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Abstract:

The focus of this paper is to develop the theory of vague filters on residuated lattices. Characterizations of vague filters in
residuated lattice are established. We discuss some properties of vague filters in terms of its level subsets. Also the notion of
extended pair of vague filter is introduced and characterize their properties.
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1. Introduction

The notion of residuated lattices is initiated in order to provide a reliable logical foundation for uncertain information processing
theory and establish a logical system with truth value in a relatively general lattice. The concept of fuzzy set was introduced by
Zadeh (1965) [19]. Since then this idea has been applied to other algebraic structures. Since the fuzzy set is single function, it cannot
express the evidence of supporting and opposing. Hence the concept of vague set [6] is introduced in 1993 by W.L.Gau and Buehrer.
D.J. In a vague set A, there are two membership functions: a truth membership fucntion t, and a false membership function f,, where
t, and f, are lower bound of the grade of membership respectively and t4(x) + f4(x) < 1. Thus the grade of membership in a vague
set A is a subinterval [t4(X), 1-f,4(x)] of [0, 1]. Vague sets is an extension of fuzzy sets. The idea of vague sets is that the membership
of every elements which can be divided into two aspects including supporting and opposing. With the development of vague set
theory, some structure of algebras corresponding to vague set have been studied. R.Biswas [3] initiated the study of vague algebras by
studying vague groups. T.Eswarlal [5] study the vague ideals and normal vague ideals in semirings. H.Hkam , etc [13] study the
vague relations and its properties. Quotient algebras are basic tool for exploring the structures of algebras. There are close correlations
among filters, congruences and quotient algebras. In this paper, we introduce the concept of vague filters and we discuss some
properties of Vague filters in terms of its level subsets. Also by introducing the notion of extended vague filters, it is proved that the
set of all vague filters forms a bounded distributive lattice.

2. Preliminaries

2.1. Definition 2.1: [17]
A residuated lattice is an algebraic structure L = (L, v, A, *, —, 0, 1) satisfying the following axioms:
1. (L, v, A,0,1)isabounded lattice
2. (L, *, 1) is a commutative monoid.
3. (*, 1) is an adjoint pair, i.e., for any x, y, z, weL,
i. ifx<yandz<w,thenx*z<y*w.
ii. if x<yandy—>z<x—>zthenz—>x<z->Yy.
iii. (adjointness condition) x *y<zifandonlyif x<y — z.
In this paper, denote L as residuation lattice unless otherwise specified.

2.2. Definition 2.2: [20]
Let U= @. A mapping f: U — [0, 1] is called a fuzzy set. Let f and g be fuzzy sets on U. Then tip- extended pair of f and g [19, 20]
can be defined by

o fQ), x#1
fo00 = {f(l)\/g(l), x = 1}
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g(x), x =1 }
gvf), x=1r

2.3. Theorem 2.3: [17, 16]

In each residuated lattice L, the following properties hold for all X, y, z € L:
I. xX*y)—>z=x—->(y—>2).

ZSX >y z¥x<y.

x<yeoz¥x<zHy.

X (y—>z)=y> X—>2).

XSy=>zZz—>X<zZ2-Y.

x<y=>y—oz<x—zy < x'.

yo2zZz<X—>Yy) > (X —>2).

y=2>x<(x—>z)—>(y—2).

9. 1—->x=x,x—>x=1.

10. x™<x™ ,m,ne N,m=>n.

1. x<yex—y=1.

12. 0'=1,1"=0,x" =x™, x < x™

1B.xvy—>z=x—>2)A(y > 2).

14. x* x'=0.

5. x> YArz)=x—>y)AX—>2).

g’ x) ={

PN R BN

2.4. Definition 2.4: [20]
A non-empty subset F of a residuated lattice L is called a filter of L if it satisfies
1. x,yeF=x*yeF
2. xeFxL<y=yeF

2.5. Theorem 2.5: [20]
A non-empty subset F of a residuated lattice L is called a filter of L if it satisfies, for any x,ye L,
1. 1eF.
2. xeFEx—»>yeF=yeF

2.6. Note 2.6: [20]
A fuzzy set A on a residuated lattice L is a mapping from L' to [0, 1]

2.7. Definition 2.7: [20]
A fuzzy set A of a residuated lattice L is called a fuzzy filter, if it satisfies, for any x, y € L
1. A(l)zA®X).
2. A *y)2min{A®X), A®y)}.

