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1. Introduction 

Constrain optimization is the process of optimizing an objective function with respect to some variables in the 
presence of constraints on those functions or energy function [functions of activation energies in 5-lump reactor model] 
which is to be minimized or a reward function or utility function to be maximized [Wenyu & Ya-Xiang, 2010].Constraints 
can be either hard constraints which set conditions for the variables that are required to be satisfied, or soft constraints 
which have some variable values that are penalized in the objective function if, and based on the extent that, the conditions 
on the variables are not satisfied. 

Many unconstrained optimization algorithms can be adapted to the constrained case, often through the use of a 
penalty method. However, search steps taken by the unconstrained method may be unacceptable for the constrained 
problem, leading to a lack of convergence which is referred to as the maratos effect. 
Another solution technique for constrained optimization is the equality constraints. Here the method of Langrange 
multipliers can be used to convert it into an unconstrained problem whose number of variables is the original number of 
variables plus the original number of equality constraints. Alternatively, if the constraints are all equality constraints and 
are all linear, they can be solved for some of the variables in-terms of the others and the former can be substituted out of 
the objective function, leaving an unconstrained problem in a smaller number of variables. Inequality constraints problem 
can be characterized in-terms of geometric optimality conditions, Fritz John conditions and Karush-Kuhn-Tucker 
conditions in which simple problems may be solved. 

Programming method for constrain optimization is one of the vital methods in this research in which linear and 
quadratic programming techniques applicable to polynomial can be solved by simplex method. 
[Yucer, 2005] developed a parameter estimation software named PARES [Parameter Estimation] coded in MATLAB 6.5 to 
determine the values of model parameters that provide the  best fit to measured data, based on some type of least squares 
or maximum likelihood  criterion. 

The statistics and kinetics take the form of a set of differential algebraic equations and formulation of these 
parameters estimation problem are well studied. Mathematical formulation of chemical reaction mechanisms was taken as 
exemplary systems to demonstrate the optimization algorithm, given by a coupled system of stiff nonlinear differential 
equation [1] below. 
ୢ౯
ୢ୲

= 	f(t, y, p)	y(t୭) = 	y୭; 	t୭ ≤ t	 ≤ t୲      [1] 
Where y is the state vector of the system, P is the model parameters. 
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The figure[1] below shows the logic flow diagram for the parameter estimation algorithm developed, which has been 
extensively tested before with a number of different problems [Agun, 2002]. The algorithm offers the possibility of 
employing different numerical optimization routines with ease to estimate the updated P in order to satisfy the particular 
needs of the model employed. 
 

 
Figure 1: Iteration Process for Parameter Estimation [Agun, 2002] 

 
[Wordu, 2009]doctoral thesisdynamic simulation of industrial reformer reactor [DSIRR]; and [Oboho, 2005]estimation of 
kinetic parameters to simulate catalytic reactor block. Models on material and energy balance were developed which 
expressed the kinetic parameters of Activation energies,E୧,rate constants forward and reverse reactions process and 
equilibrium constant of the feeds cracking reactions in the reactors. 
The constants were determined using optimization search especially activation energies of the lumps. The research 
objective function, S was the sum of the squares of the difference between the calculated and experimental values of mole 
fractions of the various lumps and dimensionless reactor outlet temperature.  
S = ∑ ቂቄ∑ ൫N୧,ୡୟ୪ − N୧,୮୪ୟ୬୲൯

ଶ
+∑ ൫T୧,ୡୟ୪ − T୧,୮୪ୟ୬୲൯

ଶଷ
୎ୀଵ

ଷ
୧ୀଵ ቅቃ୫

୧     [2] 
Where, 
m = number	of	data	sets	used. 
i = 	1, 2	and	3	for	Naphthene, Parafϐins	and	Aromatics	Hydrocarbon	respectively. 
j = 1, 2	and	3	from	reactor	1, 2	and	3	respectively. 

To achieve this, the five models developed from the reaction of reforming feed naphtha were solved numerically 
using mat lab ode 15s solver to obtain calculated values of the yields of naphthene, paraffin and aromatic hydrocarbons at 
the third reactor outlet and the dimensionless reactor temperatures. 
The improved activation energies were gotten by applying the objective function model to the model according to 
[Senifeld & Lapidus, 1974] below:   
E୧

(୸ାଵ) = E୧
(୸) − γ′ பୗ

ப୉౟
│୉ୀ୉౰                       [3] 

The partial differentials, பୗ
ப୉౟

was evaluated numerically by boundary conditions of activation energy narrow interval of 
2KJ/Kmol about the current values and evaluating the corresponding changes in S. 

 [Erick & Gustavo, 2006]researched on estimation of activation energies using hydrodesulphurization of middle 
distillates.[Raghuna-than& Yang, 1996]posited a doctoral thesis on estimation of activation energies coal gasification 
reaction process. 
 
2. Materials and Method 
 
2.1. Materials 

The materials applicable are the feed naphtha, reformer reactors, optimization model search [direct-search 
method, least squares regression model], Marquardt-Levenberg algorithm,thermodynamic model and data ,derivation of 
appropriate materials and energy balance models. 
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2.2. Method 
 
2.2.1. Continuous Catalyst Cracking Reactor Model [CCCRM][Wordu & Ojong, 2018] 
 
2.2.1.1. Theoretical Concepts 
 
2.2.1.1.1. Constraints/Assumptions for Model Development 
The derivation of the reactor model for this research maintains these constraints/ assumptions:  

 There is continuous catalyst regeneration in the regenerator unit section of the reactor which keeps the 
catalyst at 100% efficiency. 

