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Abstract:

The Theory of Fuzzy sets introduced in 1964 by Zadeh [10]. The study of Fuzzy algebraic structures has started by Rosen field
[9] in 1970. In this paper we investigate anti-homomorphic images and pre-images of semi prime, strongly primary, irreducible,
strongly irreducible Fuzzy ideals and f-invariant, semi prime Fuzzy ideals of a Near-Ring N.
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1. Introduction

The theory of fuzzy sets, proposed by Zadeh [10], has provided a useful mathematical device for unfolding the behavior of the
systems that are too complex or nonspecific to admit precise mathematical analysis by conventional methods and tools. The study of
fuzzy algebraic structure has started by Rosenfeld [9] and since then this concept has been applied to a variety ofalgebraic structures.
Liu introduced the concept of a fuzzy ideal of aNear- ring in[11].

The concepts of prime fuzzy ideals, primary fuzzy ideals were introduced in [7]. T Shah and M.Saeed has introduced strongly primary
fuzzy ideals and strongly irreducible fuzzy ideals of a Near- ring [13]. Sheikabdullah and Jeyaramanhas discussed anti- homomorphic
images and pre images of prime fuzzy ideals and anti-homomorphic image ofprimary fuzzy ideals in a ringin [12].

In this note we investigate some anti- homomorphic images and pre - images ofsemi prime, strongly primary, irreducible and strongly
irreducible fuzzy ideals. We also prove that: for a surjective anti-homomorphism f: N —N’, if every fuzzy ideal of R is f-invariant and
has a fuzzy primary respectively, strongly primary) decomposition in N, then every fuzzy ideal of N'has a fuzzy primary (respectively,
strongly primary) decomposition in N.1

2. Preliminaries

2.1. Definition
A non-empty set N with two binary operations + and -is called a Near-ring if:
i. (N,+)is a group
ii. (N,-)is a semi group
iii. x.(y+2z)=x.y+x.zforallx,y,z€ N
we will use the word Near-Ring to mean left Near-Ring.
We denote xy insteadof x.y .
Note that x0 = 0 and x(—y) = —xy but in general 0x # 0 for some x € N

2.2. Example
Consider Zg = {0,1,2,3,4,5,6,7, } with respect to addition and multiplication modulo8.This is a Near-Ring
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2.3. Example

Let N={a,b,c,d} be a set with two binary operations as follows

+|a bc d . la bc d

ala bc da a aa a
b bl ad cb a aa a
c c|db ac a aa a
d d|l ca bd a ab b

Here (N, +, .) is a left Near- Ring

2.4. Definition
Let X be a non-empty universal set. A fuzzy subset p of X is a function
w:X - [0,1].

2.5. Definition

A Fuzzy subset pof a Near-Ring N is called a Fuzzy sub near-ring of N if for all x,y € N
() p(x —y) = min {u(x), n(y)}
(i) p(xy) = min {u(x), p()}

2.6. Definition

A Fuzzy subset pof a Near-Ring N is called a Fuzzy ideal of N if pu is a Fuzzy sub near-ring of N and
i) p)=ply+x-y)
(i) u(xy) = u(y)
(iu((x + )y —xy) = u(i) forany x,y,i €N

2.7. Definition
A Fuzzy ideal u of a Near- ring Nis called a prime fuzzy ideal if for any two fuzzy ideals ¢ and 8 of N the condition 60 Sy implies that
o Cuorf cu.

2.8. Definition
For a fuzzy ideal u of a Near-ring N, thefuzzy radical of u, denoted by+/y, is defined by v/u= N {o:0 is a fuzzy prime ideal of N, o G,
g, € u. ). We denote u, = {x € N : u(x) = u(0)}

2.9. Definition
A fuzzy ideal p of anear- ring Nis known as a 60 Su and o€ utogether imply that

0 S\u

2.10. Definition
A Fuzzy ideal p of a Near-Ring N is called strongly primary Fuzzy ideal of a Near-Ring N if u is a primary Fuzzy ideal and (v/u)™c u
for some n€EN.

