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1. Introduction 

Several researchers in engineering, applied physics and applied mathematics have shown keen interest in the 
analysis of the dynamic response of elastic structures under moving loads. This is due to the great impact the vibration of 
such structures have on the environment and the riding comfort of the moving load. Foremost amongst researchers of a 
moving load on a plate is the work of Willis [1] who investigated the effects of weights travelling over bars with different 
velocities. Others are Stokes [2], Timoshenko [3], Lowan [4], Bondar [5], Reissmann [6, 7] and the monograph of Fryba [8] 
to mention but few. The operation of these moving loads – cars, heavy-duty vehicles, trucks, railways,  steam and gas 
engines, etc. – introduce additional dynamic stresses on the plate structure. The stresses induced in the plate are 
dependent not only on the magnitude of the loads, but also strongly upon their speed of propagation. From literatures 
Fryba [8] and Leissa [9] have examined this phenomenon for simply-supported rectangular plates. Also Holl [10] and 
Livesley [11] considered the case of an infinite plate resting on elastic foundation and traversed by moving load. In Fryba 
[8], Leissa [9] and Holl [10], critical speeds of propagation are shown to exist. The study of the behaviour of solid bodies 
subjected to moving loads has been and still continues to be the concern of several researchers. Among these are the 
works of Stanisic et al. [12, 13, 14], Milormir et al. [15], Sadiku and Leipholz [16], Oni [17], Gbadeyan and Oni [18] to 
mention a few. The aforementioned researchers worked on one-dimensional dynamical beam problems. Among the 
earliest work on moving load plate problem is the work of Holl [10]. He solved the problem of a rectangular plate under 
the action of a uniform moving load. He indicated that a critical velocity existed for each vibration mode. Much later 
Stanisic et al. [19, 20] studied the two-dimensional problems of flexural vibration of plates under the action of loads, 
paying more attention to moving mass. Only the inertial term that measures the effect of local acceleration in the direction 
of the deflection was considered. Also Aiyesimi [21] studied the dynamic response of an elastic, isotropic rectangular non-
Mindlin plate resting on a visco-elastic foundation under the action of a force moving with variable velocity. He solved this 
problem for simply-supported end conditions only. Ramkumar et al [22] treated the vibration of highly prestressed 
anisotropic plates using numerical-perturbation approach to obtain the displacement response of the circular plate under 
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Abstract:  
In this paper, the response to moving concentrated masses of highly prestressed orthotropic rectangular plate resting 
on two parameter elastic sub-grades is investigated. In the equation governing the motion of the plate under the 
action of the travelling masses, it is observed that a small parameter multiplies the highest order operator which is 
peculiar of singular perturbation problems. From the literatures, problems in which the small parameter multiplies 
the highest derivatives in the governing differential equation do not have closed-form solution.  Problems such as this, 
defile conventional mathematical methods used to obtain approximate solution, since the small parameter affects the 
problem in such a way that the solution varies rapidly in some regions of the domain of definition of the problem and 
slowly in the other parts. It is a well-known fact that when the problem’s small parameter multiplies its highest order 
derivatives in the governing differential equation, it is only amenable to the methods of singular perturbation. Since 
of all the singular perturbation methods, the method of matched asymptotic expansions is more user-friendly, it is 
adopted for the solution of this plate problem. Analyses of the solution obtained for this plate dynamical problem are 
shown in plotted curves. These reveal that increase in the value of prestress or shear modulus leads to increase in the 
critical speed of the orthotropic rectangular plate traversed by moving concentrated mass. Also, as the rotatory 
inertia or mass ratio increases, the critical speed decreases. As observed, there is more than one resonance condition 
in this dynamical system which involves plate flexure under moving concentrated masses, and then, the smaller the 
mass ratio, the better the improvement in critical speed. 
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the action of general in-plane forces. The work in Stanisic et al. [14] was taken up much later by Gbadeyan and Oni [23] 
who studied the dynamic analysis of an elastic plate continuously supported by an elastic Pasternak foundation traversed 
by an arbitrary number of concentrated masses. The deflection of the plate was calculated for several values of the 
foundation moduli and shown graphically as a function of time. Worthy of mention in this area of study are the works of 
Shadnam et al. [24, 25]. Oni and Tolorunshagba [26] assessed the rotatory inertia influence on the highly prestressed 
orthotropic rectangular plate under the action of moving loads. They employed the method of composite expansion (MCE) 
in conjunction with the method of integral transformation and Cauchy residue theorem to obtain an approximate 
uniformly valid solution in the entire domain of definition of the rectangular plate. Much recently, Awodola and Omolofe 
[27], Awodola [28], Awodola and Oni [29], worked on the forced response of non-prestressed plate under moving masses. 

In all the aforementioned studies, no consideration has been given to bending effects at the boundaries. In 
particular, when a plate structure is highly prestressed, a small parameter multiplies the highest derivative in the 
governing differential equation. Thus, the methods of solution in the works of authors under review breakdown. This is so 
because while dealing with a highly prestressed rectangular plate of moderate thickness, bending effects must be duly 
taken into account. In particular, the domain far from the boundaries can generally be regarded as obeying the reduced 
(order) theory, whereas, close to the boundary bending effects become significant and may even dominate the 
deformation pattern. Thus, a solution valid in the domain far from the boundary breaks down near and at the boundaries, 
while the solutions at the boundaries breakdown far away into the domain. This phenomenon is analogous to boundary 
layer in fluid mechanics, the edge layer in solid mechanics and skin layer in electrodynamics, Erich [30]. The solution in 
this region is usually termed the inner solution and the solution valid away from this sharp-change region is termed outer 
solution. The procedure whereby solutions valid in the boundary layers that are identified with the perturbation series 
solution valid in the so called outer region is often called the matching process. 

This class of plate dynamical problems in which a small parameter multiplies the highest derivative in the 
governing differential equation, is not common in literature when the plate is subjected to a moving load. However, this 
class of plate problems has been solved when the plate is executing free vibration or when static load is acting on such 
plate. Even in exceptional cases in which a small parameter multiplies the highest derivative in the governing differential 
equation of the plate problem, only the gravitational effect of the moving concentrated load is considered, while the 
inertial effect of the mass of the moving load was seen to be infinitesimally small and so neglected on one hand, and on 
another hand the material properties of the plate structure were taken to be independent of a direction. 

Singular perturbation has, to date, seen relatively little use in solid mechanics but it has, nonetheless, been 
successfully used by Cole [31, 32]. In particular, Hutter and Olunloyo [33] have employed it in investigating circular 
membranes with small bending stiffness, while Hutter and Olunloyo [34] treated, among other things, the vibration of a 
thick strip-like membrane under anisotropic prestress. 

Another application in membrane theory is by Schneider [35] who considers the vibration of isotropically 
prestressed rectangular plates with built-in edges. In his paper, he constructed outer (core) and inner (boundary layer) 
solutions which are valid in partly disjointed domains. These solutions are then matched in an intermediate domain where 
both asymptotic expansions are both valid. Much later Olunloyo and Hutter [36] studied the response of thin isotropic, 
prestressed rectangular plate for the case when the ratio of bending rigidity to the applied in-plane loading is small. He 
used the method of composite expansion (MCE) to construct solutions for various boundary conditions. Oyediran and 
Gbadeyan [37] considered the case when the clamped highly prestressed rectangular plate exhibits natural material 
orthotropy. The problem was solved using the method of matched asymptotic expansions (MMAE). In another paper, 
Gbadeyan and Oyediran [38] compared the two singular perturbation techniques (MCE and MMAE) for initially stressed 
thin rectangular plate. They found that the results of the MMAE agree with those obtained using the generalized MCE and 
specialized version of MCE when the effect of shearing deformation is ܱ(ߝ). Another work worthy of mention is the work 
of Olunloyo and Hutter [39] who investigated the dynamic response of prestressed rectangular membrane to certain 
external time- dependent forces when the effect of bending rigidity is small using the MCE. After an earlier work by Oni 
[40] where he studied the dynamic response to a moving load, using MMAE, of a fully clamped prestressed orthotropic 
rectangular plate, Oni and Tolorunshagba [41] took up the problem of assessing the rotatory inertia influence on the 
response of the highly prestressed orthotropic rectangular plate to a travelling load using the Method of Composite 
Expansions (MCE), an alternate singular perturbation technique, in conjunction with the method of integral 
transformation and Cauchy residue theorem to obtain an approximate uniformly valid analytical solution in the entire 
domain of definition of the rectangular plate. Analysis showed that the critical velocity of the dynamical system increases 
with an increase in prestress and rotatory inertia values. Shortly after, Oni and Ogunbamike [42] worked on the transverse 
vibration of a highly prestressed isotropic rectangular plate resting on a bi-parametric sub-grade and traversed by a 
moving load. Also, Oni and Adedowole [43] examined the influence of prestress on the response to moving loads of 
isotropic rectangular plates incorporating rotatory inertia correction factor. 

More recently Are et al [44] researched on the vibrational response of damped simply-supported orthotropic 
rectangular plate, resting on Winkler foundation, to moving loads. 

It is remarked at this juncture that, to the best of the author’s knowledge while the effect of small bending rigidity 
has been investigated for free and static load plate problems aside the works of Oni [40], Oni and Tolorunshagba [41], 
calculations for this class of moving load plate problems do not exist in literature. However, in the work of Oni [40], the 
effect of rotatory inertia correction factor is neglected while in the work of Oni and Tolorunshagba [41] the inertia effect of 
the mass of the moving load is neglected. Novel as the works of Awodola and Omolofe [27], Oni and Adedowole [43] who 
worked on prestressed plates are, the plates they considered are not highly prestressed. So, they used the conventional 
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methods of solution to solve the dynamical plate problem in their research work. Thus, in this study, the dynamic analysis 
of a highly prestressed orthotropic rectangular plate incorporating the effects of rotatory inertia correction factor, under 
the influence of gravitational and inertial forces (moving mass) is examined. 
 