 The reactor is a stacked tabular plug flow reactor  
 Models are derived from first principles of material and energy balance maintaining steady state process 

conditions.  
 The reactor feed are low fractions Hydrocarbons ranging from C6 – C8 hydrocarbons  
 Models maintain a lumping scheme chemistry of the paraffin, aromatics and naphthene.  
 Hydrogen recycle shall maintain 1.6 moles 

 

 
Figure 2: Schematics of Ideal Plug Flow Reactor Differential Volume Dv. 

 
Explicitly, the fundamental material balance for 1 mole of feed is stated below; 
Au୤C୧│୸

τ
− Au୤C୧│୸ା∆୸

τା∆τ
+ (−r୧)A∆z = 0      [4]      

Au୤C୧ ቂ│୸ା∆୸
τା∆τ

− │୸
τ
ቃ+(−r୧)A∆z 

Equation [4] is developed under steady state process; 

൝
Rate	of	accumulation

of	species, i, within	the	
reactor	

ൡ = 0      [5] 

⎩
⎪
⎨

⎪
⎧Rate	of	inϐlow	of	

species, i, in	the	
ϐlow	reactor

⎭
⎪
⎬

⎪
⎫

= 	v୭C୧,୸τ       [6] 

൝
Rate	of	outϐlow	of	
species, i, from	the	

ϐlow	reactor	
ൡ = 	v୭C୧,୸ା∆୸τା∆τ                      [7] 

⎩
⎪
⎨

⎪
⎧ Rate	of	depletion	

of	species, i, due	to
chemical	reaction	

processes	occuring		
within	the	ϐlow	reactor⎭

⎪
⎬

⎪
⎫

= 	 (−r୧)∆V     [8] 

Combining equations (5) to (8) into equation (4) yields the material balance model equation [9].  
ୢ୬
ୢτ

= 	v୭C୧,୸τ − v୭C୧,୸ା∆୸τା∆τ − (−r୧)∆V                      [9] 
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d(VC୧)
dτ = 	v୭ൣC୧,୸ା∆୸τା∆τ ൧ − (−r୧)A∆Z 

∂(C୧Az)
∂τ = 	v୭∆C୧ − (−r୧)A∆Z 

A∆Z	
∂C୧
∂τ = 	v୭∆C୧ − (−r୧)A∆Z 

Divide both sides by ∆ZA 
∂C୧
∂τ = 	−

v୭
A
∆C୧
∆z − (−r୧) 

୪୧୫୧୲
∆୸→଴

∆େ౟
∆୸

= 		 பେ౟
ப୸

         [10] 
∂C୧
∂τ = −

v୭
A
∂C୧
∂z −

(−r୧) 
பେ౟
பτ

+ ୙౥
୅

பେ౟
ப୸

+ 	(−r୧) 	= 0                       [11] 
But, 

y୧ = 	
C୧
C୘

= 	P୧ P୘ൗ  

But  
From ideal gas equation 
C୧ = 	P୧ R୘

ൗ         [12]    

Thus:  

∂C୧
∂τ 	+ 	

v୭
A
∂C୧
∂z 	+ 	(−r୧) 	= 0 

ଵ
ୖ୘

ப୔౟
பτ

+ 	 ୴౥
୅ୖ୘

ப୔౟
பτ

+ 	(−r୧) 	= 0      [12] 
ப୔౟
பτ

+ ୴౥
୅
ப୔౟
ப୸
	+ 		RT	(−r୧) 	= 0      [13] 

Again, from Roault’s law of partial pressures; 
y୧ = 	P୧ P୘ൗ  
P୧ = 	P୘y୧        [14] 
P୘

ப୷౟
பτ

+ 	P୘
୴౥
୅
ப୷౟
ப୸
	+ RT	(−r୧) = 0       

∂y୧
∂τ +

v୭
A
∂y୧
∂z + 	

RT
P୘

(−r୧) = 0 
ப୷౟
பτ

+ 	୴౥
୅
ப୷౟
ப୸

+ 	C୘(−r୧) = 0      [15] 

At steady state;  డ௬೔
డఛ

= 	0 
௩೚
஺
ௗ௬೔
ௗ௭

+ (௜ݎ−)்ܥ		 = 0       [16] 
 
But, 
௩೚
஺

= 	 ிಲ೚
஺

= 	 ൗ߬ܮ = 	  ௙       [17]ݑ

௙ݑ
ௗ௬೔
ௗ௭

+ (௜ݎ−)்ܥ = 0       [18] 