2.8. Theorem 2.8: [20]

A fuzzy set A of a residuated lattice L is a fuzzy filter, if and only if it satisfies, for any x, y € L,
1. A(l)=2A®X).
2. A(y) 2min{A(x - y), AX)}

2.9. Definition 2.9: [3]
A Vague set A in the universe of discourse S is a Pair (¢4, f,) where t, : S = [0,1] and f, : S = [0,1] are mappings (called truth
membership function and false membership function respectively) where t,(x) is a lower bound of the grade of membership of x

derived from the evidence for x and f,(x) is a lower bound on the negation of x derived from the evidence against x and t4(x) + f4(X)
<1VxeS.

2.10. Definition 2.10: [18]
Let & be a mapping from [0, 1] x [0, 1] to [0, 1]. & is called a t-norm (resp. s-norm) on [0, 1], if it satisfies the following conditions:
forany x,y, z € [0, 1]

1. 8(x,1)=x (resp. &(x, 0) = x),

2. 3(x,y) =8(y, %),

3. 8(8(x, y), z) =0(x, &(y, 2)),

4. if x <y, then &(x, z) < 8(y, z).
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3. Vague Filters on Residuated Lattice

3.1. Definition 3.1:
A Vague set A of L is called a vague filter of L, if for any x, y € L:
1. V@) =2V,(x)
2. Vay) 2 min(Va(x = y), Va(x)

3.2. Theorem 3.2:
Let A be a vague filter of L. Then, for any x, y € L :if x <y, then V,(x) < V,(y) .

»  Proof:
Since x <y, it follows that x — y = 1. Since A is a vague filter of L, we have V,(y) = min(V,(x — y), V4(x)) and V,(I) = V,(x) for any
X,y € L. Therefore V,(y) = min (V,(x = y), V4(x)) = min (V,(1), V4(x)) = min (V,(x), V4(x)) = V4(x). Therefore V,(x) <V, (y).

Theorem 3.3:
Let A be a vague se t on L. Then A is vague filter of L, if and only if , for any x, y,ze L V,(I) 2 V,(x) and V;(x — z) = min(V,(y =
(x=12),Vay) -

»  Proof:
Let A be vague filter of L, obviously V,(I) =2 V,(x) and V,(I) 2 V,(x) and V,(x = z) =2 min(V4(y = ( x = z)), V4(y)) holds for any x,
y,z € L. Taking x =Tin Vy(x = z) 2 min(V4(y = ( x = 2)), V4(y)), we have V,(z) = V,(I = z) 2 min(V,(y = (I = 2)), Vu(y)) =
min(V4(y = z), V4(y)). Since V,(I) = V,(x) holds, and so A is a vague filter of L.

3.4. Theorem 3.4:
Let A be a vague set on L. Then A is a vague filter of L, if and only if, for any x, y, z € L, A satisfies if x <y, then V,(x) < V,(y) for
any x, y € L and V;(x * y) 2 min(V,(x), V4(y)) -

e Proof:
Assume that A is a vague filter of L, obviously if x <y, then V,(x) < V,(y) holds for any x,y € L. Since x <y — (x * y), we have V,(y
— (x *¥y)) 2V,(x). By Definition 3.1 (2), it follows that V,(x * y) =2 min(V,(y), V4(y — (x * y))) = min(V,(y), V4(x)). Conversely,
assume that if x <y, then V,(x) £ V,(y) and V,(x * y) = min(V,(x), V,(y)) holds for any x, y € L. Taking y =1, we get V,(I) = V,(x) .
As X * (X = y) <y, thus V,(y) 2 V4 (x * (x = y)). Therefore V,(y) = min(V,(x), V,(x = y)). Hence A is a vague filter of L.