2. Mathematical Formulation 

Consider an orthotropically prestressed rectangular plate resting on a two parameter subgrade and occupying the 
domain Ω[0 ≤ ݑ ≤ 1, 0 ≤ ݒ ≤ ܾ]which is held along the four edges and traversed by a moving concentrated load which has 
mass commensurable with the mass of the plate, when the rotatory inertia correction factor is incorporated. Neglecting 
the effects of shearing prestress and shear deformation of the governing relation, when properly non-dimensionalized, is 
of the form 

ଶߝ ቈ
߲ସܹ(ݔ, ,ݕ ( ݐ

ସݔ߲ + ଵଶߙ2
߲ସܹ(ݕ,ݔ, (ݐ
ଶݕଶ߲ݔ߲ + ଶଶߙ

߲ସܹ(ݕ,ݔ, (ݐ
ସݕ߲

቉ − ଵଶߚ
߲ଶܹ(ݕ,ݔ, ( ݐ

ଶݔ߲ − ଶଶߚ
߲ଶܹ(ݕ,ݔ, (ݐ

ଶݕ߲ + 

߲ଶܹ(ݔ, ,ݕ (ݐ
ଶ̅ݐ߲ − ଴௧ߙ ቈ

߲ସܹ(ݔ, ,ݕ (ݐ
ଶݔଶ߲ݐ߲ +

߲ସܹ(ݔ, ,ݕ (ݐ
ଶݕଶ߲ݐ߲

቉ − ܩ ቆ
߲ଶܸ(ݔ, ,ݕ (ݐ

ଶݔ߲ +
߲ଶܸ(ݔ, ,ݕ (ݐ

ଶݕ߲
ቇ+ ,ݕ,ݔ)ܸܭ (ݐ + 

଴ݔ)ߜ − ݕ)ߜ(ݐܿ − (଴ݕ ቂడ
మௐ(௫,௬,௧)
ௗ௧మ

+ 2ܿ డ
మௐ(௫,௬,௧)
డ௧డ௫

+ ܿଶ డ
మௐ(௫,௬,௧)
డ௫మ

ቃ = ݔ)ߜ଴݃ܯ − ݕ)ߜ(ݐݑ −  ଴)                                      (1)ݕ
where it is assumed that the small parameter 0 < ߝ ≪ 1 is defined by the relation 
ଶߝ   = ஽ೣೣ

ேబ௅మ
              (2)  

 ௫௫ is the flexural rigidity in x- direction, ଴ܰ is reference prestress, L is the characteristic length which normalizes theܦ
spatial coordinates and displacement response, ݔ,  ଴௧is the rotatoryߙ ,is the time coordinate  ݐ ,are the spatial coordinates ݕ
inertia correction factor, ߤ  is the mass of the plate per unit area, ܹ(ݔ, ,ݕ  ଴ isܯ ,is the displacement response of the plate (ݐ
the mass of the applied external moving load,  G and K are respectively the shear and foundation moduli, ଴ୀಾబ

ഋ
 is the mass 

ratio, ݃ is the acceleration due to gravity, ݔ)ߜ − ܽ) is the unit concentrated force, acting at a point ݔ = ܽ, called the Dirac 
delta function with the property 

∫ ݔ)ߜ(ݔ)݂ − (ߞ = ൝
ݔ      0 > ܾ

ܽ    (ߞ)݂ < ݔ < ܾ
ݔ0 < ܽ

�௕
௔ .            (3) 

Since the plate is assumed to be fully clamped, the boundary conditions (in non-dimensional form) are 
ݔ� = 0,        0 ≤ ݕ ≤  ܾ
ݔ = 1        0 ≤ ݕ ≤ ܾ ൠܹ(ݔ, ,ݕ (ݐ = 0,        డௐ(௫,௬,௧)

డ௫
= 0         (4.1) 

ݕ� = 0,        0 ≤ ݔ ≤  1
ݕ = ܾ        0 ≤ ≥ ݔ 1ൠܹ(ݕ,ݔ, (ݐ = 0,        డௐ(௫,௩,௧)

డ௬
= 0                        (4.2) 

For simplicity, the plate-structure is assumed to be at rest prior to the arrival of the moving mass, and so the initial 
conditions (also in non-dimensional form) are 
,ݕ,ݔ)ܹ 0) = 0,        డௐ(௫,௬,଴)

డ௧
 = 0                             (5) 

 
3. Operational Simplification 

It is observed that a small parameter multiplies the highest derivatives in equation (1). For such problems a 
regular perturbation lowers the order of the differential equation –except in these regions of rapid change (often called 
boundary layer) where the high value of the derivative cancels the effects of the multiplying small parameter- which, in 
turn, means the solution cannot satisfy all the boundary conditions. A special treatment is, therefore, needed in the region 
near as well as at the boundary where its boundary condition is yet to be satisfied. And as such, the problem is only 
amenable to singular perturbations; in particular the method of matched asymptotic expansions (MMAE) is adopted. 
However, equation (1) is considerably simplified by introducing the Laplace transformation defined by  
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 
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Where �  is the Laplace transform operation symbol. Taking ݐ as the principal variable makes equation (1) to become 
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where 
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The integrals (9) cannot be easily evaluated and so use is made of trigonometrical series representation of the 
Dirac delta function obtained from the Fourier series expansion of the function as 
  
ݔ)ߜ  − (ݐܿ = 1 + 2∑ [cos ݐܿݎߨ2 cos ݔܿݎߨ2 + sin ݐܿݎߨ2 ∞[ݔܿݎߨ2݊݅ݏ

௥ୀଵ      (10) 
In view of equation (10) the complete Laplace transformation of equation (8) is  
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subject to the boundary conditions 
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4. Solution Procedure 

In equation (11), an exact uniformly valid solution in the entire domainߗ is not possible since it is observed that a 
small parameter multiplies the highest derivatives in the governing differential equation in accordance with the informal 
principle that the behaviour of solution is governed primarily by the highest order terms. This is due to the bending effects 
at the boundaries. Consequently, solution valid away from the boundaries breaks down near as well as at the boundaries. 
Thus, only approximate solutions are possible. The two but equivalent approaches, that could be used to tackle this type of 
problem, are the method of composite expansions (MCE) and the method of matched asymptotic expansions (MMAE). In 
this work, MMAE is used. This technique provides an approximate solution to the given problem in terms of two separate 
expansions which are valid in a closed interval Ω[0 ≤ ݔ ≤ 1, 0 ≤ ݕ ≤ ܾ]. The two expansions are called inner and outer; 
neither of them is uniformly valid but their domain of validity together covers the interval Ω. The method of matched 
asymptotic expansions (MMAE) requires that the asymptotic solution of equation (11) be of the form 
 ),,(),,(),,( 1 tyxWtyxWtyxW o          (14) 
Substitution of equation (14) into equation (11) gives, after rearranging and equating coefficients of the powers of ߝ, the 
following recurrence relations  
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Here the subscript of ),,( syxW  denote the order of   and 224  ( 2 is the Laplacian operator), while D  is as 
earlier defined.  
Subject to the transformed conditions at the boundaries 
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Consider the inner solution, fashioned after (14), of the form  

 
ܹ ௜(ܺ, ,ݕ (ݏ = ଴ܹ

௜(ܺ, ,ݕ (ݏ + ߝ ଵܹ
௜(ܺ,ݕ,  (18)          (ݏ

valid at x = 0 where the inner variable is set as ܺ =  ௫
ఌ
 , 

where superscript ݅ refers to inner solution. Equation (18) is also valid near ݔ = 1, where the inner variable is set 
as ܺ =  ଵି௫

ఌ
. Expressions similar to (18) can be written down for the solutions near ݕ = 0 and ݕ = ܾ, where the inner 

variables are set respectively as ܻ =  ௬
ఌ

 and ܻ =  ௕ି௬
ఌ

, thus 
  ܹ ௜ ,ܻ,ݔ) (ݏ =  ଴ܹ

௜(ݔ,ܻ, (ݏ + ߝ ଵܹ
௜(ݔ,ܻ,  (19)         (ݏ

Substitution of equation (18) into equation (16.1) near either  ݔ = 0 or ݔ = 1 produces respectively 
߲ସ ௩ܹ

௜(ܺ, ,ݕ (ݏ
߲ܺସ − ଵଶߚ]  + ଶݏ௢௧ߙ + ଴ܩ −  ܿଶ߁ை ݕ)ߜ − [(௢ݕ

߲ଶ ௩ܹ(௑,௬,௦)
௜

߲ܺଶ = ଶଶߚ] + ଶݏ௢௧ߙ + [଴ܩ
߲ଶ ௩ܹିଶ(௑,௬,௦)

௜

ଶݕ߲ − 

ଶଶߙ2
డరௐೡషమ(೉,೤,ೞ)

೔

డ௑మడ௬మ
− ଴ܭൣ + ଶݏ + ଶᴦ଴ఋ(௬ି௬బ)൧ݏ ௩ܹିଶ(௑,௬,௦)

௜ − ݕ)ߜ ை߁ݏ2ܿ − (௢ݕ డௐೡషభ
೔ (௑,௬,௦)
డ௑

+ ቊ
ݒ    ,0 = 0,1,3,4, …
ݕ)ߜ଴݃ܯ − ݁(଴ݕ

షೞ
೎ ௫
� , ݒ = 2 

               (20) 
or 
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
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








 

 

    u
sxi

i

t e
u

gM
syXWyys

y
syXW

s 0
200

2
2

2
2

2
0 ,,)(

,,





 



  ݒ  , = 2.   (21) 

Subject to boundary conditions  

௩ܹ
௜(ܺ, ,ݕ (ݏ =  0 = డௐೡ೔(௑,௬,௦)

డ௑
ݒ         , = 0,1,3, 4, …       (22) 

Similarly, near ݕ = 0  or ݕ = ܾ , one obtains the differential equations                                 

ଶଶߙ
߲ସ జܹ(௫,௒,௦)

߲ܻସ − ଶଶߚ) + ଶݏ଴௧ߙ + (଴ܩ
߲ଶ జܹ(௫,௒,௦)

߲ܻଶ

= ଵଶߚ] + ଶݏ଴௧ߙ + ଴ܩ − ܿଶΓ଴ݕ)ߜ − [(଴ݕ
߲ଶ జܹିଶ(௫,௒,௦)

ଶݔ߲ −
߲ସ జܹିସ(ݔ,ܻ, (ݏ

ସݔ߲ − ଵଶߙ2
߲ସ జܹିଶ(௫,௒,௦)

ଶ߲ܻଶݔ߲  
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ݕ)ߜΓ଴ܿݏ2− − (଴ݕ డௐഔషమ(௫,௒,௦)
డ௫

− ൤ ଶݏ ଴ܭ+
ݕ)ߜଶΓ଴ݏ+ − ଴)൨ݕ జܹିଶ(௫,௒,௦),      జୀ଴,ଵ,ଷ,ସ,…      (23) 

and 
 

ଶଶߙ
߲ସ జܹ(௫,௒,௦)

߲ܻସ − ଶଶߚ) + ଶݏ଴௧ߙ + (଴ܩ
߲ଶ జܹ(௫,௒,௦)

߲ܻଶ

= ଵଶߚ] + ଶݏ଴௧ߙ + ଴ܩ − ܿଶΓ଴ݕ)ߜ − [(଴ݕ
߲ଶ జܹିଶ(௫,௒,௦)

ଶݔ߲ −
߲ସ జܹିସ(ݔ,ܻ, (ݏ

ସݔ߲ − ଵଶߙ2
߲ସ జܹିଶ(௫,௒,௦)

ଶ߲ܻଶݔ߲  

ݕ)ߜΓ଴ܿݏ2− − (଴ݕ డௐഔషమ(௫,௒,௦)
డ௫

− ൤ ଶݏ ଴ܭ+
ݕ)ߜଶΓ଴ݏ+ − ଴)൨ݕ జܹିଶ(௫,௒,௦) + ݕ)ߜ ଴݃ܯ  − ݁(଴ݕ

షೞ
೎ ௫  ,               ߭ = 2          (24)                     

Subject to the boundary conditions 

௩ܹ
௜(ݔ,ܻ, (ݏ =  0 = డௐೡ೔(௫,௒,௦)

డ௒
ݒ         , = 0,1,2,3, …        (25) 

 
4.1. Solution Process 

The solutions of equations (20) for the function ௩ܹ(ݕ,ݔ,  and equations (20), (21), (23) and (24) for the (ݏ
functions ௩ܹ(ܺ, ,ݕ ,ܻ,ݔ)and ௩ܹ (ݏ  subject to the respective boundary conditions (22) and (25) are sought using finite (ݏ
Fourier sine integral transformation method. 
 