Equation [18] is the model for the material balance  

2.3. Kinetic Model  
Development of the kinetic lumps: [Naphtha, Paraffins, Aromatics and Gases [C1, C2, C3& C4].  

 
Figure 3: Lumps Model of Reforming Reactions [Oboho, 2005];[Wordu, 2009] 
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[Jacob &Weekman, 1976]; [Coxon& Bischoff, 1987]; and most recently [Oboho, 2005];[Wordu, 2009]posited that 
the reactions taking place in the reactors follow lumping scheme kinetics shown in figure 3.According to [Oboho, 2005]; 
[Wordu, 2009], the rate expressions for the composite 
5-lumps kinetics is given below as:  
(ேݎ−) = −݇௥భ ௉ܲ + 	݇௙భ ேܲ ுܲమ + 	݇௙మ ேܲ ுܲమ − ݇௥మ ஺ܲ ுܲమ

ଷ + 	݇଺ ேܲ ுܲమ   [19] 
Expressing equation [3.16] in terms of mole fractions (ݕ௜)and  
Defining equilibrium constant,݇௉ 
݇௉ = 	

௞೑
௞ೝ

         [20] 
Equation [19] becomes:  

(ேݎ−) = ்ܥ−
ேݕ݀
݀߬ = 	 ݇௙భ்ܲ

ଶݕேݕுమ + 	݇௙మ்ܲ
ଶݕேݕுమ + ݇଺்ܲଶݕேݕுమ 

−݇௥భ ்ܲ ௉ݕ − ݇௥మ்ܲ
ସݕ஺ݕுమ

ଷ   
(ேݎ−) = 	 ൫݇௙భ + 	݇௙మ + 	݇଺൯்ܲଶݕேݕுమ −

௞೑భ
௞ುభ

்ܲ ௉ݕ −
௞೑మ
௞ುమ

்ܲସݕ஺   [21] 

(஺ݎ) = ்ܥ
஺ݕ݀
݀߬ = 	 ݇௙మ்ܲ

ଶݕேݕுమ − ݇௥మ ்ܲ
ସݕ஺ݕுమ

ଷ  

= 	 ݇௙మ்ܲ
ଶݕேݕுమ −

௞೑మ
௞ುమ

்ܲସݕ஺ݕுమ
ଷ       [22] 

(௉ݎ−) = ்ܥ−
݀௬ು
݀߬ = 	 ݇௥భ ்ܲ ௉ݕ − ݇௙భ்ܲ

ଶݕேݕுమ + 	݇ହ்ܲ  ௉ݕ

= 	
݇௙భ
݇௉భ

்ܲ ௉ݕ − ݇௙భ்ܲ
ଶݕேݕுమ + 	݇ହ்ܲ  ௉ݕ

= 	 ൬
௞೑భ
௞ುభ

		+ 	݇ହ൰ ்ܲ ௉ݕ − ݇௙భ்ܲ
ଶݕேݕுమ                      [23] 

൫ݎுమ൯ =
dݕுమ
݀߬ 	= 	 ݇௥భ ்ܲ ௉ݕ − ݇௙భ்ܲ

ଶݕேݕுమ − ݇଺்ܲଶݕேݕுమ 
൫−݇௙మ + ݇௥మ൯்ܲ

ଶݕேݕுమ + ൫݇௙మ − ݇௥మ൯்ܲ
ସݕ஺ݕுమ

ଷ  

= 	
௙భܭ
௉భܭ

்ܲ ௉ݕ ௙భ்ܲܭ−
ଶݕேݕுమ − ுమݕேݕ଺்ܲଶܭ − ௙మ்ܲܭ

ଶݕேݕுమ + 	
݇௙మ
݇௉మ

்ܲଶݕேݕுమ + 	݇௙మ்ܲ
ଶݕ஺ݕுమ

ଷ −
݇௙మ
݇௉మ

்ܲସݕ஺ݕுమ
ଷ  

൫ݎுమ൯ = 	
௞೑భ
௞ುభ

்ܲ ௉ݕ + 	 ൬
௞೑మ
௞ುమ

− ݇௙భ − ݇଺ − ݇௙మ൰ ்ܲ
ଶݕேݕுమ + 	 ൬݇௙మ −

௞೑మ
௞ುమ

൰ ்ܲସݕ஺ݕுమ
ଷ  [24] 

ݎீ) ) = ்ܥ
ௗ௬ಸ
ௗఛ

= 	݇ହ்ܲ ௉ݕ + 	݇଺்ܲଶݕேݕுమ − ݇଻்ܲ  [25]    ீݕ
 
2.4. Energy Balance [Temperature Model Development] 
 

 
Figure 4: Elemental Volume PFR Showing Temperature  

Variations in the Z-Direction  
 

For 1 mole of a lumped feed into the reactor, the energy/temperature balance is explicitly stated below. 
Energy balance is stated mathematically at steady-state process 
ܣ௉ܥߩ଴ݒ ௜ܶ│௭

ఛ
− ܣ௉ܥߩ଴ݒ ௜ܶ│௭ା∆௭

ఛା∆ఛ
+ ݖ∆ܣ(ோܪ∆−)(௜ݎ−) − ܳ∆τ = 0 

ܣ௉ܥߩ ௜ܶ ቂ│௭ା∆௭
ఛା∆ఛ

− │௭
ఛ
ቃ + ݖ∆ܣ(ோܪ∆−)(௜ݎ−) − ܳ∆߬ = 0 

Input – Output + Reaction = Accumulation                                          [26a] 
{݊݋݅ݐ݈ܽݑ݉ݑܿܿܣ݂݋݁ݐܴܽ} = 0                   [26b] 
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ቐ
݂݋ݓ݋݈݂݂݊݅݋݁ݐܴܽ
ℎ݁ݐ݋ݐ݊݅ݕ݃ݎ݁݊݁