3.5. Remark 3.5:
A vague set on L is a vague filter of L, if and only if, for any X, y,ze€ L :if x = (y — z) =1then V,(z) = min(V,(X), V,4(y)).

3.6. Remark 3.6:
A vague set on L is a vague filter of L, if and only if, for any x, y, z € L:
ifa, - @,-1 > ....m> (ag > x) .....) =1, then V,(x) 2 min(V,(a,), ....... Va(ay))

3.7. Theorem 3.7:
A vague set on L is a vague filter of L, if and only if, for any X, y, z € L, A satisfies Remark 3.5 and V;((x = (y = 2)) > 2z) 2
min(V(x), Va(y))-

»  Proof:
If A is a vague filter of L then Remark 3.5 holds. Since V,(x = (y > z)) > z) > z ) 2 min (V(x = (y = 2)) = (¥ = 2)), Va(y)).
As X > (y > 2) > (y >2)=xVv(y —> 2z =x, by Theorem 3.2 we have V,;(x = (y = 2)) > (y = 2) ) = Vy(x).
Therefore, V,((x = (y = z)) — z) = min (V,(x), V,(y)). Conversely, suppose V,( ( x = (y = z)) = z) = min(V,(x), V,(y)) is valid.
Since V;(y) =V, —->y) =14(((x > y) > X —Yy) =y 2min(Vu(x = y), V4(x)). Hence by Definition 3.1, A is s vague filter of L.

3.8. Theorem 3.8:
Let A be a vague set on L. Then A is a vague filter of L, for any x, y, z € L, A satisfies Definition 3.1(1) and V;(x — z) = min(V,(x

—=Y), Valy = 2)).
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»  Proof:

Assume that A is vague filter of L. Since (X = y) < (y = z) = (X — z), it follows from Theorem 3.2 that V,((y > z) > (x = z)) =
Va(x = y). As Ais a vague filter , so Vy(x — z) = min(V,(y — z), V,((y > z) = (X = z))). We have V,(x — z) =2 min(V,(y — z),
V,(x = z)). Conversely, if V;(x = z) 2 min(V,(x = y), V4(y = z)) for any X, y, z € L, then V;(I — z) 2 min(V,(I - y), V,(y > z))
that is V,(z) 2 min(V,(y), V4(y — z)). Hence by definition 3.1 A is a vague filter of L.

3.9. Theorem 3.9:
Let A be a vague set on L. Then A is a vague filter of L, if and only if, for any a, B € [0, 1] and a + B < 1, the sets U(t,, o) (# ¢) and
L(1-f4, B) (# @) are filters of L, where U(t,, a) = {x € L/ t,(x) 2 a} , L(1- f,(x), B) = {x € L/ 1- f,(x) 2 B}.

»  Proof:

Assume A is a vague filter of L, then V,(I) 2 V,(x) . By the condition U(t,, o) # ¢, it follows that there exist a € L such that £,(a) = o
,and so t,(I) 2 o, hence I € U(ty, o). Letx, x > y € U(t,, o), then £4(x) = o, t4(x = y) = o. Since A is a filter of L, then t,4(y) =
min(t,(x), t4(x = y)) 2 min (o, o) = o.. Hence y € U(t,, o). Therefore U(t,, o) is a filter of L. We will show that L(1- f4(x), B) is a
filter of L. Since A is a vague filter of L, then 1- f;(I) > 1- f,(x). By the condition L(1- f,(x), B) # @, it follows that there exista € L
such that 1- f,(a) > . Therefore we have 1- f,(I) > 1- f4(a) 2 B. Hence Ie L(1- f4(x), B). Letx, x =y € L(1- f4(x), B), then 1- f,(x)
2B, 1- fa(x > y) = B. Since A is a vague filter of L, then 1- f,(y) 2 min (1- f4(x), 1- f4(x = y)) = min (B, B) = B. It follows that 1-
fa(y) 2 B, hence y € L(1- f4(x), B). Therefore L(1- f,(x), B) is a filter of L. Conversely, suppose that U(t,, o) # @ and L(1- f,(x), B)
# @ are filters of L, then, for any x € L, x € U(t,, t4(x)) and x € L(1- f3, 1- fa(x)). By U(ty, t4(x)) # ¢ and L(1- fy, 1- f4(x)) # ¢ are
filters of L, it follows that Ie U(ty, t,(x)) and 1€ L(1- f4, 1- f4(x)), and so V,(I) = V,(x). For any x, y € L, let o = min(t4(x), £4(x —
y)) and B = min (1- f4(x), 1- f4(x > y)), thenx, x >y e U(ty, a) and x, x >y € L(1- f4, B). Andsoye U(ty, o) and y € L(1-
fa(x), B). Therefore t,(y) = o = min(t,(x), t4(x = y)) and 1- f4(y) =B = min(1- f4(x), 1- f4(x = y)). From theorem 3.2, we have A
is a vague filter of L.