4.2. Leading Order Solution 

Here the solutions of ଴ܹ
௢(ݔ, ,ݕ and ଴ܹ (ݏ

௜(ݔ, ,ݕ  .are sought (ݏ
 
4.3. Solution for ଴ܹ

௢(ݕ,ݔ,  (ݏ
Substitute 0= ݒ in the recurrence equation (15), the governing differential equation for ଴ܹ

௢(ݔ, ,ݕ  is given as (ݏ

ଵଶߚ
డమௐబ(ೣ,೤,ೞ)

డ௫మ
+ ଶଶߚ

డమௐబ(ೣ,೤,ೞ)

డ௬మ
− ଶݏ ଴ܸ + ଶݏ଴௧ߙ ൤

డమௐబ(ೣ,೤,ೞ)

డ௫మ
+

డమௐబ(ೣ,೤,ೞ)

డ௬మ
൨ − ଴ܭ ଴ܹ(ݔ, ,ݕ (ݏ + ଴ܩ ൤

డమௐబ(௫,௬,௦)
డ௫మ

+
డమௐబ(ೣ,೤,ೞ)

డ௬మ
൨ −

Γ଴ݕ)ߜ − (଴ݕ ൤ݏଶ ଴ܹ(௫,௬,௦) + ܿݏ2
డௐబ(ೣ,೤,ೞ)

డ௫
+  ܿଶ

డమௐబ(ೣ,೤,ೞ)

డ௫మ
൨ = ݕ)ߜ ଴݃ܯ− − ݁(଴ݕ

షೞ
೎ ௫    (26)

 
        

 
Now, one attempts equation (26) for the solution of ଴ܹ

௢(ݕ,ݔ,  by introducing the finite Fourier sine transform defined as (ݏ
 
ܹ(݉, ,ݕ (ݏ = ∫ ,ݕ,ݔ)ܹ (ݏ sin݉ݔߨ ଵ

଴  (27)         ݔ݀

With the inverse           
,ݕ,ݔ)ܹ (ݏ =

2∑ ܹ(݉, ,ݕ (ݏ sin݉ݔߨ ∞
௠ୀଵ           (28) 

and ܹ(ݔ,݊, (ݏ = ∫ ,ݕ,ݔ)ܹ (ݏ sin ௡గ௬
௕

௕
଴  (29)         ݕ݀

With the inverse
,ݔ)ܹ ,ݕ (ݏ = ଶ

௕
∑ ,ݔ)ܹ ݊, (ݏ sin ௡గ௬

௕
∞
௠ୀଵ        (30) 

Thus, the transformation of (26) with respect to x is 
߲ଶ ଴ܹ(݉, ,ݕ (ݏ

ଶݕ߲ + ߮ଵଶ ଴ܹ
଴(݉, ,ݕ (ݏ = ߬ଵݕ)ߜ −  ଴)                                                                                                        (31)ݕ

Where 
߮ଵଶ = ఉభమ௠మగమି௦మା௠మగమఈబ೟௦మି௄బା௠మగమீబିΓబఋ(௬ି௬బ)ା൫௦మା௖మ௠మగమ൯

ൣఉమమାఈబ೟௦మାீబ൧
                  (32.1) 

߬ଵ =
ெబ௚௠గ௖మቈଵି(ିଵ)೘௘

షೞ
೎ ቉

൫ఉమమାఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ)          (32.2) 

The general solution of (26) is  
 ଴ܹ

଴(݉,ݕ, (ݏ = ݕଵ߮ݏ݋ଵܿܩ + ݕଵ߮݊݅ݏଶܩ + ఛభ
ఝభ
ݕ)ଵ߮݊݅ݏ −  ଴)                                       (33)ݕ

While the transformation with respect to y is 
డమௐబ೚(௫,௡,௦)

డ௫మ
+߮ଶ

డௐబ೚(௫,௡,௦)
డ௫

+߮ଷ ଴ܹ
௢(ݔ, ݊, ଶ݁߬ = (ݏ

ି௦௫ ௨⁄                                                                                        (34) 
where 
ŋଵ =ߚଵଶ + ଶݏ଴௧ߙ + ଴ܩ −

Γబ௖మ

௕
          (35.1) 

߮ଶ  = 
ଶΓబ௦௖
௕ ŋଵ
൘             (35.2) 

߮ଷ  = 
ఎమగమ

௕మ
ଶଶߚ − ଶݏ + ఎమగమ

௕మ
ଶݏ଴௧ߙ ଴ܭ− + ఎమగమ

௕మ
଴ܩ −

௦మΓబ
௕ ŋଵ
൘                        (35.3) 
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߬ଶ= 
ெబ
௖

gsin௡గ௬బ
௕ ŋଵ
൘                  (35.4)

        
The complimentary solution of (34) is  
଴ܹ ௖(ݔ, ݊, (ݏ = ଷ݁ఊభ௫ܩ +  ସ݁ఊమ௫                                                                                                                                          (36)ܩ

Where  
ଵߛ  = ߮ଶ +ඥ߮ଶଶ − 4߮ଷ                              (37.1) 

ଶߛ = ߮ଶ − ඥ߮ଶଶ − 4߮ଷ                                                            (37.2) 
Making use of the method of variation of parameters, the particular solution of (34) can be shown to be  
 ∴ ଴ܹ ௣(ݔ,݊, (ݏ =  ఛమ

(ఊభିఊమ)
ቀ ௖
௖ఊభା௦

ቁ ቂ1 − ݁ିቀ
೎ംభశೞ
೎ ቁቃ ݁ఊభ௫ + ఛమ

(ఊమିఊభ)
ቀ ௖
௖ఊమା௦

ቁ ቂ1 − ݁ିቀ
೎ംమశೞ
೎ ቁቃ ݁ఊమ௫                          (38) 

Consequently, the general solution of the ordinary differential equation (34) is  

଴ܹ   
଴ ,݊,ݔ) (ݏ = ଷ݁ఊభ௫ܩ += ସ݁ఊభ௫ܩ + ఛమ

(ఊభିఊమ)
ቀ ௖
௖ఊభା௦

ቁ ቂ1− ݁ିቀ
೎ംభశೞ
೎ ቁቃ ݁ఊభ௫ + ఛమ

(ఊమିఊభ)
ቀ ௖
௖ఊమା௦

ቁ ቂ1− ݁ିቀ
೎ംమశೞ
೎ ቁቃ ݁ఊమ௫  

                                                                                                                                   (39) 
The inversion of (33) and (39) gives the general solution of the equation (26) as 
௢ܹ
௢(ݔ, ,ݕ (ݏ =  2 ቂܩଵܿ߮ݏ݋ଵݕ + ݕଵ߮݊݅ݏଶܩ + ఛభ

ఝభ
ݕ)ଵ߮݊݅ݏ − ଴)ቃݕ sin݉ݔߨ + ଶ

௕
ቂܩଷ݁ఊభ௫ += ସ݁ఊభ௫ܩ + ఛమ

(ఊభିఊమ)
ቀ ௖
௖ఊభା௦

ቁ ቂ1 −

݁ିቀ
೎ംభశೞ
೎ ቁ൧݁ఊభ௫ + ఛమ

(ఊమିఊభ)
ቀ ௖
௖ఊమା௦

ቁ ቂ1− ݁ିቀ
೎ംమశೞ
೎ ቁቃ ݁ఊమ௫ቃ sin௡గ௬

௕
                                                                             (40) 

Where ܩଵ,ܩଶ,ܩଷ and ܩସ are arbitrary constants that are yet to be determined by matching. 
 
5. Leading Order Solution (Inner Problem) 

The differential equation governing the inner solution (݊݁ܽݔ ݎ = 0,1, ) in equation (15) where one neglects the 
terms with negative subscripts, one obtains for the leading order problem 

డర௪బ೔ (௑,௬,௦)
డ௑ర

− ଵଶߚ] + ଶݏ଴௧ߙ + ଴ܩ − cଶΓ଴ݕ)ߜ − [(଴ݕ డ
మ௪(௑,௬,௦)
డ௑మ

= 0                                (41) 
 Subject to 

,ܺ)଴௜ݓ ,ݕ (ݏ = 0 = డ௪బ೔ (௑,௬,௦)
డ௑

                  (42) 
Solving equation (40) subject to equation (41) produces  

଴ܹ
௜(ܺ, ,ݕ (ݏ = ቐ

ෘܾ଴(ݕ) ቂܺ + ଵ
ఏభ
݁ିఏభ௑ − ଵ

ఏభ
ቃ ݔ  ݎܽ݁݊     , = 0

ෘܾ଴(ݕ) ቂܺ + ଵ
ఏభ
݁ିఏభ௑ − ଵ

ఏభ
ቃ ݔ ݎܽ݁݊     , = 1

�                                               (43) 

where 
ଵଶߠ  = ଵଶߚ + ଶݏ଴௧ߙ + ଴ܩ − cଶΓ଴ݕ)ߜ −  (଴ݕ
Similarly, the differential equation governing the inner solution (near  ݕ = 0, ܾ) in equation (15), when one neglects the 
terms with negative subscript, one obtains for the leading order problem 
 డరௐబ೔(௫ ,௒,௦)

డ௒ర
− ଶଶߠ

డమௐ(௫,௒,௦)
డ௒మ

= 0                                     (44) 
Subject to                                                                                                                                                                    ଴ܹ

௜(ݔ,ܻ, (ݏ =
డௐబ೔(௫,௒,௦)

డ௒
                                                                                  (45) 

Where 
ଶଶߠ  = ൫ఉభమାఈబ೟௦మାீబ൯

ఈమమ
                 (46) 

Solving equation (44) subject to equation (45) produces  

଴ܹ
௜(ݔ,ܻ, (ݏ = ቐ

ሙ݂଴(ݔ) ቂܻ + ଵ
ఏమ
݁ିఏమ௒ − ଵ

ఏమ
ቃ ݕ ݎܽ݁݊        ,  = 0

݂̿ሙ଴(ݔ) ቂܻ + ଵ
ఏమ
݁ିఏమ௒ − ଵ

ఏమ
ቃ ݕ ݎܽ݁݊         , = ܾ 

�                             (47) 

Thus, the leading order solution of the inner problem (20 − 22) can be written down as 
෨ܾ଴(ݕ) ൤ܺ +

1
ଵߠ
݁ିఏభ௑ −

1
ଵߠ
൨ ݔ ݎܽ݁݊                                               = 0                  

෨ܾ෨଴(ݕ) ቂܺ + ଵ
ఏభ
݁ିఏభ௑ − ଵ

ఏభ
ቃ ݔ ݎܽ݁݊          = 1                                                                                                              (48) 