݁݉ݑ݈݋ݒ݈ܽ݅ݐ݊݁ݎ݂݂݁݅݀
ቑ = ௉ܥܣߩ௢ݒ ௜ܶ,௭

ఛ     [27] 

ቐ
ݕ݃ݎ݂݁݊݁݋ݓ݋݈݂ݐݑ݋݂݋݁ݐܴܽ

,ݏ݁݅ܿ݁݌ݏ݂݋ ݈ܽ݅ݐ݊݁ݎℎ݂݂݁݀݅݁ݐ݉݋ݎ݂݅
݁݉ݑ݈݋ݒ݂݋ݐ݈݊݁݉݁݁

ቑ = 	 ௉ܥܣߩ௢ݒ ௜ܶ,௭ା∆௭
ఛା∆ఛ   [28] 

൞

ݕ݃ݎ݂݁݊݁݋݊݋݅ݐ݈݁݌݂݁݀݋݁ݐܴܽ
,ݏ݁݅ܿ݁݌ݏ݂݋ ℎ݁ݐℎ݅݊ݐ݅ݓ,݅
݂݋ݐ݈݈݊݁݉݁݁ܽ݅ݐ݊݁ݎ݂݂݁݅݀
ݎ݋ݐܿܽ݁ݎℎ݁ݐ݂݋݁݉ݑ݈݋ݒ

ൢ = 	  [29]  ݖ∆ܣ(௥ܪ∆−)(௜ݎ−)

ቐ
ℎ݁ݐ݋ݐ݊݅݀݁݀݀ܽݕ݃ݎ݂݁݊݁݋݁ݐܴܽ
ݐ݈݂݊݁݉݁݁݋݁݉ݑ݈݋ݒ݈ܽ݅ݐ݊݁ݎ݂݂݁݅݀

ݎ݋ݐܿܽ݁ݎݓ݋ℎ݂݈݁ݐ݂݋
ቑ = ܳ∆߬                   [30] 

Combining equations [26b] to [30] into equation [26a]  [31]  
0 = ൫ܣ௉ܥߩ௢ݒ−	 ௜ܶ,௭ା∆௭

ఛା∆ఛ − ௜ܶ ,௭
் ൯ − ܣݖ∆(௥௜ܪ∆−)(௜ݎ−) + ܳ∆߬                 (32) 

At Adiabatic conditions;  ܶ ௜ = ௖ܶ ,	 
	ܳ:݁ܿ݊݁ܪ = )ܣܷ ௜ܶ − ௖ܶ) = 	0 
And, equation [32] becomes: 
0 = ,߬)ܶ∆ܣ௉ܥߩ௢ݒ−	 (ݖ −  (33)   ܣݖ∆(௥௜ܪ∆−)(௜ݎ−)
Divide equation (3.31) by ݒ௢ܥߩ௉ݖ∆ܣ 
∆ ௜ܶ(߬, (ݖ
ݖ∆ + 	

(௥௜ܪ∆−)(௜ݎ−)
௉ܥߩ௢ݒ

	= 	0 

But  

݈݅݉
∆௭→଴

∆ܶ(߬, (ݖ
ݖ∆ = 	

݀ܶ
 ݖ݀

Thus; 
ௗ்
ௗ௭

+ (ି௥೔)(ି∆ுೝ೔)
௨೑ఘ஼ು

	= 	0      (34) 

Where: ݎ௜  = rate of reaction for species, i = 	  mol/s ;(ܩ݀݊ܽ,ଶܪ,ܲ,ܣ,ܰ)
Equation [34] is the temperature model for reformer reactors.  
Equation [34] can further be analyzed/expressed as:  
݀ܶ
ݖ݀ +

1
௉ܥߩ௙ݑ

ቀ(−ݎே)(−∆ܪே) 	+ (஺ܪ∆−)(஺ݎ−)		 + (௉ܪ∆−)(௉ݎ−)	 + ൫−ݎுమ൯൫−∆ܪுమ൯ቁ = 0 
ௗ்
ௗ௭

+ ଵ
௨೑ఘ஼ು

ቀ(−ݎே)(−∆ܪே) + (஺ܪ∆)(஺ݎ)	 + (௉ܪ∆)(௉ݎ−) + ൫ݎுమ൯൫∆ܪுమ൯+ ݎீ) ቁ(ீܪ∆)( = 0 [35]  

 