3.10. Theorem 3.10:
Let A, B be two vague filters of L, then AnB is also a vague filter of L.

»  Proof:
Letx,y,ze Lsuchthatz<x —y, thenz — (x - y)=1. Since A, B be two vague filters of L, we have V,(y) =2 min (V4(z), V,(x))
and Vz(y) =2 min (Vz(z), Vg(x)). Since V- p(y) = min(V,(y), Vg(y)) = min(min(V,(z), V4(x)), min (Vg(z), Vg(x))) = min(min(V,(z),
Vg(2)), min(V,(x), Vg(x)) = min(Vy - 5(2), V4,,5(x)). Since A, B be two vague filters of L, we have V,(I) = V,(x) and Vg(I) = Vp(x).
Hence V(1) = min(V,(I), Vg (1)) = min(V,(x), Vg(x)) = V4,5(x) . Then A m B is a vague filters of L.

3.11. Remark 3.11:
Let A; be a family of vague sets on L, where i is an index set. Denoting C by the intersection of A;, i.e. N;¢; 4;, where Vi (x) =
min(Vy, (x), Vg, (%), ...... ) forany x € L.

3.12. Note 3.12:
Let A; be a family of vague filters of L, where i € I, I is an index set, then N; ¢; 4; is also a vague filters of L.

3.13. Theorem 3.13:
Let A be a vague set on L. Then
a. Foranya, B e [0, 1], if A(a,ﬁ) is a filter of L. Then, for any x,y,z € L,
Va(z) < min(Vy(x = y), V4(x)) imply V4(z) < V,(y).
b. If A satisfy Definition 3.1(1) and condition (a), then, for any o, € [0, 1], A(a,ﬁ) is a filter of L.
Proof:
a. Assume that A, p) is a filter of L for any o, § € [0, 1].
Since V,(z) < min(V4(x = y), V4(x)), it follows that V,(z) < Vy(x = y), V4(2) £ V4(x). Therefore, X =y €At ,2),1-fa2))>
X € At p)i—ra@) - ASVa(@) € [0, 1], and Ay (), 1-fa(z)) 18 @ filter of L, 80y € Az y0),1-facz))- Thus Va(z) < V4(y).
b. Assume A satisfy (a) and (b). Forany x,ye L, a, B € [0, 1], we have x > y € A(a,ﬁ), X € A(a_/g),therefore ta(x—>y)
>0, 1- frx > y)2Pand t,(X) > o, 1- f4(X) =B, and so min(t4(x = y) , t4(x) ) =2 min(a, o) = o. By (a), we have
ta(y) 2 ovand 1- f4(y) 2 B, thatis, y € A(gpy. Since V,(I) 2 V4(x) for any x € L, it follows that t4(I) > o and 1- f(I) 2
B, thatis, I € A ). Then forany o, B € [0, 1], A4 p) is afilter of L.