ሚ݂଴(ݔ) ൤ܻ +
1
ଶߠ
݁ିఏమ௒ −

1
ଶߠ
൨ ݕ ݎܽ݁݊                                                       = 0                     

ሚ݂ሚ଴(ݔ) ൤ܻ +
1
ଶߠ
݁ିఏమ௒ −

1
ଶߠ
൨ ݕ ݎܽ݁݊                                             = ܾ      

where exponentially growing terms have been discarded as unmatchable. The functions ෨ܾ଴ , ෨ܾ෨଴ , ሚ݂଴  ܽ݊݀ ሚ݂ሚ଴  are yet to be 
determined. The unknowns in (40) and (48) will be determined by matching inner and outer solutions. To this end, Van 
Dyke’s matching principle, which requires m-term inner expansion of (the n-term outer expansion) equals the n-term 
outer expansion of (the m-term inner expansion), is adopted. Thus, matching one-term outer expansion written in inner 
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variable (40) with one term inner expansion written in outer variable (48) (1-1 matching) immediately produces                              
    
ܾ ഥ(ݔ) = ധܾ(ݔ) = (ݕ)݂̅ = (ݕ)݂̿ = 0         (49)  

ଵܩ =
ெబ௚௠గ௖మቈଵି(ିଵ)೘௘

షೞ
೎ ቉

൫ఉమమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ)                                                                                                        ଴        (50.1)ݕଵ߮݊݅ݏ

ଶܩ = ఛభ
ఝభ

ଵܾ߮ݐ݋଴ܿݕଵ߮݊݅ݏ  −
ఛభ
ఝభ
− ଴ݕଵ߮ݏ݋ܿ

ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧௦௜௡ఝభ௬బ௖௢௧ఝభ௕
൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ)        (50.2) 

ଷܩ = ఛమ
(ఊభିఊమ)

ቀ ௖
௖ఊభା௦

ቁ ቂ1− ݁ିቀ
೎ംభశೞ
೎ ቁቃ         (50.3) 

ସܩ = ఛమ
(ఊభିఊమ)

ቀ ௖
௖ఊమା௦

ቁ ቂ1 − ݁ିቀ
೎ംమశೞ
೎ ቁቃ         (50.4) 

In view of equations (49) and (50) equation (40) becomes 

଴ܹ(ݔ, ,ݕ (ݏ = ଶெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧
൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ) + ݔߨ݉݊݅ݏݕଵ߮ݏ݋଴ܿݕଵ߮݊݅ݏ  2 ൤ఛభ

ఝభ
଴ݕଵ߮݊݅ݏ 

௖௢௦ఝభ௕௦௜௡ఝభ௬
௦௜௡ఝభ

− ఛభ
ఝభ
ݕଵ߮݊݅ݏ଴ݕଵ߮ݏ݋ܿ −

ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧
൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ) ൨ݕଵ߮݊݅ݏݕଵ߮ݏ݋଴ܿݕଵ߮݊݅ݏ  ݔߨ݉݊݅ݏ + 2 ఛభ

ఝభ
ݕ)ଵ߮݊݅ݏ  − ݔߨ݉݊݅ݏ(଴ݕ + ቄଶ

௕
݁ఊమ௫ ఛమ

(ఊమିఊభ)
ቀ ௖
௖ఊభା௦

ቁ ቂ1 −

݁ିቀ
೎ംభశೞ
೎ ቁ൧ + ଶ

௕
݁ఊభ௫ ఛమ

(ఊభିఊమ)
ቀ ௖
௖ఊభା௦

ቁ ቂ1− ݁ିቀ
೎ംమశೞ
೎ ቁቃ+ ଶ

௕
݁ఊమ௫ ఛమ

(ఊమିఊభ)
ቀ ௖
௖ఊమା௦

ቁ ቂ1 − ݁ିቀ
೎ംమశೞ
೎ ቁቃቅ ݊݅ݏ  ௡గ௬

௕
    

      (51) 
Where 
߮ଵଶ = ൣఉభమ௠మగమି௦మା௠మగమఈబ೟௦మି௄బା௠మగమீబିΓబఋ(௬ି௬బ)൫௦మା௖మ௠మగమ൯൧

ఉమమାఈబ೟௦మାீబ
,        ߮ଶ = ଶΓబ௦௖

ఉమమାఈబ೟௦మାீబି Γబ೎
మ

್

 

߮ଷ = ௡మగమఉమమି௕మ௦మା௡మగమఈబ೟௦మି௕మ௄బା௡మగమீబି௕௦మΓబ
௕మఉభమା௕మఈబ೟௦మା௕మீబି௕Γబ௖మ

,     ߬ଵ = ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧
൫ఉభమାఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ),߬ଶ =

ெబ௚௘షೞೣ ೎⁄ ௦௜௡೙ഏ೤బ್

ఉభమାఈబ೟௦మାீబି
Γబ೎మ
್

 (52) 

ଵߛ = ߮ଶ +ඥ߮ଶଶ − 4߮ଷ ଶߛ   ,  = ߮ଶ −ඥ߮ଶଶ − 4߮ଷ,       
ଵଶߚ − ଶݏ଴௧ߙ + ଴ܩ = ଴௧ߙ−  ቂݏଶ −

ఉభమ

ఈబ೟
− ீబ

ఈబ೟
ቃ − ଶݏ]଴௧ߙ  ଵଶ]      (53)ݓ−

Further simplification of equation (51) produces 
,ݕ,ݔ)ܹ (ݏ }ݔߨ݉ ଶsinܿߨgm°ܯ2= ି[ଵି(ିଵ)೘௘ି௦ ௖⁄ ]

ఈ೚೟(௦మା Λఱ)(௦మା Λమ)
 sin [ Λయ(௦మାΛర)

ఈ೚೟(௦మାΛభ)
 ఖݕ [

Cos [ Λయ(௦మାΛర)
ఈ೚೟(௦మାΛభ)

ݕ [ +
[ଵି(ିଵ)೘௘ି௦ ௖⁄ ]ୡ୭ୱ൤ Λయ൫ೞమశΛర൯

ഀ೚೟൫ೞమశΛభ൯
൨ ௕ ୱ୧୬൤ Λయ൫ೞమశΛర൯

ഀ೚೟൫ೞమశΛభ൯
൨ ௬

Λయ(௦మାΛర)(௦మାΛమ)ୱ୧୬൤
Λయ൫ೞమశΛర൯
ഀ೚೟൫ೞమశΛభ൯

൨ ௕ 
 

ି[ଵି(ିଵ)೘௘ି௦ ௖⁄ ]
ఈ೚೟(௦మା Λఱ)(௦మା Λమ)

sin [ Λయ(௦మାΛర)
ఈ೚೟(௦మାΛభ)

] ఖ Cosݕ [ Λయ(௦మାΛర)
ఈ೚೟(௦మାΛభ)

sin ݕ [ ቂ Λయ൫௦మାΛర൯
ఈ೚೟(௦మାΛభ)

ቃ ݕ  +  [ଵି(ିଵ)೘௘ି௦ ௖⁄ ]
ଶΛయ(௦మାΛర)(௦మାΛమ)

 sin ቂ Λయ൫௦మାΛర൯
ఈ೚೟(௦మାΛభ)

ቃ ݕ cos ቂ Λయ൫௦మାΛర൯
ఈ೚೟(௦మାΛభ)

ቃ °ݕ −
[ଵି(ିଵ)೘௘ି௦ ௖⁄ ]

Λయ(௦మାΛర)(௦మାΛమ) cos ቂ Λయ൫௦మାΛర൯
ఈ೚೟(௦మାΛభ)

ቃ ݕ sin ቂ Λయ൫௦మାΛర൯
ఈ೚೟(௦మାΛభ)

ቃ + { °ݕ
ଶெ°୥୫గ௖మ ୱ୧୬

೙ഏ೤
್

௕ఈ೚೟
 {ቀ ௖

௖௥భା௦
ቁ [ଵି௘ష(೎ೝభశೞ ೎⁄ ] ௘ೝభೣ

௥భି௥మ
[ ଵ
௦మାΛల

− ଵ
௦మାΛభ

]} (54) 
The Laplace inversion of (54) is defined as  

଴ܹ
௢(ݔ, ,ݕ (ݐ = ௕ܲభ{ܨଵ(ݔ, ,ݕ (ݐ + ,ݕ,ݔ)ଶܨ −(ݐ ,ݕ,ݔ)ଷܨ (ݐ + ,ݕ,ݔ)ସܨ −(ݐ ,ݔ)ହܨ ,ݕ {(ݐ + ௕ܲమ{ ܨ଺(ݕ,ݔ, −(ݐ ,ݕ,ݔ)଻ܨ                    { (ݐ

          (55) 
where 
௕ܲభ = ଶܿߨgm°ܯ2 sin݉(56.1)          ݔߨ 

௕ܲమ = ଶெ°୥୫గ௖మ

௕ఈ೚೟
sin௡గ௬

௕
           (56.2) 

,ݔ)ଵܨ ,ݕ (ݐ = ଵ
ଶగ௜

∫ ݁௦௧௔ା௜∞
௔ି௜∞

[ଵି(ିଵ)೘௘ି௦ ௖⁄ ]
ఈ೚೟(௦మା Λఱ)(௦మା Λమ)

 Sin [ Λయ(௦మାΛర)
ఈ೚೟(௦మାΛభ)

] ఖCosݕ[ Λయ(௦మାΛర)
ఈ೚೟(௦మାΛభ)

 s   (56.3)݀  ݕ [

,ݔ)ଶܨ ,ݕ (ݐ = ଵ
ଶగ௜

∫ ݁௦௧௔ା௜∞
௔ି௜∞

[ଵି(ିଵ)೘௘ି௦ ௖⁄ ]
Λయ(௦మାΛర)(௦మାΛమ)

ୡ୭ୱ ൤ Λయ൫ೞమశΛర൯
ഀ೚೟൫ೞమశΛభ൯

൨ ௕ ୱ୧୬൤ Λయ൫ೞమశΛర൯
ഀ೚೟൫ೞమశΛభ൯

൨ ௬

ୱ୧୬൤
Λయ൫ೞమశΛర൯
ഀ೚೟൫ೞమశΛభ൯

൨ ௕
ds    (56.4) 

,ݔ)ଷܨ ,ݕ (ݐ = ଵ
ଶగ௜

∫ ݁௦௧௔ା௜∞
௔ି௜∞

[ଵି(ିଵ)೘௘ି௦ ௖⁄ ]
ఈ೚೟(௦మା Λఱ)(௦మା Λమ)

sin ቂ Λయ൫௦మାΛర൯
ఈ೚೟(௦మାΛభ)

ቃ ] Cos  ݕ Λయ(௦మାΛర)
ఈ೚೟(௦మାΛభ)

] ݕ [ Λయ(௦మାΛర)
ఈ೚೟(௦మାΛభ)