Reactions 1, 2, 3 & 4 ࢕࡭ Equation constant 
(Kp) ∆ࡾࡴ

ࡶࡷ
 ࢊࢋ࢚ࢇ࢘ࢋ࢈࢏࢒૛ࡴࢌ࢕࢒࢕࢓ࡷ

Conversion of naphthenes to 
aromatics 

1.19	× 10଼ 1.040 × 10଺݁݌ݔ ൤46.15−
212700
ܴܶ

൨ 70928 

Conversion of paraffins to 
naphthenes 

4.170	× 10ଵଷ 9.869 × 10ଷ݁݌ݔ ൤
36950
ܴܶ − 	712൨ -44185 

Naphthenes cracking 4.5881	
× 10ଵ଼ 

__ -51860 

Paraffin cracking 4.5881	
× 10ଵ଼ 

__ -51860 

Table 1: Kinetic Parameter Ao, Kp, Kf, Kc&∆ܪோ [Wordu, 2009] Input Data 
 

3. Solution Techniques 
The various differential equations are resolved using 4th Order Runge-Kutta numerical method. Algorithm for the 

optimization of the kinetic parameters is given in figure 5 below: 
Computational flow chart:  Mechanism/kinetics [CCCR] 
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Figure 5: Algorithms for Mechanism and Kinetics 

 
3.1. 4th Order Runge- Kutta Numerical Algorithm for Systems of Ordinary Differential Equations  
ௗ்
ௗ௭

= 	 ଵ
ఓ೑
 [36]       (௜ݎ−)	

ௗ்
ௗ௭

   =  ଵ
ఓ೑஼ುఘ

൛∑ ௥,௜൯ହܪ∆൫(௜ݎ−)
௜ୀଵ ൟ     [37] 

Equations [36] and [37] are assigned 1 and 2 respectively for the Algorithm below: 
݅	 =  ܩଶܽ݊݀ܪ,ܣ,ܰ,ܲ	
ଵଵܭ 	= 	ℎ݂	(ݖ௝ ; ௜,௝ݕ	 ; 	 ௝ܶ) 
ଵଶܭ 	= 	ℎ݂	(ݖ௝ ; ௜,௝ݕ	 ; 	 ௝ܶ) 
ଶଵܭ 	= 	ℎ݂	(ݖ௝ + ½ℎ; ௜,௝ݕ	 + ;ଵଵℎܭ½ 	 ௝ܶ +  (ଵଶℎܭ½
ଶଶܭ 	= 	ℎ݂	(ݖ௝ + ½ℎ; ௜,௝ݕ	 + ;ଵଵℎܭ½ 	 ௝ܶ +  (ଵଶℎܭ½

http://www.ijird.com


 www.ijird.com                                                                                                                  February, 2019                                                                                             Vol 8 Issue 2 

   

INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH & DEVELOPMENT               DOI No. : 10.24940/ijird/2019/v8/i2/FEB19016                       Page 107 
 

ଷଵܭ 	= 	ℎ݂	(ݖ௝ + ½ℎ; ௜,௝ݕ	 	+ ;ଶଵℎܭ½ 	 ௝ܶ +  (ଶଶℎܭ½
ଷଶܭ 	= 	ℎ݂	(ݖ௝ + ½ℎ; ௜,௝ݕ	 + ;ଶଵℎܭ½ 	 ௝ܶ +  (ଶଶℎܭ½
ସଵܭ 	= 	ℎ݂	(ݖ௝ + ℎ; ௜,௝ݕ	 ;ଷଵℎܭ+ 	 ௝ܶ  (ଷଶℎܭ+
ସଶܭ 	= 	ℎ݂	(ݖ௝ + ℎ; ௜,௝ݕ	 ;ଷଵℎܭ+ 	 ௝ܶ  (ଷଶℎܭ+

௜,௝ݕ߂ 	= 		
1
6 ଵଵܭ}	 + ଶଵܭ2 + ଷଵܭ2 +  {ସଵܭ

߂ ௝ܶ 	= 		
1
ଵଶܭ}	6 + ଶଶܭ2 + ଷଶܭ2  {ସଶܭ+

௜,௝ାଵݕ = 	 ௜,௝ݕ + ௜,௝ݕ߂	  

௝ܶାଵ = 	 ௝ܶ + ߂	 ௝ܶ  

௝ାଵݖ = 	 ௝ݖ + 	ℎ 
 
Notations for Runge-Kutta numerical method 
݆	 = 	0, 1, 2, . . .݊ − 1 
ℎ =  ݁ݖ݅ݏ݌݁ݐݏ
௜,௝ݕ߂ = ℎ݆݁ݐݐܽ݅ݏ݁݅ܿ݁݌ݏ݂݋݊݋݅ݐr݂݈ܽܿ݁݋ℎ݁݉ݐ݂݋݁݌݋݈ݏ	 −  .݊݋݅ݐܽݎ݁ݐ݅
߂ ௝ܶ 	=  ݊݋݅ݐܽݎ݁ݐ݆݅ݐܽ݁ݎݑݐܽݎ݁݌ℎ݁ܶ݁݉ݐ݂݋݁݌݋݈ݏ	
1, 2	 =  ݀݊ܽ݊݋݅ݐܿܽݎ݂݈݁݋݉ݎ݋݂ݏ݊݋݅ݐܽݑݍ݁݃݊݅ݐܽܿ݅݀݊݅ݔ݂݅݁ݎ݌	
 .ݕ݈݁ݒ݅ݐܿ݁݌ݏ݁ݎ݁ݎݑݐܽݎ݁݌݉݁ݐ
 
3.2. Program Step Wise Sequence for Parameter Estimation of Components by Gauss-Newton &Marquardt- Levenberg Method 

By adopting the least square regression iterative procedures to update the activation energies of paraffins, 
naphthenes, aromatics &hydrogen values of the species given, the kinetic parameters of the species are estimated viz: 
Step 1: The computation of the yields of the mole fraction and temperature values from the model equations obtained as a 

result of the Rate expressions derived from five-lump Complex reactions using Ode 45-solver. The model 
equations derived are set of ordinary differential equations at steady state of plug flow reactor material and 
energy balances. 