3.14. Theorem 3.14:
Let A be a vague filter of L, then for any «, B € [0, 1], A(gp) (# @) is a filter of L.
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»  Proof:
Since Aqp) # @, there exist &, B € [0, 1] such that t4(x) 2 ., 1- f4(x) 2B . And A is a vague filter of L, we have t,(I) 2 t4(x) > «, 1-
fa@ 2 1- f4(x) 2 B, therefore [ € A p). Letx,y € Land x € A p), X =Y € Awp) » therefore t4(x) 2 o, 1- fH(x) 2P, ta(x = y) =
o, 1- fu(x = y) 2 PB. Since A is a vague filter of L, thus t,(y) 2 min(t4(x = y), t4(x)) 2 ot and 1- f4(y) 2 min(1- f4(x = y), 1- f4(X))
> B, it follows that y € A4 5y . Therefore, A4y is a filter of L.

3.15. Remark 3.15:
From Theorem 3.14, the filter A, gy is also called a vague — cut filter of L.

3.16. Theorem 3.16:
Any filter F of L is a vague —cut filter of some vague filter of L.

»  Proof:
Consider the vague set A of L: A = {(x, t4(x)/x € L}, where If x € F, V,(x) =a. If x ¢ F, V4(x) =0. where o € [0, 1]. Since Fisa
filter of L, we have 1 € F. Therefore V,(I) = o = V,(x). For any x, y €L, if y € F, then V,(y) = o = min(a, &) = min (V4(x — y),
Vi(x)). Ifye F,then x¢& For x > ye F. And so V,(y) =0 =min(0, 0) = min(V4(x — y), V4(x)). Therefore A is a vague filter of
L.

3.17. Theorem 3.17:
Let A be a vague filter of L. Then F = {x € L/ t4(x) = t4(I), 1- f4(x) = 1- f4(I)} is a filter of L.

»  Proof:
Since F = {x € L/ t,(x) =t4(1), 1- f4(x) = 1- f4(I)}, obviouslyl € F. Letx >y € F,x e F, so V (x = y) = V,(x) = V,(I). Therefore
Va(y) 2 min(V,(x = y), V4(x)) = V,(I) and V,(I) = V,(y), then V,(y) = V,(I). Thus y € F. It follows that F is a filter of L.

4. Extended Pair of Vague Filters

4.1. Remark 4.1:
Let A, B be two vague filters of L, then ANB is also a vague filter of L.

4.2. Remark 4.2:
For A € VS (L), the intersection of all vague filters containing A is called the generated fuzzy filter by A, denoted as < A >.

4.3. Remark 4.3:
Let Ae VS (L). Then A is a vague filter if and only if x * y <z implies V,(x) A V4(y) < Vy(z) forall x,y,ze L.

4.4. Theorem 4.4
Let A € VS(L). Define a new vague set B by B = [t5, 1 — fg] where Vg(X) = Vg« _a,<xt Va(a) A ... Va(ay)}, for all x € L.
where a;€ L,ne N. ThenB =< A >.

»  Proof:

We complete the proof by two steps. Firstly, we verify that B is a vague filter. For all x, y € L, such that x <y, the Definition of B
yields that Vz(x) < Vg(y). For all x, y € L, we have Ve(X) A Vg(¥) = Vo v _apext Val@) A ... Va(@n)} AV x byt Va(by) A
...... Vabim)} = Vax cansx Vioyr byl iVa(@) A oo Valan) AVa(by) A ... Vy(bp)}, where a;, by € L,nm eN, for all x, y € L.
SVepncpmoyt Val€) A oeeie Valcr)}, ¢ e L, ke N. = Vp(x *y), by Remark 4.3. Thus B is a vague filter. Secondly, let C be a
vague filter such that C © A. By the Definition of vague filter, it holds that Vg(x) = Vg« _au<xtVa(a) A ...... Vi(ay)} <
Vs caped Ve(@) A ... Ve(an)} SVayv apexd Velag #..nni *a,)} < Ve(x). Hence B C. Thus B=< A >.