     ݏ݀ ݕ [
            (56.5)   
,ݕ,ݔ)ସܨ (ݐ = ଵ

ଶగ௜
∫ ݁௦௧௔ା௜∞
௔ି௜∞

[ଵି(ିଵ)೘௘ି௦ ௖⁄ ]
Λయ(௦మାΛర)(௦మାΛమ) sin ቂ Λయ൫௦మାΛర൯

ఈ೚೟(௦మାΛభ)
ቃ ] Cos  ݕ Λయ(௦మାΛర)

ఈ೚೟(௦మାΛభ)
ఖݕ[   (56.6)   ݏ݀ 

,ݔ)ହܨ ,ݕ (ݐ = ଵ
ଶగ௜

∫ ݁௦௧௔ା௜∞
௔ି௜∞

[ଵି(ିଵ)೘௘ି௦ ௖⁄ ]
Λయ(௦మାΛర)(௦మାΛమ) Cos [ Λయ(௦మାΛర)

ఈ೚೟(௦మାΛభ)
sin ቂ ݕ [ Λయ൫௦మାΛర൯

ఈ೚೟(௦మାΛభ)
ቃ     ݏఖ݀ݕ

 (56.7) 

,ݔ)଺ܨ ,ݕ (ݐ = ଵ
ଶగ௜

∫ ݁௦௧௔ା௜∞
௔ି௜∞

௖ [ଵି௘ష(೎ೝభశೞ ೎⁄ ] ௘ೝభೣ

(௖௥భା௦)(௥భି௥మ)(௦మାΛల)
 (56.8)                      ݏ݀ 

,ݔ)଻ܨ ,ݕ (ݐ = ଵ
ଶగ௜

∫ ݁௦௧௔ା௜∞
௔ି௜∞

௖ [ଵି௘ష(೎ೝభశೞ ೎⁄ ] ௘ೝభೣ

(௖௥భା௦)(௥భି௥మ)(௦మାΛభ)
                      (56.9)                       ݏ݀ 

In order to evaluate the integrals in (56), the Cauchy residue theorem is employed. The singularities in the 
integrals are poles. In particular the denominators of the integrands of ܨଵ(ݕ,ݔ, ,ݔ)ଶܨ,(ݐ ,ݕ ,ݕ,ݔ)ଷܨ, (ݐ ,ݔ)ସܨ,(ݐ ,ݕ  ,(ݐ
and ܨହ(ݔ, ,ݕ = have simple poles at S (ݐ  ±݅Λହ,ܵ = ±݅Λଶ, S = ±݅Λସ ,ܵ =  ±݅ΛଶଵIt is straightforward to show that  
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,ݔ)ଵܨ ,ݕ (ݐ =  
ୗ୧୬൥

ΛయቀΛరషΛఱ
మቁ

ഀ೚೟ቀΛభషΛఱ
మቁ
൩௬എେ୭ୱ[

ΛయቀΛరషΛఱ
మቁ

ഀ೚೟ቀΛభషΛఱ
మቁ

] ୷ 

ଶ୧Λఱ൫ΛమିΛఱ
మ൯ఈ೚೟

 { ݁௜Λఱ௧[1− (−1)௠݁−݅Λହൗܿ ] − 

 ݁ି௜Λఱ௧[1− (−1)௠݁ ݅Λହൗܿ ] } +
ୗ୧୬ [

ΛయቀΛరషΛమ
మቁ

ഀ೚೟ቀΛభషΛమ
మቁ

] ௬എ େ୭ୱ[
ΛయቀΛరషΛమ

మቁ

ഀ೚೟ቀΛభషΛమ
మቁ

] ୷  

ଶ୧Λమ൫ΛఱିΛమమ൯ఈ೚೟
 

{ ݁௜Λమ௧ ቂ1 − (−1)௠݁−݅Λଶൗܿ ቃ − ݁ି௜Λమ௧ ቂ1− (−1)௠݁ ݅Λଶൗܿ ቃ }                                                        (57.1) 
 

,ݔ)ଶܨ ,ݕ  = (ݐ
େ୭ୱ[

ΛయቀΛరషΛర
మቁ

ഀ೚೟ቀΛభషΛర
మቁ

] ୠ ୗ୧୬ [
ΛయቀΛరషΛర

మቁ

ഀ೚೟ቀΛభషΛర
మቁ

] ୷

ଶ ΛయΛర൫ΛమିΛర
మ൯(Λమభ

మ ାΛరమ)
 { ݅݁௜Λర௧ ቂ1 − (−1)௠݁−݅Λସൗܿ ቃ −  ݅݁Λర௧ ቂ1 − (−1)௠݁ ݅Λସൗܿ ቃ} + 

େ୭ୱ൥
ΛయቀΛరషΛమ

మቁ

ഀ೚೟ቀΛభషΛమ
మቁ
൩௕ ୗ୧୬ [

ΛయቀΛరషΛమ
మቁ

ഀ೚೟ቀΛభషΛమ
మቁ

] ௬

ଶ ΛమΛయ൫ΛమିΛమ
మ൯(Λమభమ ିΛమమ)

{ ݅݁ି௜Λమ௧ ቂ1− (−1)௠݁ ݅Λଶൗܿ ቃ −  ݅݁௜Λమ௧ ቂ1 − (−1)௠݁−݅Λଶൗܿ ቃ } + 

େ୭ୱ[
ΛయቀΛమభ

మ శΛరቁ

ഀ೚೟ቀΛమభ
మ శΛభቁ

] ୠ ୗ୧୬ ൥
ΛయቀΛమభ

మ శΛరቁ

ഀ೚೟ቀΛమభ
మ శΛభቁ

൩ ௬

ଶ ΛమభΛయ൫Λమభమ ାΛర൯൫Λమభమ ାΛమ൯
{ ݁Λమభ௧ ቂ1 − (−1)௠݁−Λଶଵൗܿ ቃ +  { ݁ିΛమభ௧ ቂ1− (−1)௠݁Λଶଵൗܿ ቃ } .     

                                                                                                                         (57.2) 
 

,ݔ)ଷܨ ,ݕ  = (ݐ
ୗ୧୬ [

ΛయቀΛరషΛఱ
మቁ

ഀ೚೟ቀΛభషΛఱ
మቁ

]  ௬എ େ୭ୱ [
ΛయቀΛరషΛఱ

మቁ

ഀ೚೟ቀΛభషΛఱ
మቁ

] ୷ ୗ୧୬ [
ΛయቀΛరషΛఱ

మቁ

ഀ೚೟ቀΛభషΛమ
మቁ

] ୷

ଶ௜ఈ೚೟Λఱ ( ΛమିΛఱ
మ)

 

{݁௜Λఱ௧ ቂ1− (−1)௠݁−݅Λହൗܿ ቃ  ݁ି௜Λఱ௧ ቂ1− (−1)௠݁ ݅Λହൗܿ ቃ} + 

sin [ Λయ൫ΛరିΛమమ൯
ఈ೚೟൫ΛభିΛమమ൯

ఖݕ  [ cos [ Λయ൫ΛరିΛమమ൯
ఈ೚೟൫ΛభିΛమమ൯

] y Sin [ Λయ൫ΛరିΛమమ൯
ఈ೚೟൫ΛభିΛమమ൯

] y { ݁௜Λమ௧ ቂ1− (−1)௠݁−݅Λଶൗܿ ቃ- 

 ݁ି௜Λమ௧ ቂ1− (−1)௠݁ ݅Λଶൗܿ ቃ}                                      (57.3) 
    

,ݕ,ݔ)ସܨ    =(ݐ
ୱ୧୬ [

ΛయቀΛరషΛర
మቁ

ഀ೚೟ቀΛభషΛర
మቁ

] ௬ ୡ୭ୱ [
ΛయቀΛరషΛర

మቁ

ഀ೚೟ቀΛభషΛర
మቁ

] ௬എ

ଶΛయΛర(ΛరమିΛర)
 {݅݁௜Λర௧ ቂ1− (−1)௠݁−݅Λସൗܿ ቃ}  

− {݅݁௜Λమ௧ ቂ1− (−1)௠݁−݅Λଶൗܿ ቃ  −  {݅݁ି௜Λమ௧ ቂ1− (−1)௠݁ ݅Λଶൗܿ ቃ }                                                  (57.4) 

,ݕ,ݔ)ହܨ   ] cos = (ݐ Λయ൫ΛరିΛరమ൯
ఈ೚೟൫ΛభିΛరమ൯

] y sin  [ Λయ൫ΛరିΛరమ൯
ఈ೚೟൫ΛభିΛరమ൯

ఖ {݅݁௜Λర௧ݕ[ ቂ1 − (−1)௠݁−݅Λସൗܿ ቃ −  {݅݁ି௜Λర௧ ቂ1− (−1)௠݁ ݅Λସൗܿ ቃ + 

cos [ Λయ൫ΛరିΛరమ൯
ఈ೚೟൫ΛభିΛరమ൯

] y sin [ Λయ൫ΛరିΛమమ൯
ఈ೚೟൫ΛభିΛమమ൯

 . ఖݕ[

 {݅݁௜Λమ௧ ቂ1− (−1)௠݁−݅Λଶൗܿ ቃ −  ݅݁ି௜Λమ௧ ቂ1 − (−1)௠݁ ݅Λଶൗܿ ቃ}                                                  (57.5) 
଺݂(ݕ,ݔ, (ݔ =

௘ᴧభభ೟[ଵି௘షഀభ]௘ೖభೣට൫ᴧభభమ ାᴧభ൯൫ᴧభభమ ାᴧవ൯

(ᴧభభିᴧభళ)(ᴧభభିᴧభఴ)(ᴧభభିᴧభవ)(ᴧభభିᴧమబ)൫ᴧభభమ ିᴧల൯ඥ(ᴧభభିᴧభమ)(ᴧభభିᴧభయ)(ᴧభభିᴧభర)
∙

௘ᴧభమ೟[ଵି௘షഀమ]௘ೖమೣට൫ᴧభమమ ାᴧభ൯൫ᴧభమమ ାᴧవ൯

(ᴧభమିᴧభళ)(ᴧభమିᴧభఴ)(ᴧభమିᴧభవ)(ᴧభమିᴧమబ)൫ᴧభమమ ିᴧల൯ඥ(ᴧభమିᴧభభ)(ᴧభమିᴧభయ)(ᴧభమିᴧభర)
+

௘ᴧభయ೟[ଵି௘షഀయ]௘ೖయೣට൫ᴧభయమ ାᴧభ൯൫ᴧభయమ ାᴧవ൯

(ᴧభయିᴧభళ)(ᴧభయିᴧభఴ)(ᴧభయିᴧభవ)(ᴧభయିᴧమబ)൫ᴧభయమ ିᴧల൯ඥ(ᴧభయିᴧభభ)(ᴧభయିᴧభయ)(ᴧభయିᴧభర)
+

௘ᴧభర೟[ଵି௘షഀర]௘ೖరೣට൫ᴧభరమ ାᴧభ൯൫ᴧభరమ ାᴧవ൯

(ᴧభరିᴧభళ)(ᴧభరିᴧభఴ)(ᴧభరିᴧభవ)(ᴧభరିᴧమబ)൫ᴧభరమ ିᴧల൯ඥ(ᴧభరିᴧభభ)(ᴧభరିᴧభయ)(ᴧభరିᴧభయ)
     (57.6)   