Step 2: The yield of mole fractions and temperature obtained from the Ode-45-solver are compared with the plant 
data/literature values of the mole-fractions and temperature of the species: paraffins, naphthenes, aromatics and 
hydrogen is then used to compute the objective function, S, since: 

ܵ = ∑ ቄ∑ ൫ݕ௜,௖௔௟ − ௜,௣௧൯ݕ
ଶ

+∑ ൫ ଴ܶ,௖௔௟ − ଴ܶ,௣௧൯
ଶହ

௜ୀଵ
ହ
௜ୀଵ ቅହ

௜ୀଵ   [38] 
Where: ݕ௜,௖௔௟ܱ݅݁݀݉݋ݎ݂݀݁݊݅ܽݐܾ݋ݏ݁ݑ݈ܸܽ.ݏ݊݋݅ݐܿܽݎ݂݈݁݋݉ݏ	45	ݏ݁݅ܿ݁݌ݏݎ݋݂ݎ݁ݒ݈݋ݏ 
 ݅	 =  ܪ݀݊ܽ,ܣ,ܰ,ܲ	
 .i.e :ݏ݊݋݅ݐ݈ܽݑ݉݅ݏℎ݁ݐݎ݋݂ݏ݁ݑ݈ܽݒ݈ܽ݅ݐ݅݊݅݁ݎܽ݀݊ܽܽݐܽ݀ݐ݈݊ܽ݌/݁ݎݑݐܽݎ݁ݐℎ݈݁݅ݐ݉݋ݎ݂݀݁݊݅ܽݐܾ݋ݏ݁ݑ݈ܽݒݏ݊݋݅ݐܿܽݎ݂݈݁݋݉ݏ௜,௣௧݅ݕ
௉,଴ݕ = 	0.3478; ே,଴ݕ	 = 	0.5144 
஺,଴ݕ = ுమ,଴ݕ&	0.1378	 = 8 

TO, cal = Temperature values obtained from Ode-45-solver 
଴ܶ,௖௔௟݅ݏ݅݀݊ܽݐ݈݊ܽ݌ݎ݋݁ݎݑݐܽݎ݁ݐ݈݅݉݋ݎ݂݀݁݊݅ܽݐܾ݋݁ݑ݈ܽݒ݁ݎݑݐܽݎ݁݌݈݉݁ܶܽ݅ݐ݅݊݅ݏ 
଴ܶ,௣௧ 	=  ܭ780	

Step 3: Since the mole fraction obtained is a function of distance, z along the reactor and the activation energies 
i.e.ݕ௜ = ;(௜ܧ,ݖ)݂	 ௜ܧ:ℎ݁݊ݐ		 	= 	 ,ଵܧ) . . 1	:݁ݎℎ݁ݓ(ହܧ. = ܲ, 2 = ܰ, 3	 = ,ܣ	 4 = 5		ଶ&ܪ =  ܩ

are the kinetic parameters of the model that we are trying to find to minimize S 
Step 4: Starting with the initial guess, ܧ௜

(଴), the Gauss–Newton algorithm will iteratively find the best values for ܧ௜  as 
follows: 

(i) ܧ௜(௦ାଵ) 	= 	 ௜(௦)ܧ 	+  ߂ߙ
Where Δ = increment vector given as:߂	 =  ௥ܬଵି(௥ܬ௥்ܬ)−	
Where: (ܬ௥)௜,௝ 	= 	 డ௥೔	(ா೔)

డா೔
 

Suffrix: T = Transpose of the matrix vector 
-1 = Inverse of the matrix product of  ܬ௥்ܬ௥, ߙ = Constant used when the yields of the experimental data (calculated mole 
fraction values) of the mole fraction are becoming relatively steady as in my thesis; 
Then, ߙ > 0and the optional value for ߙ can be determined by line-search algorithm i.e. using a direct-search method in 
the interval:0 < ߙ < 1. 
Note the Δ can be thought as the correction applied to ܧ௜  to get it closer to the solution [value of ܧ௜  that will give the least 
minimal value of S, the objective function for series of iterations]. 

Update the parameter values, ܧ௜(௭ଵଵ) for the species, i to minimize the objective functions, S, this step 4 is majorly 
gotten with optimization package i.e search that give best convergence.  
 
4. Results and Discussions 

The results are presented in tables 1, 2, 3, 4, 5 and figures 1, 2, 3, 4, 5 for clarity. 
The optimization algorithm flow scheme figure 7 adapts mat lab compiler to simulate the models to give steady 

states and optimal yields of the mole fractions of the HCs lump feeds. Steady state results obtained were subjected to 
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optimization process to estimate the kinetic parameters of activation energies and pre-exponential factors. Results are 
presented below in tables and figures below for discussions. 