4.5. Lemma 4.5:
Leta,b,u,ve [0,1]suchthat0<a+b<land0<u+v<1. ThenO<avu+bAav<l.

»  Proof:
Without losing the generality, we assume thata<u. Thenavu+bAv<u+v<1. Itobviousthat 0 <avu+bAav. Thus it holds
thatO<avu+bAav<l.
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4.6. Theorem 4.6:
Let A be a vague filter of L and for all u, v € [0, 1] such that 0 < u + v < 1. Then A%Y = [t,%, 1-f,"] is a vague filter,
t,(x), x#1 }
u _ A
where t,% (X) _{tA(l) v x=1)°
1 — f4(x), x =0 }
v _ A

1) _{1 —f1(0) vy, x=0)

»  Proof:

It follows form Lemma 3.6 that A%Y € VS(L). Now we prove that A*" is a vague filter. If x <y, we consider the following two
cases.

Case 1: (y = 1). Itis obvious that t,*(x) < t,*(1) = t,*(y), 1-f4" () < 1-£47(0) = 1-£,"(y).

Case 2: (y # 1). The Definition of A" leads that t,“(x) = t,(x) < t,(y) = t,“(y), 1-f1° X) = 1= f4(x) < 1= f,(») = 1-£,"(y).
Thus t4*(x) < t,*(y), 1-f4" () < 1-f4"(y).

Let x, y € L. We consider the following two cases.

Case 1: (x *y =1). If x=y = 1, it is obvious that t,*(x) A t,*(y) S t,*(x *y), I-f4"(X) A 1-f, () < 1-f,"(x *y). If x=1,y# 1 orx
# 1,y =1, itis a contradiction. If x # 1, y # 1, it holds that t,*(x) A t4%(y) = t4(x) A t4(¥) < tu(x ¥ y) = L4 (x *y), 1-f,°(x) A 1-
AW =1=f1)A1=f1(0) S1—=fulx*y)=1-f (x *y).

Case 2: (x *y # 1), itis a contradiction. If x =y = 1, it is a contradiction. If x = 1, y # lor x # 1, y = 1, it is obvious that t,*(x) A
EA4Y) S 4 (%), 1-f (0 A £, (0) S 1-f," (x5 ). I x # 1y # 1, we have 6400 A t4™(y) = ta(0) A ta(9) < ta(x *y) = t4%(x *
V£ A £ = 1= f2(8) A L= f4(0) <1—falx *y) =1- f4x * y). Andin all, it yields that £,%(x) A t4™(y) = t4(x) A

tay) Sta(x *y) =t & Fy), -7 A7) = 1= f1(0) Al=fu(y) 1= fa(x *y)=1- f“(x *y). Thus A% is a vague
filter.

4.7. Definition 4.7:
For given A, B € VS(L), the operation ¥ is defined by A ¥ B is defined by
AFB=[t,%tp 1~ f ¥1 = fp ]. where V # Vp(x) = Vy.z e { Va()A Vp(2)}.

4.8. Definition 4.8:

The extended pair for vague sets A and B defined by A® = [t,*8,1 —f, */B],
th(x):{tA(x)’ x¢1} 1_f1_fB(X):{1—fA(x), x#O}
4 ta(Dvieg(1),x =1 4 1—f4(0)v1—f3(0), x=0

, 1 ) 1- fo(x), 0
BA = [t 1— f, /4] where t5t4(x) = {t§?§§)vtA<1>,§i st ={ fiB((()J;)m O, % = o

4.9. Theorem 4.9:
Let A, B e VF(L). Then A2 ¥ B4 € VF(L).
»  Proof:
It is obvious that t,'B % tz%4 is order preserving, and 1 — fAl_f B %1 — f /4 is order preserving. For all x, y € L, we have V/,"8 ¥
V" (X * y) = Vpuq Va2 @)1 V5 4(@)}2 Vaw (Vs B(axc) A Vg4 * d)}= Va*gsx{VAVB(a)A Vi"B(c) A Vg 4(b) AV5"E
cxdsy cxd<y

(@)} = Vaup x(Va (@) A V5 4(D)} A Vewa <yVa B () V5 4(d) } = VB % V3 4(x) A V"B % V3"4(y) and hence V,"5 % V"4 (x * y)
>V, B2 VYA(x) A VB % VVA(y). Thus A® ¥ B4 € VE(L).