 
଻݂(ݕ,ݔ, (ݐ =

 ௘ᴧభభ೟[ଵି௘షഀభ]௘ೖభೣ

ଶᴧభఱ(ᴧభభିᴧభళ)(ᴧభభିᴧభఴ)(ᴧభభିᴧభవ)(ᴧభభିᴧమబ)൫ᴧభభమ ିᴧభ൯ඥ(ᴧభభିᴧభమ)(ᴧభభିᴧభయ)(ᴧభభିᴧభర)
+

௘ᴧభమ೟[ଵି௘షഀమ]௘ೖమೣ

ଶᴧభఱ(ᴧభమିᴧభళ)(ᴧభమିᴧభఴ)(ᴧభమିᴧభవ)(ᴧభమିᴧమబ)൫ᴧభమమ ିᴧభ൯ඥ(ᴧభమିᴧభభ)(ᴧభమିᴧభయ)(ᴧభమିᴧభర)
+

௘ᴧభయ೟[ଵି௘షഀయ]௘ೖయೣ

ଶᴧభఱ(ᴧభయିᴧభళ)(ᴧభయିᴧభఴ)(ᴧభయିᴧభవ)(ᴧభయିᴧమబ)൫ᴧభయమ ିᴧభ൯ඥ(ᴧభయିᴧభభ)(ᴧభయିᴧభమ)(ᴧభయିᴧభర)
+

௘ᴧభర೟[ଵି௘షഀర]௘ೖరೣ

ଶᴧభఱ(ᴧభరିᴧభళ)(ᴧభరିᴧభఴ)(ᴧభరିᴧభవ)(ᴧభరିᴧమబ)൫ᴧభరమ ିᴧభ൯ඥ(ᴧభరିᴧభభ)(ᴧభరିᴧభమ)(ᴧభరିᴧభయ)
                  (57.7)  

The combination of the results (57.1 – 57.7) substituted into (55) yields the desired leading order solution of (26) 
which represents the uniformly valid solution of the entire domain of definition of the given plate. 
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5.1. First Order Correction 
 
5.1.1. Solution for Wଵ

୭(x, y, t) 
The next corrections in outer solution are obtained by setting  ߥ = 1 in equation (15). The governing equation for 

Wଵ
୭(x, y, t) is given as 

ଵଶߛ−
డమௐభ
డ௫మ

,ݕ,ݔ) −(ݏ ଶଶߛ
డమௐభ
డ௬మ

,ݔ) ,ݕ (ݏ + ଶݏ ଵܹ(ݕ,ݔ, −(ݏ ଶݏ଴௧ߙ ቂ
డమேభ
డ௫మ

,ݕ,ݔ) (ݏ + డమௐ
డ௬మ

,ݕ,ݔ) ቃ(ݏ +

Γ଴ߜ ቂݏଶ ଵܹ(ݔ, ,ݕ (ݏ + ݏݑ2 డௐభ
డ௫

,ݔ) ,ݕ (ݏ + ଶݑ డ
మௐభ
డ௫మ

,ݔ) ,ݕ ቃ(ݏ = 0      (58) 
Now one attempts the solution of ଵܹ(ݔ, ,ݕ  by introducing the finite Fourier sine transform in (27) in equation (58) with (ݏ
respect to x, and after simplification and slight re-arrangement, produces  
ଵܹ,௬௬(݉, ,ݕ (ݏ + ଶߟ ଵܹ(݉,ݕ, (ݏ = 0          (59) 

where 
ଶߟ = ቂൣ௦

మା௠మగమఈబ೟௦మି௠మగమఊభమାΓబఋ(௬ି௬బ)൫௦మ ି(௠గ௨)మ൯൧
ఈబ೟௦మିఊమమ

ቃ          (60) 
The homogeneous solution of (59) gives 
ଵܹ(݉,ݕ, (ݏ = ଵܤ cos ݕߟ ଶܤ− sin(61)                                     ݕߟ 

Similarly, if equation (58) is subjected to finite Fourier sine transform (29) with respect to y, and after simplification slight 
arrangement, one obtains 
డమௐభ(ೣ,೙,ೞ)

డ௫మ
+ ଶଶߟ ଵܹ(ݔ, ݊, (ݏ = 0            (62) 

Where 

ଶଶߟ =
ቀ೙ഏംమ್ ቁା௦మିఈబ೟ቀ

೙ഏ
್ ቁ

మ
௦మ

ିఊభమିఈబ೟௦మା
ೠమΓబ
್

             (63) 

The solution of which is  
ଵܹ(ݔ, ݊, (ݏ = ଷܤ cosߟଶݔ ସܤ− sinߟଶ  (64)            ݔ

The finite Fourier sine inversion of equation (61) together with equation (64) gives 
ଵܹ(ݔ, ,ݕ (ݏ = 2∑ ଵܤ] cos ݕߟ ∞[ݕߟ݊݅ݏଶܤ−

௠ୀଵ ݔߨ݉݊݅ݏ + ଶ
௕
∑ ଷܤ] cosߟଶݔ ସܤ− sinߟଶ ∞[ݔ
௡ୀଵ sin௡గ௬

௕
    (65) 

where ܤଵ , ଶܤ  .ସ are unknown constants to be determined by matchingܤ ݀݊ܽ  ଷܤ   ,
 
6. First Order Correction (Inner Problem) 

The first order correction is obtained by setting ߥ = 1 in the differential equations (20) and (23). Doing this and 
neglecting terms with negative subscripts yields                                                                                    பర୛భ

౟

డ௫ర
,ݔ) ,ݕ (ݏ − ଵଶߛ] + ଶݏ଴௧ߙ −

ݕ)ߜଶΓ଴ݑ − [(଴ݕ డ
మௐభ೔

డ௫మ
,ݔ) ,ݕ (ݏ = 0 

Rewritten as 
பర୛భ(ೣ,೤,ೞ)

౟

డ௫ర
− ߮ଵଶ

பర୛భ(ೣ,೤,ೞ)
౟

డ௫ర
= 0          (66) 

Where  
߮ଵଶ = ଵଶߛ] + ଶݏ଴௧ߙ − ݕ)ߜଶΓ଴ݑ −  ଴)]        (67)ݕ

Subject to the boundary conditions 

Wଵ
୧(ݔ, ,ݕ (ݏ = 0 =

డ୛భ(ೣ,೤,ೞ)
౟

డ௫
         (68) 

Following usual argument in equations (41) and (44), the first order correction of the inner problem can be written as 

Wଵ
୧(ݔ, ,ݕ (ݏ =

⎩
⎪⎪
⎨

⎪⎪
⎧ ෠ܾଵ(ݕ) ൤x + ଵ

φభ
eିφభ୶ − ଵ

φభ
൨                 near x = 0  

෠ܾ෠ଵ(ݕ) ൤x + ଵ
φభ

eିφభ୶ − ଵ
φభ
൨                 near x = 1 

መ݂ଵ(ݔ) ቂݕ + ଵ
ఝమ
݁ିఝమ௬ − ଵ

ఝమ
ቃ                  near y = 0 

መ݂መଵ(ݔ) ቂݕ + ଵ
ఝమ
݁ିఝమ௬ − ଵ

ఝమ
ቃ                  near y = b 

�      (69) 

Here exponentially growing terms have been neglected as unmatchable. The function ෠ܾଵ(ݕ), ෠ܾ෠ଵ(ݕ), መ݂ଵ(ݔ) ܽ݊݀ መ݂መଵ(ݔ) will be 
determined by matching. By matching one term outer solution with two terms inner solution expansion written in outer 
variable, produces the following. 
෠ܾଵ(ݕ) = ߨ2݉ ൜ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧௦௜௡ఝభ௬బ

൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ)
ݕଵ߮ݏ݋ܿ] − [ݕଵ߮݊݅ݏ ଵܾ߮ݐ݋ܿ + ఛభ

ఝభ
ݕଵ߮݊݅ݏ ଵܾ߮ݐ݋ܿ]଴ݕଵ߮݊݅ݏ −   ൠ[ݕଵ߮ݏ݋ܿ

                                                            (70) 
෠ܾ෠ଵ(ݕ) = −2(−1)௠ ߨ݉  ൜ ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧

൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ) ݕଵ߮ݏ݋ܿ)଴ݕଵ߮݊݅ݏ − (ݕଵ߮݊݅ݏ ଵܾ߮ݐ݋ܿ + ఛభ
ఝభ
ݕଵ߮݊݅ݏ ଵܾ߮ݐ݋ܿ)଴ݕଵ߮݊݅ݏ −

2−−(ݕଵ߮ݏ݋ܿ ఛభ
ఝభ
  ଴ൠ                                                                           (71)ݕଵ߮ݏ݋ܿݕଵ߮݊݅ݏ

መ݂ଵ(ݔ) = 2 ൜߬ଵ −
ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧ఝభ
൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ)

ൠ  (72)         ݔߨ݉݊݅ݏଵܾ߮ݐ݋଴ܿݕଵ߮݊݅ݏ
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መ݂መଵ(ݔ) = 2 ൜߮ଵ
ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧

൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ) ݔߨ݉݊݅ݏ ଵܾ߮݊݅ݏ଴ݕଵ߮݊݅ݏ − ߬ଵܿ߮ݏ݋ଵݕ଴ܿ߮ݏ݋ଵܾൠ     (73) 

One seeks an asymptotic outer solution of the form  
ଵܹ
௢(ݔ, ,ݕ (ݏ = ଵܤ]2 cosݕߟ ݔߨ݉݊݅ݏ[ݕߟ݊݅ݏଶܤ− + ଶ

௕
ଷܤ] cos ݔଶߟ ସܤ− sinߟଶ [ݔ sin ௡గ௬

௕
      (74) 

By matching two terms outer solution with two terms inner solution (2-2 matching) of equation (68) as ߝ → 0, one obtains 
ଷܤ = ܾ ቂ2݉ߨቀ బ்

ఎ
sinݕ଴ቁcos ݕߟ − ߨ2݉ ቀ బ்

ఎ
cscܾߟ[sin(ܾ − −(଴ݕ sinݕ଴ cos ቁ[ܾߟ sinݕߟ + బ்

ఎ
ߨ݉ sin(ݕ −   ଴)ቃݕ

              (75) 

ସܤ = 2ቆ బ்
ఎ
ቇ(଴ݕ)݊݅ݏ (−1)௠ାଵ(݉ߨ) + 2 ቀ బ்

ఎ
csc݊݅ݏ]ܾߟ(ܾ − −(଴ݕ (ߨ݉)௠ାଵ(1−)ݕߟ݊݅ݏቁ[ܾߟݏ݋଴ܿݕ݊݅ݏ + బ்

ఎ
ݕ)݊݅ݏ −

଴)(−1)௠ାଵݕ + ଶ
௕
ଵߠଵ݁ఏభܤ sin௡గ௬

௕
+ ଶ

௕
ଶߠଶ݁ఏమܤ sin௡గ௬

௕
− ଶ

௕
ସߟ

ቈ௘షቀ
ೞ
ೠశഇభቁିଵ቉

(ఏభିఏమ)ቀೞೠାఏభቁ
݁ఏభ sin௡గ௬

௕
ଵߠ −

ଶ
௕
ସߟ

ቈ௘షቀ
ೞ
ೠశഇమቁିଵ቉

(ఏమିఏభ)ቀೞೠାఏమቁ
݁ఏమߠଶ sin௡గ௬

௕
 

              (76) 
ଵܤ =   ൤൜߬ଵ −

ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧ఝభ
൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ)