Parameters Pre-exponential factor 
 ૙,࢏࡭

Arrhenius constant ࢏࡭ Deviation (%) 

Paraffins 4.17E12 3.5445E12 15 
Naphthenes 1.19E08 1.30E08 9 
Aromatics 4.5881E18 3.212E18 30 

Gas 4.5881E18 5.414E18 18 
Table 2: Comparison of Estimated Arrhenius Constant with Literatures Values 

 
Table 2 depicts the percentage deviation of the pre-exponential factors (Arrhenius constants) with plant or 

literature values. The deviations of the various species of naphtha lumps feed (P, N, A, & G) are reasonable and explained 
that the approach utilize for the optimization process is a better one.  

 
Parameters ࢏࢑ ࢏࢑ 

Paraffins 3.54512ܧ ∗ 	݌ݔ݁ ൬
−354950

ܴܶ
൰ 5.63E-12 

Naphthenes 1.3008ܧ ∗ 	݌ݔ݁ ൬
−173566

ܴܶ
൰ 2.46E-04 

Aromatics 3.21218ܧ ∗ 	݌ݔ݁ ൬
−395001

ܴܶ
൰ 1.79E-08 

Gas 5.41418ܧ ∗ 	݌ݔ݁ ൬
−394000

ܴܶ
൰ 1.56E-08 

Table 3: Results of Rate Constants Calculated from Optimal ܧ௜ ௜ܣ, , & ௢ܶ,௖௔௟ 
 

Table 3 shows the calculated rate constants from the estimated activation energies, Arrhenius constants and 
optimal temperature values obtained from the optimization process. The results gave a good estimate of the parameters 
when compared with literature values [Wordu, 2009]. 

Parameters Optimum  
 ࢏࢑

literature  
 ࢏࢑

Deviation 

Lumps (reformate) ݇௜  ݇௜  % = ฬ
ܱܲܶ. ݇௜ − ௜݇ݐ݈ܲ

௜݇ݐ݈ܲ
ฬ 

Paraffins 5.63E-12 5.5981E-12 0.570 
Naphthenes 2.46E-04 2.451E-04 0.367 
Aromatics 1.79E-08 1.77845	E-08 0.650 

Gas 1.56E-08 1.77845 E-08 12 
Table 4: Comparison of Optimum Kinetic Parameters with Literature ݇௜from Table 1 

 
Table 4 shows the deviation of rate constants of the various species of the naphtha lumps feed gotten as a result of 

plant data and the estimated activation energies, Arrhenius constants and temperature respectively. 
 

Parameters Optimum yield SSV Deviation 
Lumps (reformate) Mole Mole % = ฬ

ܸܵܵ − ܱܻ
ܸܵܵ

ฬ 

Paraffins 0.25406 0.26011 2.3 
Naphthenes 0.30524 0.29654 2.9 
Aromatics 0.60628 0.61208 0.95 

Gas 5.8146E-05 5.8544E-05 0.68 
Temperature 780.088 780.0815 0.00385 

Table 5: Comparison of Optimum Yield with Steady State Values 
Where: SSV= Steady-State Values 

OY = Optimum Yield 

Table 5 indicates comparison of the optimal yield with steady state yield. The deviations shows that there is a 
difference in the two results as optimization procedures gave a better estimates of kinetic parameters to the literature 
ones, hence variation of the yields. 
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Parameters Model 
Predictions 

Plant Data Deviation 

Lumps (reformate) Mole Mole D = ฬ
model − plantdata

model
ฬ 

Paraffins 0.25406 0.3478 0.26 
Naphthenes 0.30524 0.5144 0.41 
Aromatics 0.60628 0.1378 3.4 

Gas 5.8146E-05 0 - 
Temperature 780.088 780 0.00011 

Table 6:  Comparison of Optimum Yield with Plant Data 
 

Table 6 indicates comparison of the optimal yield with the literature data. The deviation shows that the estimated 
kinetic parameters differ from the literature ones. Hence optimization process gave better yields (optimal yields). 

Parameters Plant data SS-values Deviation 
Lumps (reformate) Mole Mole ܦ = ฬ

ܵܵܲ − ܽݐܽ݀ݐ݈݊ܽܲ
ܵܵܲ

ฬ 

Paraffins 0.3478 0.26011 0.25 
Naphthenes 0.5144 0.29654 0.42 
Aromatics 0.1378 0.61208 3.44 

Gas 0 5.854E-05 - 
Temperature 780 780.0815 0.0001 

Table 7: Comparison of Steady State Values and Plant Data 
 

Table 7 depicts comparison of the steady state yield and plant data. The deviation indicates the essence of the 
estimation of kinetic parameters, but the deviations are small indicating the accuracy of the method applied in the 
research for the results. 

 
Figure 6: Optimal Mole Fractions Yields Varying With  

Reactor Length [M] 
 

Figure 6 depicts optimal yield of mole fractions for the species [P, N, A, and G] of feed with the reactor length. The 
result shows that there is progressive increase in mole fractions ofaromatics and gas. The point of intersection signifies 
equilibrium of the feed cracking process and tends to spread out to maximum as the reactor length increased to maximum. 
 

 
Figure 7: Steady State Yield of Mole Fraction of  

Feeds versus Reactor Length [M]  
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Figure 7 shows the steady state yields of mole fractions of the species [P, N, A, and G] of lump feed varying along 
the reactor length. The figure 7 show naphthene and paraffin depletes effectively to give products of gases and aromatics 
gasoline. The steady state models gave better yields and models purpose was achieved.  