2.11. Definition
A Fuzzy ideal p of a Near-Ring N is called semi prime if p?(x) = u(x) Vx€N

2.12. Definition
Let X and Y be two non-empty sets,f: X = Y,u and ¢ be Fuzzy subsets of X and Y respectively then f(u) , the image of p under fis a
Fuzzy subset of Y denoted by
supp(x): f(x) =yif f*() =@
Fuo) = P =y g 00
0 iff7m=0
And f~*(0),the pre-image of 6 under f is a Fuzzy subset of X defined by
fH @) =o(f(x) vxex
2.13. Definition
Let N and N' be two Near-Rings, a mapping f: N — N is called a Fuzzy homomorphism if f(u + o) = f(u) + f(0) and f(uo) =
ff (o)

where p and o are Fuzzy ideals of N.
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2.14. Definition
Let N and N' be two Near-Rings, a mapping f: N — N is called a Fuzzy anti- homomorphism if f(u + ¢) = f(u) + f(o) and
f(uo) = f(o)f (Wwhere p and ¢ are Fuzzy ideals of N.

2.15. Definition
A function f: N - N1 ,a Fuzzy subset p of a Near-Ring is called f-invariant if
f(x) = f(y)implies u(x) = u(y) ,x,y € N.

2.16. Proposition
The anti-homomorphic image of a Fuzzy ideal of N is a Fuzzy ideal of N’
Proof: Let f: N = N’ be an anti-homomorphism.
Let p be a Fuzzy ideal of a Near- Ring N.
First we have to prove that f (i) is a Fuzzy sub Near- Ring of N’

Letx',y' €N Ix,yeN 3 f(x)=x",f(y) =y’

Now consider f()(x' —=y") = fF(WF ) = f()
=fW((x—-y)
=supu(x—y):f(x—y)=x"—y'
= sup (min{u(x), u(y)})

= min {supu(x): f(x) = x', supu(y): f(y) = y'}
=min {f (W) ("), F WY}

And WY =fFWFE )

=fW)(f (X))

=supu(yx): f(yx) = y'x’'
= sup (min {u(y), u(x)})
= sup (min{u(x), u(y)})

= min {supu(x): f(x) = x', supu(): f(¥) = y'}
= min {f (W) (x"), FW ")}
Therefore f(u) is a Fuzzy sub Near- Ring.

Now we have to prove that f (u) is a Fuzzy ideal of a Near- Ring N’
Let x',y" € N’ then there exists x,y € N 3 f(x) = x', f(y) =y’
Of@ +x"=y)  =supuy+x-y):f(2) =y +x' -y
= supu(x): f(x) = x’
=f (W (x")

ifwx'y" = supu(xy): f(xy) = x’

=f(W®»"
(i f (W (" +)y" = x'y") = supu((x + i)y — xy)

= supu):fy) =y’

e+ Dy —xy) = (' +1)y' —x'y’
= supp(@): f(D) =1
=f (W (@")
There fore f(u) is a Fuzzy ideal of N’

2.17. Proposition
The Homomorphic pre-image of a Fuzzy ideal of N’ is a Fuzzy ideal of N

Proof: Let f: N = N’ be a near-ring homomorphism.

Let u’ be a Fuzzy ideal of a near-ringN"’.
To prove f~1(u') is a Fuzzy ideal of a near-ringN

Letx,y €N
O f W@ =) = w(f@ - )
=u'(fx) = fO)
> min{y' (f (), 1'(f 1))
= min {f (1)), fT1 W)}

(Df W) Cey) = W' (f ()
=p' (ff )
> min{y' (f (), 1'(f 1))
= min {f (1)), T W) )}
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W +x—)
=0 (fO)+ )= f)

i) fr Wy +x —y)

> 1 (f(0)
=f W)
f W) y) = w'(f ()
= (ffO)
= ' (f))
=f1WH)
W) FHW(Cx + Dy = xy) = & (F(Gc+ Dy —xy))

=p'(f(x+ Dy — f(xy))
=p'(Fx+Df () = fxy)
= (FG)+ OO - Ff )
2 p'(f(D)
=f7wH®
There fore f~1(u’) is a Fuzzy ideal of N