ൠ ଵܾ଴൨߮ݐ݋଴ܿݕଵ߮݊݅ݏ ଶൗߠ         

                       (77) 
ଶܤ = ఝభெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧ఝభ௦௜௡ఝభ௬బ

ఏమ൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ) − ఛభ௖௢௦ఝభ௬బ௖௢௦ఝభ௕
ఏమ௦௜௡ఝభ௕௦௜௡௠గ௫

− ఛభ௖௢௦ఝభ௕
ఏమ௦௜௡ఝభ௕

+ ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧ఏభ௖௢௦మఝభ௕௦௜௡ఝభ௬బ
ఏమ൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ)௦௜௡ఝభ௕

  

           (78) 
In view of equations (75) – (78) equation (74) becomes  

ଵܸ
଴(ݕ,ݔ, (ݏ = ൜2 ൤൜߬ଵ −

ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧ఝభ
ఏమ൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ)

ൠ ଵܾ൨߮ݐ݋଴ܿݕଵ߮݊݅ݏ ଶൗߠ  ∗ ݕଵ߮ݏ݋ܿ + 2 ൜ఝభெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧ఝభ௦௜௡ఝభ௬బ
ఏమ൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ) −

ఛభ௖௢௦ఝభ௬బ௖௢௦ఝభ௕
ఏమ௦௜௡ఝభ௕௦௜௡௠గ௫

− ఛభ௖௢௦ఝభ௕
ఏమ௦௜௡ఝభ௕

+ ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧ఏభ௖௢௦మఝభ௕௦௜௡ఝభ௬బ
ఏమ൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ)௦௜௡ఝభ௕

ൠ ݔߨ݉݊݅ݏൠݕଵ߮݊݅ݏ +

൤൜ଶ
௕

(ିଵ)೘௠గ
ఏభ(௘ംమି௘ംభ)௦௜௡೙ഏ೤್

൤ ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧
൫ఉభమିఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ)

൨ ݕଵ߮ݏ݋ܿ)଴ݕଵ߮݊݅ݏ − (ݕଵ߮݊݅ݏ ଵܾ߮ݐ݋ܿ + ఛభ
ఝభ
ݕଵ߮݊݅ݏ ଵܾ߮ݐ݋ܿ)଴ݕଵ߮݊݅ݏ + −(ݕଵ߮ݏ݋ܿ

ଶఛభ
ఝభ
ൠ݁ఊమ൨ݕଵ߮݊݅ݏ଴ݕଵ߮ݏ݋ܿ ݊݅ݏ

௡గ௬
௕

           (79) 

Where߬ଵ = ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧
൫ఉమమାఈబ೟௦మାீబ൯(௦మା௖మ௠మగమ) , ߮ଵ = ටൣఉభమ௠మగమି௦మା௖మ௠మగమఈబ೟௦మି௞బା௠మగమீబିΓబఋ(௬ି௬బ)(௦మା௖మ௠మగమ)൧

ఉమమାఈబ೟௦మାீబ
 ,  

Λଵ = ఉమమାீబ
ఈబ೟

,   Λଶ = ܿଶ݉ଶߨଶ, Λଷ = ܿଶ݉ଶߨଶ − 1− Γ଴ݕ)ߜ − ,(଴ݕ Λସ = ௠మగమൣఉభమାீబି௖మΓబఋ(௬ି௬బ)൧ି௞బ
௠మగమఈబ೟ିଵିΓబఋ(௬ି௬బ) Λହ = ൫ఉభమାீబ൯

ఈబ೟
,   Λ଺ =

௕ீబା௕ఉభమିΓబ௖మ

௕ఈబ೟
 ,    Λ଻ = ௡మగమఈబ೟ି௕Γబି௕మ

௕మ
 ,   Λ଼ = ௡మగమఉమమା௡మగమீబି௕మ௞బ

௡మగమఈబ೟ି௕Γబି௕మ
, Λଽ = ௕ீబା௕ఉభమିΓబ௖మ

௕ఈబ೟
 , Λଵ଴ =

௠మగమቀఉభ
మାఈబ೟ାீబି௖మΓబఋ(௬ି௬బ)ቁି௞బ

ଵିΓబఋ(௬ି௬బ) ,     

Λଵହ = ݊ଶߨଶߙ଴௧ − ܾΓ଴ − ܾଶ,߮ଶ = ଶΓబ௦௖

௕൬ఉభమାఈబ೟௦మାீబି
Γబ೎మ
್ ൰

 ,   ߬ଶ =
ெబ௚௘షೞೣ ೎⁄ ௦௜௡೙ഏ೤బ್

ఈబ೟(௦మାΛల)   ,    

Further simplification, rearrangement of equation (79) gives 

ଵܸ
଴(ݕ,ݔ, (ݏ = ቐ

2
ଶߠ
ቈ
−ଶൣ1ܿߨ଴݃݉ܯ (−1)௠݁ି௦ ௖⁄ ൧

ଶݏ)଴௧ߙ + Λଵ) +
−ଶൣ1ܿߨ଴݃݉ܯ (−1)௠݁ି௦ ௖⁄ ൧
ଶݏ)଴௧ߙ − Λଵ଴)(ݏଶ + Λଶ)

∙
Λଷ[ݏଶ + Λସ]
ଶݏ)଴௧ߙ + Λଵ)

቉ ݊݅ݏ
Λଷ[ݏଶ + Λସ]
ଶݏ)଴௧ߙ + Λଵ) ݐ݋ܿ ଴ݕ

Λଷ(ݏଶ + Λସ)
ଶݏ)଴௧ߙ + Λଵ)ܾ ܿݏ݋

Λଷ[ݏଶ + Λସ]
ଶݏ)଴௧ߙ + Λଵ)ݕ

+ 2 ቎
Λଷ(ݏଶ + Λସ)ܯ଴݃݉ܿߨଶൣ1− (−1)௠݁ି௦ ௖⁄ ൧
ଶݏ)଴௧ߙ + Λଵ)ߠଶߙ଴௧(ݏଶ − Λଵ଴)(ݏଶ + Λଶ) ݊݅ݏ

Λଷ[ݏଶ + Λସ]
ଶݏ)଴௧ߙ + Λଵ) ଴ݕ

−
−ଶൣ1ܿߨ଴݃݉ܯ (−1)௠݁ି௦ ௖⁄ ൧

ଶݏ)଴௧ߙଶߠ + Λଵ) ݏ݋ܿ
Λଷ[ݏଶ + Λସ]
ଶݏ)଴௧ߙ + Λଵ)ݕ଴ܿݏ݋

Λଷ[ݏଶ + Λସ]
ଶݏ)଴௧ߙ + Λଵ)ܾଵ

1
ݔߨ݉݊݅ݏ

−
−ଶൣ1ܿߨ଴݃݉ܯ (−1)௠݁ି௦ ௖⁄ ൧݊݅ݏ ቂ Λయൣ௦మାΛర൧

ఈబ೟(௦మାΛభ)
ቃ ݏ݋ܿ ܾ ቂ Λయൣ௦మାΛర൧

ఈబ೟(௦మାΛభ)
ቃ ܾ

ଶݏ)଴௧ߙଶߠ + Λଵ)݊݅ݏ ቂ Λయ[௦మାΛర]
ఈబ೟(௦మାΛభ)

ቃ ܾ

+
−ଶൣ1ܿߨ଴݃݉ܯ (−1)௠݁ି௦ ௖⁄ ൧ܿݏ݋ଶ ቂ Λయൣ௦మାΛర൧

ఈబ೟(௦మାΛభ)
ቃ ݊݅ݏ ܾ ቂ Λయൣ௦మାΛర൧

ఈబ೟(௦మାΛభ)
ቃ ଴ݕ

ଶݏ)଴௧ߙଶߠ − Λଵ଴)(ݏଶ + Λଶ)݊݅ݏ ቂ Λయ[௦మାΛర]
ఈబ೟(௦మାΛభ)

ቃ ܾ
቏ ݊݅ݏ ቈ

Λଷ[ݏଶ + Λସ]
ଶݏ)଴௧ߙ + Λଵ)቉ ݔߨ݉݊݅ݏቑݕ + 

ቐ቎ଶ
௕

(ିଵ)೘௠గ௘ംభೣ

ఏభ(௘ംభି௘ംమ) ୱ୧୬೙ഏ೤್
቎
ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧  ௦௜௡൤ ΛయൣೞమశΛర൧

ഀబ೟൫ೞమశΛభ൯
൨௬బ

ିఈబ೟(௦మିΛభబ)(௦మାΛమ) ݏ݋ܿ  ቂ Λయൣ௦మାΛర൧
ఈబ೟(௦మାΛభ)

ቃ ݕ − ݊݅ݏ ቂ Λయൣ௦మାΛర൧
ఈబ೟(௦మାΛభ)

ቃ ݐ݋ܿ ݕ ቂ Λయ൫௦మାΛర൯
ఈబ೟(௦మାΛభ)

ቃ ܾ +

ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧ఈబ೟൫௦మାΛభ൯ ௦௜௡൤ ΛయൣೞమశΛర൧
ഀబ೟൫ೞమశΛభ൯

൨௬బ

ఈబ೟(௦మାΛభ)Λయ(௦మାΛర)
ቀ݊݅ݏ ቂ Λయൣ௦మାΛర൧

ఈబ೟(௦మାΛభ)
ቃ ݐ݋ܿ ݕ ቂ Λయ൫௦మାΛర൯

ఈబ೟(௦మାΛభ)
ቃ ܾ + ݏ݋ܿ ቂ Λయൣ௦మାΛర൧

ఈబ೟(௦మାΛభ)
ቃ ቁݕ −

2
ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧ఈబ೟൫௦మାΛభ൯ ௖௢௦൤ ΛయൣೞమశΛర൧

ഀబ೟൫ೞమశΛభ൯
൨௬బ ௦௜௡൤ ΛయൣೞమశΛర൧

ഀబ೟൫ೞమశΛభ൯
൨௬ 

ఈబ೟(௦మାΛభ)Λయ(௦మାΛర)
቉ +
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൤ଶ
௕

(ିଵ)೘௠గ௘ംభೣ

ఏభ(௘ംభି௘ംమ) ୱ୧୬೙ഏ೤್
൨
ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧  ௦௜௡൤ ΛయൣೞమశΛర൧

