivatives and their individual equations from the f (x, y) functional derivatives, we have
tables 1 and 2 below:
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Equations Derivatives
ci+te,+e3 =1 f
1
10y ¥ Ca, + c3a; = 2 Ity
1 2
€103 + a3 + cai = 3 fhy
1 3
@ + a3 +cad = 7 f~ fyyy
2
c1(by1ay + bypa, + by3a3) + c3(by1ay + byya, + byzaz) + c3(bzia; + byya, + byzaz) = 5 Ity
c1(b110% + by,a,a, + byza,a3) + ¢, (byya1a, + byyas + byzazaz) + fzfyfyy
c3(b31a,a3 + bsya,a3 + byzal) = 3
2 2 2 2 2 2 2 2 2 fzfyfyy
c1(by1af + by,03 + by3a3) + ¢, (by1af + byya3 + byzaj) + c3(bgiaf + bsya3 + byzai) = 1
c1[ay (bfy + byybyy + byzbzy) + ay(byybyy + byybyy + bi3bsy) + az(byybyg + byybys + byzbss)] ffy3
+ cy[a;(by1byy + byybyy + byzbzy) + ay(byybyy + b3, + bysbsy)
+ a3(by1by3 + byybys + bysbsz)] + c3[ay (byybsy + by bz, + b3ibss)
1
+ ay(byab3y + byybsy + baybsz) + asz(bysbsy + byzbs, +b33)] = 24
Table 1:The equations from the f(y) functional derivatives only are:
Equations Derivatives
cgp+tec,+c3=1 f
cia, +cy,a, + c3a =£ f
1044 20z 3ds =5
1
€10 + c,a3 + c;a} =3 fex
1
€1a3 +cya3 +c3a3 =3 [ ey
1
€1a3 +cya3 +c3a3 =1 fexx
1
a3 +ca3 +cgal = 1 [ faxy
1 2
@ +cad +cad = 7 f* fayy
c1(by1ay + bypa, + by3as) + c3(by1ay + byya, + byzaz) + c3(bziay + byya, + byzaz) = 5 fely
1
¢1(b110% + byya,a, + byza,a3) + c;(byya,a, + byyal + byzayaz) + c3(bs aya3 + byya,a; + byzal) = 3 ffyfxy
1
c1(b110% + byya,a, + byza,a3) + ¢, (byya,a, + byyal + byzayaz) + c3(bs a,a3 + byya,a; + byzal) = 3 fxfxy
1
c1(b110% + byya,a, + byza,a3) + ¢, (byya,a, + byyal + byzayaz) + c3(bs a,a3 + byya,a; + byzal) = 3 ffxfyy
1
¢1(b11a% + by,a3 + by3a3) + c;(by,af + byya3 + byza3) + c3(bsyaf + bsya3 + byza3) = 1 Ty Fey
¢1(b11a% + by,a3 + by3a3) + c;(by,af + byya3 + byza3) + c3(bsyaf + bsya3 + byza3) = 1 Faxly
c1[ay(bfy + byybyy + byzbzy) + ay(byybyy + biybyy + byzbsy) + az(byybyz + byybys + byzbss)] fxfyz
+ ¢3[ay (D11 by + byybyy + byzbzy) + ay(byybyy + b3, + bysbsy)
+ a3(by1 b3 + byybys + byzbsz)] + c3[a; (byybsy + byybsy + b3gbss)
1
+ ay(byyb3q + byybsy + baybsz) + az(bysbsy + bysbs, + b33)] = 24

Table 2: The equations from the f(x,y)functional derivatives only are:
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Fromtables 1 and 2,we can see that the two sets of equations are the same and

are eight(8). Therefore, we can solve as follows: from the first equation in

1 , C3 %, the second, third and sixth equations become:

tablel, set ¢, = %, €= 3

a, +2a,+a; =2 (35)
a? +2a3 +a3 = g (36)
a3 +2a3+a3=1 (37)
Also, seta, = %, from (35),a; =1 — a3, (36)&(37)become:
(1-ay)?+a3 =2 > 12a3 - 12a;+1=0 (38)
(1-a)*+a3=2 - 12a3 - 12a,+1=0 (39)

Solving any of (38)or (39),we have:

1 6 1 e
a3=5+?0r5—? (40)
Buta; = 1—a,
1 e 1 1 6
T T T T &= s (41)
Or
1 6 1 1 e 1 1 1
a1=5+?,a2=5,a3=5—?, Cl=z, CZZE, C3=Z' (42)
Putting (42) into the fourth, fifth, seventh and eighth equations in tablel, we have:
1 6—/6 1-V/6 6+6 1
by, = gvb12 = 711713:71}721:?’})22 =7
6—/6 1+V/6 6+6 1
b23=?1b31=T’b32=71b33 =3 (43)
The 3rd — stage 4th — order implicit Runge — kutta method is:
Yn+1 — Yn = h(ciky + 3k, + c3k3)
ki = f(xp + hay, ¥, + h(by1ky + bk, + bisks))
k, = f(xn + hay, yn + h(by1ky + byyk; + bysks))
k3 = f(xn + hag, y, + h(b3,k; + bk, + bysks)) (44)

Putting (42) and (43) into (44), we have the formula below:

h
Vnt1 —Yn = Z(k1 + 2k, + k3)

3-6 k, (6-6 1-6
=il (557) (g () (500
h 6+6 k, (6—+6
ky=flan+s . yuth ( 8 )k1+f+< 8 >k3

o= () e n( (59 (50 2

3.1. Properties for stability Analysis for Implicit Runge-Kutta Method
According to Butcher (1975, 2010), an implicit Runge-Kutta method is A — Stable and
B -Stable if the following conditions are satisfied by that method:

(1) B is a non - singular matrix,

(ii) €1,Cy, - - .Cs ArE NON — Negative,
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(iii) a,,a, .. .as aredistinct,
(v 0<3fcb <2
(V) The order is at least 2s — 2,
(vi) Sabya Tt =L form=12.. s-1i=12.. .5
(1-dt
(vii) §=1cia}‘1 b;; = M,forl =12,.. .,s=1,j=12,.. .;s

3.2. Test for Stability of Our Method
The Butcher’s tableau for our method is:

3-6 1 6—V6 1-6
6 8 24 8
1
- 6+6 1 6—6
2
48 4 48
3+V6 | 1446 6+6 1
6 8 24 8
1 1 1
4 2 4

From our third — stage fourth — order method above, s =3,i =1,2,3.
3-V6 1 _ 3+V6
T 6

Which are distinct and satisfies condition (iii).
Alsoc; = 2 c, = 2 c3 = which are non — negative and satisfies condition (ii).
4 2 4

From our formula

1 6-v6 1-6
8 24 8
B= 1
6 +6 1 6 -6
48 4 48
1+v6 6+V6 1
8 24 8
0.125 0.1479379 - 0.1811862
B= 0.176031 0.25 0.073969
0.4311862 0.3520621 0.125
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Det(B) = 0.010416667, this shows that B is a non — singular matrix and satisfies condition (i).

0.499998555 -7.898978661 5.398979126
B'= | 0.94949151 8.99999853 -3.949489061
-4.39897962 1.898977681 0.5000000955

Also, the order is at least 2s — 2 which is of order four, which also satisfies condition (v).
Hence, from condition (iv), X7 -, ¢;b;; = 1.9999997 which is < 2.
From condition (vi), m=1,2, i =1,2,3
b,,a% + by,al + by;ad = a, = 0.0917518
by,a? + by,ad + by3ad = a, =05
bs,al + by,ad + bysal = a; = 0.9082483
From condition (vii)
c,aby; + c,a9b,, + c3a3bs; = ¢, (1 — a;) = 0.2270621
c,aby, + c,a9b,, + czalbs, = ¢,(1— a,) =0.25

c,a%b,3 + c,a9b,3 + c3a3bs; = c3(1 — a3) = 0.0229379

Hence, from the above explanation, it shows that our implicit formula satisfies the seven (7) conditions above, we can say with proof
that our implicit method is A — stable and B — stable.

It is also seen that the condition for consistency is also satisfied by our implicit method. Thus, sinceY;. ¢; = % +% +% =1, hence our
method is consistent.

4. Implementation of the Formula
The formula is implemented on the initial — value problems below with the aid of MAPLE software:
() ¥ =y-y2y(0) =05, y(x,) = —= ,h=01

(i) ¥ = -y, y0)= 1, y(x,) =5 h =01

@iy =y, y0)=1 y(x,)=e"h=01

(V) y' =y y0)= 1 y0) = h=01
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5. Results
Below are Tables of Results for the above Initial-Value Problems:

PROBLEM 1
XN YN TSOL ERROR

.1D+00 0.524979189421473267360.52497918747893998609 - 1.94253328127000000000 10
.2D+00 0.549834001131357546860.54983399731247790855 -3.81887963831000000000 107
.3D+00 0.574442522378964290630.57444251681165898714 -5.56730530349000000000 10
.4D+00 0.598687667246962362760 .59868766011245200038 -7.13451036238000000000 10
.5D+00 0.622459339680590320360 .62245933528481665970 -4.39577366066000000000 10

PROBLEM 2
XN YN TSOL ERROR

.1D+00 0.904837414891824659820.90483741803595957316 3.14413491334000000000 10~
.2D+00 0.818730747388120034660.81873075307798185867 5.68986182401000000000 10~
.3D+00 0.740818212959118056760.74081822068171786607 7.72259980931000000000 10~
.4D+00 0.670320036718709620960 .67032004603563930074 9.31692967978000000000 10~
.5D+00 0.606530649174750197560.60653065971263342360 1.05378832260400000000 10°

PROBLEM 3
XN YN TSOL ERROR

.1D+00 1.105170921915902693401.10517091807564762480 -3.84025506860000000000 10
.2D+00 1.221402766648446288201.22140275816016983390 -8.48827645430000000000 10
.3D+00 1.349858821647497551201.34985880757600310400 - 1.40714944472000000000 108
.4D+00 1.491824718376478936401.49182469764127031780 -2.07352086186000000000 108
.5D+00 1.648721299345065128401.64872127070012814680 -2.86449369816000000000 10

PROBLEM 4
XN YN TSOL ERROR

-1D+00 1.111111745625066293501 111111111111111111110000 -6.34513955182400000000 107
-2D+00 1.250002057572373865401.25000000000000000000 -0.00000205757237386540

-3D+00 1.428576823851850499201.42857142857142857140 -0.00000539528042192780

-4D+00 1.666680559781747440901.66666666666666666670 -0.00001389311508077420

-5D+00 2.000038479670478529702.00000000000000000000 -0.00003847967047852970

Table 3

6. Conclusion

After our implementation, it shows from the tables of numerical results that the methodis highly efficient. It also revealed the fact that
implicit formulas are always more efficient when properly derived. The f(x,y) functional derivatives and f(y) functional derivatives are
also seen to have generated the same set of equations. This means that to avoid stress, either the f(y) or f(x,y) functional derivatives
can be considered separately and still get a highly efficient formula. Since Y3, ¢; = 1, this shows that this formula is consistent.
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