 
Figure 8: Optimal Partial Pressures of Feeds Varying with  

Reactor Length [M] 
 

Figure 8 indicates the optimal yield of various species of the lumped feed in terms of partial pressures (kPa) with 
the reactor length as a mark of consistency. From figure 8, immediately after equilibrium point there is a good overlap of 
paraffin and naphthene depletion process testifying good model performance. 

The optimal values are gotten from the estimated kinetic parameters (ܧ௜ܽ݊݀ܣ௜), which were subjected to 
optimization process. The yields show that ஺ܲܽ݊݀Pீ  increase as reactor length increases such that  ஺ܲ > ܲீ  indicating that 
more ofaromatics and gasesare produced in the reactors. While the partial pressure of paraffins and Naphthenes decreases 
from initial value as length of reactor increased to maximum. This is because the partial pressure of paraffins initially 
depletes to gives Naphthenes and Gas, and Naphthenes depletes to give aromatics and gasesܥ	ଵ −   .ସ fractions	ܥ
Abrief mathematical analysis states simply: At z=0m, ௉ܲ = 271.284	݇ܲܽ, ேܲ = 401.232݇ܲܽ, ஺ܲ = 107.484݇ܲܽܽ݊݀ܲீ =
0	݇ܲܽ, ݖݐܽ݀݊ܽ = 4݉, ௉ܲ = 117݇ܲܽ, ேܲ = 113.1݇ܲܽ, ஺ܲ = 780݇ܲܽܽ݊݀ܲீ = 0.0839݇ܲܽQED 
 

 
Figure 9: Steady State Partial Pressure of Feed With  

Reactor Length [M] 
 

Figure 9 depicts the steady state partial pressure of lumped feed (KPa) varying with the reactor length (z).  
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Figure 10:  Optimum Temperatures against Reactor Length [m] 

 
Figure 10 shows endothermic process occurring exponentially along the reactor. 
 

 
Figure 11: Steady State Variation of Temperature along Reactor Length [m] 

 
Figure 11 indicates steady state temperature profile varying along the reactor. The reaction process occurring in the 
reformer reactor is endothermic process showing that heat is added to raise reaction temperature. The temperature 
increases as reactor length increases from z=0m to z = 4m and becomes steady at reactor 3 outlet end of reaction process. 
 

5. Nomenclature 

5.1. Symbols Meaning Units  
 ܣ Pre-exponential factor/frequency factor/Arrhenius constant Ao or K0 
 ܩܲܮ Liquified Petroleum Gas  
 ߩ௜ Density of chemical species i      
 ܵܵ Sum of squares  
 ௢Mass flow rate of gas-oilܨ
 ߩ௖௔௧Mass density of catalyst  
 ܴଶ Coefficient of determination  
 ܮܥ Confidence limit  
 ߣ Marquarrett-Levenberg parameter  
 ߂ Incremental value  
 ݓ௖  Weight of catalyst  
 ߠ௜ Catalyst surface coverage  
 ݎ௜  Rate of reaction of species, ii,݈݉݋/݉ଷݏ 
 ௜ܲ  Partial pressure of species, i݅݇ ௔ܲ  
 ߬ Space Time,  ݏ 
 ்ܥ Total concentration ݈݉݋/݉ଷ 
 ܲܵܵܧ Pure Error Sum of Squares  
 ݕ௜ Mole fraction of species ݅, where ݅ = Naphthenes, paraffins, Aromatics 
 RSS Regression Sum of Square 
 ΔH୰,౟Change in Heat of Reaction of species,   i = N, P, A	&	ܩkJ/Kmol 
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 Q Quantity of heat,    KJ/s	(KW) 
 q Quantity of heat per unit volume   KW/mଷ 
 C୮Specific heat capacity of the system  KJ/Kmol	K 
 u୤     Superficial velocity,    m/s 
 U Overall coefficient of heat  
 K୔       Equilibrium constant,    KJ/Kmol 
 K୤       Rate constant of forward reaction  

k୰      Rate constant of reverse reaction  
y୒ = mole fraction of Naphthenes, mol  
y୅ = mole fraction of Aromatics; mol  
y୔ = mole fraction of paraffins, mol  
yୌమ  = mole fraction of Hydrogen; mol  
r୧ = rate of reaction for species, i,= 	 (N, A, P, Hଶ, and	G); mol/s   
u୤ = superficial velocity entering the flow reactor; m/s 
v୭ = Volumetric flow rate; m

ଷ
sൗ  

A = Cross sectional area of the reactor; m2  

P୘ = Total pressure of the system; atm  
R = Ideal gas constant; KJ/Kmol.K 
T = Absolute Temperature; K  
C୧,୭ = Initial concentration of species; mol/L 
C୧ = Final concentration of species; mol/L 
P୧ = Partial pressure of species, i; atm  
r୧ = Rate of reaction of species, i; mol/s.L 
∆V = Differential volume for a section in PFR; m3 
∆z = Change in distance for the cross-section of the Plug flow reactor m 
τ = Space time; seconds  
C୘ = Total concentration; mol/L 
i = Naphthenes, Paraffins, Aromatics, Gases  
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