ഀబ೟൫ೞమశΛభ൯
൨௬బ

ିఈబ೟(௦మିΛభబ)Λయ(௦మାΛమ)
ቀܿݏ݋ ቂ Λయൣ௦మାΛర൧

ఈబ೟(௦మାΛభ)
ቃ ݕ − ݊݅ݏ ቂ Λయൣ௦మାΛర൧

ఈబ೟(௦మାΛభ)
ቃ ݐ݋ܿ ݕ ቂ Λయ൫௦మାΛర൯

ఈబ೟(௦మାΛభ)
ቃ ܾቁ+

ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧൫௦మାΛభ൯ ௦௜௡൤ ΛయൣೞమశΛర൧
ഀబ೟൫ೞమశΛభ൯

൨௬బ

Λయ(௦మାΛభ)(௦మାΛర)
ቀ݊݅ݏ ቂ Λయൣ௦మାΛర൧

ఈబ೟(௦మାΛభ)
ቃ ݐ݋ܿ ݕ ቂ Λయ൫௦మାΛర൯

ఈబ೟(௦మାΛభ)
ቃ ܾ + ݏ݋ܿ ቂ Λయൣ௦మାΛర൧

ఈబ೟(௦మାΛభ)
ቃ −ቁݕ

−2ெబ௚௠గ௖మൣଵି(ିଵ)೘௘షೞ ೎⁄ ൧
Λయ(௦మାΛర)(௦మାΛమ) ݏ݋ܿ ቂ Λయൣ௦మାΛర൧

ఈబ೟(௦మାΛభ)
ቃ ݊݅ݏ ଴ݕ ቂ Λయൣ௦మାΛర൧

ఈబ೟(௦మାΛభ)
ቃ ቏ቑݕ sin ௡గ௬

௕
      (80) 

The Laplace inversion of (80) is given by 

 
                         (81) 
Where  

   (82.1) 

  (82.2) 

    (82.3) 

   (82.4) 
  

     (82.5) 

   (82.6) 

     (82.7) 

   (82.8) 
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    (82.9) 
                 (82.10) 

 

                (82.11) 

                (82.12) 

              (82.13) 

               (82.14) 

                (82.15) 

               (82.16) 
Now employing the Cauchy’s residue theorem,   one proceeds to the evaluation of integrals (82.1) – (82.16) to 

obtain the sum of the residues of ܧଵ(ݕ,ݔ, ,ݔ)ଵ଺ܧ−(ݐ ,ݕ  as(ݐ

    (83.1) 
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(83.2) 

(83.3) 
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(83.4) 

(83.5) 

(83.6) 
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             (83.10) 
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          (83.11) 
 

 
                      (83.12) 
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               (83.13) 
 

(83.14) 
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Substitution of evaluated integrals ܧଵ(ݔ, ,ݕ −(ݐ ,ݕ,ݔ)ଵ଺ܧ   into equation (81) produces the complete inversion of (ݐ
ଵܹ(ݔ, ,ݕ  (ݐ

From equation (14), the perturbation scheme of a uniformly valid solution in the entire domain of definition of the plate 
problem is given as 
  ),,(),,(),,( 1 tyxWtyxWtyxW o                     (84) 

where ),,( tyxWo  and ଵܹ(ݔ, ,ݕ  are respectively the leading order solution and the first order correction. These are (ݐ
given as (55) and (81) in that order.  In view of equations (55) and (81), equation (84) becomes the required uniformly 
valid approximate analytical solution of the plate dynamical problem. 
 
6.1. Remarks on Theory 

Equations (55) and (81) are the leading order and the first order (transformed) solutions of the problem. The 
leading order and the first order solutions are combined in equation (84) to form the composite solution which is 
uniformly valid in the entire domain of the highly prestressed orthotropic rectangular plate. 

It is observed from the leading order and first order solutions that fully clamped highly prestressed orthotropic 
rectangular plate traversed by moving concentrated masses and resting on Pasternak foundation reached the resonant 
state whenever                                                    
 ᴧଶ = ᴧଵଶ            (85) 

Other conditions when the system operates at a frequency which equals the natural frequency to display an 
enhanced oscillation are  
   ᴧଶଶ = ᴧଵ଴,   ᴧଶଽ = ᴧଵ଴ଶ , ᴧଵ଴ = ᴧଷ଴ଶ ,  ᴧଶଽ = ᴧଷ଴ଶ andᴧଵ଴ = ᴧଶ .       (86) 

From (85) and (86), it is observed that the resonance conditions of the plate are dependent on anisotropic 
prestress, mass ratio, rotatory inertia correction factor, shear and foundation moduli.  

At this juncture, the critical speeds for the system of a highly prestressed orthotropic rectangular plate under the 
action of travelling masses are sought. Few of the critical speeds that exist in the dynamical system are given as  

   ܿଵ(݉,ߨ) = ට
(௠గ)మ൫ఉభమାீబ൯ି௄బ

(௠గ)మГబഃ(೤ష೤బ)
       (87) 

   ܿଶ(݉,ߨ) = ଵ
௠గ

ටఉభమାீబ
ఈ೚೟

ర
        (88) 

   ܿଷ(݉,ߨ) = ௃భ
௃మ

± ଵ
ଶඥܬଷ −  ସ       (89)ܬ4

where 
ଵܬ    = ଶ(ߨ݉)− ∝௢௧− 1− Г଴ఋ(௬ି௬బ) 
ଶܬ    =  Г଴ఋ(௬ି௬బ)ߨ2݉

ଷܬ    = ൬
(௠గ)మ∝೚೟ିଵିГబഃ(೤ష೤బ)

௠గГబഃ(೤ష೤బ)
൰
ଶ
 

ସܬ    = (௠గ)మఉభమା(௠గ)మீబି௄బ
(௠గ)మГబഃ(೤ష೤బ)

 

 
6.2. Numerical Simulation 

In order to illustrate the analytical results, for instance, the orthotropic rectangular plate is taken to be of length 
1.0 m and width 0.9 m. Other values used for the analysis are b = 0.65 m, g = 9.81, ߨ =  ଶଶ

଻
, ଴ݕ = 0.2,  

ܿ = 8.128௠
௦

. The values of the prestress ratio in the x-direction range between 0 and 2 000 N. The critical speeds are 
plotted against prestress for various values of other parameters. The process is repeated for mass ratio, shear and 
foundation moduli in turn. 
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Figure 1: The Graph of Critical Speed (1) against Shear Modulus for Various Values of Prestress 

 

 
Figure 2: The Graph of Critical Speed (1) against Shear Modulus for Various Values of 

 Rotatory Inertia Correction Factor (Rot= ∝௢௧) 
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Figure 3: Graph Showing Critical Speed against Rotatory Inertia Correction 

 Factor for Various Values of Prestress 
 

 
Figure 4: Graph Showing Critical Velocity against Prestress for Various Values of Mass Ratio 
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Figure 5: Graph Showing Critical Speed versus Prestress for Various Values of 

 Rotatory Inertia Correction Factor 
 

 
Figure 6: Graph Showing Critical Speed (1) against Rotatory Inertia Correction 

Factor for Various Values of Shear Modulus 
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Figure 7: Graph Displaying Critical Speed against Rotatory Inertia for  

Various Values of Shear Modulus 
 

 
Figure 8: Graph Showing Critical Speed (2) against Foundation  

Modulus for Various Values of Mass Ratio 
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Figure 9: Showing the Graph of Critical Speed (2) against Shear Modulus for Various Values of Mass Ratio 

 

 
Figure 10: Showing the Graph of Critical Speed against Prestress for Various Values of Mass Ratio 

 

http://www.theijst.com


 THE INTERNATIONAL JOURNAL OF SCIENCE & TECHNOLEDGE               ISSN 2321 – 919X www.theijst.com 

 

26  Vol 10 Issue 4                       DOI No.: 10.24940/theijst/2022/v10/i4/ST2204-003                  April, 2022              
 

 

 
Figure 11: Showing the Graph of Critical Speed against Shear Modulus for 

 Various Values of Rotatory Inertia Correction Factor 
 

 
Figure 12: Showing the Graph of Critical Speed against Prestress for Various 

 Values of Rotatory Inertia Correction Factor 
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Figure 13: Showing the Graph of Critical Speed against Rotatory Inertia Correction Factor 

 

 
Figure 14: Showing the Graph of Critical Speed against Shear Modulus for Various Values of Prestress 
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From the figures displayed, it is discovered that at whatever critical speed, increase in prestress results in 
increase in critical speed (i.e. figures 1, 3, 6, 13). In the same vein, increase in the value of shear modulus yielded increase 
in critical speed (see figures 4, 7, 14). On the other hand, increase in either rotatory inertia correction factor or mass ratio, 
produces a reduction in critical speed (see figures 2, 5, 8, 9, 10, 11, 12). Thus, for high value of prestress, the structural 
design under consideration is more stable and reliable.  

Evidently, the critical speed increases with prestress for all values of rotatory inertia correction factor used. Thus, 
resonance is reached earlier for lower values of prestress than for high values of prestress. Thus, the design is more stable 
and the risk of resonance is remote for high values of prestress.  

It is clearly seen that increase in the values of rotatory inertia produce decrease in critical speed which connotes 
lower risk of resonance. 

For smaller values of mass ratio, the critical speed is higher indicating that the durability and stability of the 
structure is guaranteed. 

The rotatory inertia correction factor does not affect the system significantly as the prestress values increase. 
It is also observed that the smaller the mass ratio, the greater the critical speed, indicating that the lightness or 

heaviness of bodies on structures is significant in the consideration of critical speed.  
 
7. Conclusion 

This study concerns the problem of the dynamic response of a highly prestressed orthotropic rectangular plate 
resting on Pasternak elastic foundation and traversed by concentrated moving mass. The problem is governed by a fourth 
order non-homogeneous partial differential equation. For the purpose of solution, the equation of motion of the plate 
problem is presented in a non-dimensional form. It is observed that a small parameter multiplied the highest derivatives 
in the governing differential equation. In accordance with the principle that the behaviour of solutions is governed by the 
highest order term, the choice of a suitable method of solution is made. Thus, this type of dynamical problem is usually 
amenable to singular perturbation technique. In particular the Method of Matched Asymptotic Expansions (MMAE) is 
used. This technique constructs outer (core) and inner (boundary layer) solutions that are valid in partly disjoint domains. 
These solutions are then matched in order to obtain a composite solution that is uniformly valid in the entire domain of 
definition of the rectangular plate. This solution is analysed for some resonant states in the dynamical system. A numerical 
simulation is carried out and the study reveals the following results: 

 The leading order solution and the first order correction are affected by the mass ratio, anisotropic prestress, 
shear and foundation modulus. However, the effects of rotatory inertia correction factor are not appreciably 
noticed. 

 As the prestress or shear modulus increases, the critical speed of the orthotropic rectangular plate traversed by 
moving concentrated mass also increases. Also, as the rotatory inertia or mass ratio increases, the critical speed 
decreases.  

 There may be more than one resonance condition in a dynamical system such as this which involves plate flexure 
under moving concentrated masses. 

 The smaller the mass ratio, the better the improvement in critical speed. 
Finally, this work has showcased the use of a valuable method for the solution of this class of dynamical problems, 

and the valuable results will be useful for the design and construction of engineers. 
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