3. Main Results
In this section we proved some main results related to fuzzy prime ideals.

3.1. Proposition
Letf: N — N’ be a subjective near ring anti-homomorphism, letu’ is a Fuzzy prime ideal of N’ then f~1(u") is a Fuzzy prime ideal of N.
»  Proof: Let p and o be two Fuzzy ideals of N such that
po S f7HW)

= f(uo) S p

= flO)fw) cu
Since y' is a Fuzzy prime ideal of N’

= f(o) S porf(uw) S i
= oS fW)O0r pc )

There fore f~1(u") is a Fuzzy prime ideal of N

3.2. Proposition
Let f: N > N’ be a subjective near ring anti-homomorphism, Let y' is a primaryFuzzy ideal of N’ then f~1(u") is a primary Fuzzy ideal
of N.
» Proof: Let p and o be two Fuzzy ideals of N
Such that uo € f~*(u')and o & f~1(u")
= f(uo) € wandf(o) & u'
= f(o)f (W) < pandf (o) € u
= f(u) S \/E (Since ' is a primary Fuzzy ideal)

=pcs VW)
=SpSfw)
There fore f~1(u") is a primary Fuzzy ideal of N.
3.3. Lemma
If u is a primary Fuzzy ideal of a near-ring N then /it is a prime Fuzzy
ideal of N

» Proof: Let 6 and 6 be two Fuzzy ideals of N
Such that 68 € /u and o &
= 00 S pando € u
Since y is a primary Fuzzy ideal,§ € /1
There fore /i is a prime Fuzzy ideal of N.

3.4. Proposition
Let f: N —» N' be a surjective near ring anti-homomorphism, If u is
An f-invariant ideal of Nand u ,a Fuzzy primary ideal of N then f(u) is a Fuzzy primary ideal of N'.
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» Proof: Let ¢’ and 6’ be two Fuzzy ideals of N’
Suchthat 6’6’ € f(u) and ¢’ € f(n)
=>fHo'0) S W
= f71(0'0") S pandf (o) L u
= f71(o")f71(8") € pandf (") £
= f~1(8") € u(Since p is a primary Fuzzy ideal) =>0'cf(w
Therefore f(u) is a Fuzzy primary ideal of N’

3.5. Proposition

For a surjective near ring anti-homomorphism f: N — N’ ,if uis an

f-invariant strongly primary Fuzzy ideal of N then f(u) is a strongly primary Fuzzy ideal ofN'.
Proof: Let u be an f-invariant strongly primary Fuzzy ideal of N.

= pis a primary Fuzzy ideal and (\/u)" < u for some neN

= f(w)is a primary Fuzzy ideal of N’

Now we have to prove (/f(u))"™ c f(n) for some neN
Since f () is a primary Fuzzy ideal of N,/ f (u) is a prime Fuzzy ideal of N’

Since /f () =N {f (o), f(0o)is a fuzzy prime ideal of N', f(0) € f (1)

There fore (/ f(u))™ < f(u)for some neN
Hence f(u) is a strongly primary Fuzzy ideal of N’

3.6. Proposition
For a surjective near ring homomorphism f:N — N’ ifu’ is a semi prime Fuzzy ideal of N',then f~1(u") is a semi prime Fuzzy ideal
ofN.
» Proof: Given u' is a semi prime Fuzzy ideal of N’
= p'is a Fuzzy ideal of N’ and u?(x) = p(x) for all xeN
= f~1(u")is a Fuzzy ideal ofN.
Let f7' (W) =p=p' = f(W)
Now p' = p'p' = ff (W) = f(uw) = f(u?)
= pt =7 W) =u= WP = £ W) EO)for all xeN

3.7. Proposition
Let f: N — N’ be a near ring anti-homomorphism. If y is any f-invariant semi prime fuzzy ideal of N, then f (1) is a semi prime fuzzy
ideal of N'.
»  Proof: If y is any f-invariant semi prime fuzzy ideal of N
= pis a Fuzzy ideal of N and u? = p
= f(w)is a primary Fuzzy ideal of N’

Now (f(©))" = FUOf W) = fuw) = F(u?) = f()

Therefore, f (@) is a semi prime fuzzy ideal of N'.
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