4.10. Theorem 4.10:
Let A, Be VF(L). Then A% ¥ B4 =< AUB >.
»  Proof:

It is easy to prove that A, B c A% % B4, and hence AU B < A% ¥ BA. Thus < A U B > c A% ¥ B4, Assume that C € VF(L)
such that A UB c C. If x = 1, we have £,%8 % t5t4 (1) = t,(1) v tp(1) < to(1), 1 — f"TEF 1= fp 774(0) = 1 = £4(0) A 1 — f(0)

< 1—f¢0). It holds that V,"2% V"4 (x) = Vpgaudh20A V"4 @} =V pasx U EB(@A
p=lq=1
Vs 4@ W, cxl Va(®@) Vg <l V(@) }=V P leVA(p)AVB(q)}va < Va(@)}v Vg Ve(@)} <
p=lqg~=

V prasx V@AV IV < Ve@)IVWVq <x{ Ve (@) )= Vi 2 gex { Va(P)A Vp(q)} < Ve(x). Tt follows from Theorem 3.10 that A® % B4

p#1q =1
=<AUB>.

4.11. Remark 4.11:
For A,Be VF(L), then the operations [1 and Ll on VF(L) are defined by A[IB=ANB, ALIB=A®? ¥ B4.
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4.12. Theorem 4.12:
(VE(L), N, U, @, L) is a bounded distributive lattice.
»  Proof:

We only verify the distributivity. Obviously, it holds that C [T (A u B) o (C [1A) U (C 1 B), so we only prove C [1 (A U B) c (C
MA) U (C M B). Assume that x € L for V; A V,VB % VY4 (x) < (Ve A V,)VEVB %(V, A V)V¢VA(x), we consider the following two
cases.

Case 1: (x = 1). We have VeAVa 5 (1) = Ve (DA Va8 % V54 (1) = Ve(DAVa(1) v V(1) = (Ve(DA(VA(D) v (Ve(DA(V5(1) = (Ve A
V)V erVe & (Ve A Vp)VerVa(l).
Case 2: (x # 1). It holds that Vo(x)A VB % V3 4(x) = Ve(x) AVpsq <xiVa"® (0)AVE"4(q)} =

Vprq <xf Ve (x)/‘VAVB (P)A Vg Va @1=Vv P*f <x 1{VC A V4(IA V(A V(@ vV (A VAVB(l)/\ Ve(x)} v
p#1q#

{Ve)A V5 ADAV,4(x)}=V pra sxl{vc(x)Amp)A Ve)A V(@}V {Ve(x) A V(DAY B(DA Vg () }v{Ve(x) A
p=1Lq~#

Vc(l)/\VBVA(l)/\ V,(0)}=V P*f <x 1{VC(X)AVA(P) AVe AV (@) I Ve (D)AWL (1) vV (D) IALVE () AV ())V( Ve () AV, (x))] )=
p=1q#

V prqsx {Ve(O)AVA(PIAVE () }AVR (@) VAL Ve (DAVa (D)) v (Ve (D AV (D) IA [(Ve () AV () vVe () A VAT SV prgsx (Ve

p=1q =1 p#1,q #1
AV)YEVB(pv)A (Ve AVE)VEVA(qui) IV [(Ve AV)VEVEB() A (VeAVa)(p v X) = [(Ve A V)V EVADA (VeAVR)(Q v X)] =
Vpsq < (Ve AVDVEVE(pvx) AV A Vp)YeV4(qvx)}. Let pvx = pr and qvx = ¢ . Itis easy to verify that p’ * ¢’ < x, and then the
above can be written as Vp.q <x{(Ve A V) EVEB() AVe A V) €VA(q)} = (Ve AV)VEVE % (V; A V) ¢VA(x). Thus VoAV, B %
V"4 < (Ve AV)VEVB % (V, A VR)VEV4 that is, the distributivity holds.
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